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Abstract

The goal of this work is to generalize the important subject of linear wavelet
packets to the case of harmonic analysis on the Laguerre generalized
hypergroup. For that, we consider the family of Laguerre functions defined on
K = [0, +oof, which are eigenfunctions of a given differential operator. These
functions satisfy a product formula, which permits to define a convolution
structure on K leading to obtain a commutative hypergroup called the

generalized Laguerre hypergroup. Using some harmonic analysis results on K,

we present a construction of a linear wavelet packets and of the corresponding
linear wavelet packet transform, and we prove for this transform a
reconstruction formula. Finally, using the corresponding scale discrete linear
scaling function, we establish new reconstruction formulas on the Laguerre

generalized hypergroup.
1. Introduction

The notion of generalized hypergroup were introduced in [1, 9]. In

this work, we study an important example of generalized hypergroup.

More precisely, we consider the family of functions ¢y, n e N, o > —%,

defined on K = [0, +oo[ by

—x2/2 L%(xZ)

, 1.1
12(0) v

Py (x) = e

where L is the Laguerre polynomial of degree n and index a.

The functions ¢y, n € N, are the eigenfunctions of the differential

operator

2
da2 x dx

(1.2)

The functions ¢, n € N, satisfy a product formula, which permits to

define a generalized convolution x on K and to show that K provided
with this generalized convolution is a generalized hypergroup called the

Laguerre generalized hypergroup.
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The first part of this work has been studied by many authors [4, 6, 7, 9],

it concerns the harmonic analysis on the Laguerre generalized hypergroup.

The objective of the second part of this work, is to generalize the
important subject of linear wavelets to the case of the harmonic analysis
on the Laguerre generalized hypergroup K. It is believed that these
linear wavelet packets will be a very useful tool in many areas of
mathematics. Moreover, numerous wavelet theory based techniques have
evolved independently in different real life applications, for example,
signal processing applications, image compression, speech recognition,

geomathematical problems, etc.

The goal of this work is to study the continuous linear wavelet
analysis on the generalized hypergroup K. According to [3], we present a
construction of linear wavelet packets and of the corresponding linear

wavelet packet transform, on the Laguerre generalized hypergroup K.
This paper is organized as follows:

In the second section, we give some preliminaries on harmonic

analysis properties of the Laguerre generalized hypergroup.

The third section is devoted to the generalized Fourier transform,
which will be useful for our purpose. We prove in this section Plancherel,
inversion, and Paley-Wiener theorems for the generalized Fourier

transform on K.

Finally, in the fourth section, we define and study linear wavelets and
the continuous linear wavelet transform on the generalized hypergroup
K, and we prove for this transform a reconstruction formula. Next using
these results, we study linear wavelet packets and the corresponding

linear wavelet packet transform on the generalized hypergroup K, and

we prove also for this transform a reconstruction formula. We conclude
this section by proving reconstruction formulas associated to the scale
discrete linear scaling function corresponding to linear wavelet packets

on the generalized hypergroup K.
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2. Preliminaries

We consider the sequence of functions ¢y, n € N, a > —%, defined

on K = [0, +o[ by relation (1.1). One knows that the function ¢3 is the

unique solution of the following differential equation:

- _ o+l

{Au(x) =—-4(n+ ot Ju(x), n e N, @.1)
u(0)=1, «'(0)=0,

where A is the differential operator defined on K* by relation (1.2). We

recall that the family ¢35, n € N, form an orthogonal basis in the space

square integrable functions on K with respect to the measure 124 gy,

The functions ¢y, n € N, satisfy the following product formula:

vr, y e K, on(x)on(y) =

Mo +1) n a(\/ 2 9 . . . %L
_— x% + y° + 2xy cos 6) J xy sin 0) (sin 0)° d0O, (2.2)
VnF(a+%) 0" 0‘_%( A )

where j,_;,9(u) is the Bessel function given by

- 90-1/2p(y 4 L Ja71/2(u), u#0,
Ja-1/2(w) = (0t 3) St (2.3)
1, u=0,
and JJ,_;,9 is the Bessel function of first kind and index o -1/ 2.
o, verifies the property
lon ., = sup | (x)| = 1. (2.4)
xeK

We note that the relation (2.2) can also be written in the form

vx, y e K, on(x)on(y) =

/2 /2
x+y . x+y) -t 2~ (x - y)?

[ OIS o+ -2} 2( CES) N
X~

(2.5)
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with
We (x, y,t) =
or(ost)  (wey?=f P2y
2 3 , lx—y <t <x+y,
Q20+ \/EF((H%) (txcy)=*
0, elsewhere.

(2.6)
Proposition 2.1. The following properties hold:
(1) Vx, y, t € K* = K\ {0}, W, (x, 5, t) = W, (3, x, t) = W, (x, t, y).
(2) The function W, (x, y, t) is positive, continuous on ||x — y|, x + |

with support in [|x — y|, x + y] and verifies

x+y
‘x,y‘W“(x’ y, )24 de = 1. 2.7)

Notations. Throughout this paper, we fix a > — % , and we denote by
e C.(K) the space of even continuous functions on R.

e CP(K), p e N*, the space of even functions on R, which are of
class C? on R.
e C,.(K) (resp., D.(K)) the space of even continuous functions on

R, (resp., C* functions on R) with compact support.

o LP(K, dm), p €[, +»], the space of measurable functions on K

such that

Mo, = ([ VGNP dm)!'? <4, 15 p <0

[flly = esssup|f(x) < +eo,
’ xeK
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where
dm(x) = x?**1dx. (2.8)
We provide these spaces with the classical topology.

Definition 2.2. (1) The generalized translation operators 7Ty', on the
Laguerre generalized hypergroup K are defined for f € C.(K) by the

relation

vyekK, T =

Mo +1)

m .[0 f(\/xQ + y2 + 2xy Ccos era_l/z(xy sin 9) (sin 9)2a do. (29)
2

(2) The generalized convolution product * on the Laguerre
generalized hypergroup K is defined for a pair of functions f and g in
C*,C(K) by

vre K, frg@)= [ T ()EG)dm). 210)

Proposition 2.3. The following properties hold:

(1) The operators T, x € K*, can also be written in the form

vy e K, T(F) () =

/2 /2
[ ) I R i

2.11)

(2) Forall x, y, z € K and [ € C.(K), we have
o T5'(F) () = f(v).
o T () (y) = Ty (f) (x).

o T o T () (2) = Ty o T (f) (2)-
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3) Vx, vy € K, we have

T (o) (v) = on(®)on (). (2.12)
(4) For all x € K and f € D.(K) such that supp(f) c [-a, a], a > 0,
the function f — T (f)(y) belongs to D.(K) and we have
Supp(T'(f)) = [-x - a, x + al.

Proposition 2.4. For all x € K, the function f — Ty (f) is linear

and continuous from LE(K, dm), p € [1, +»o], into itself and we have

"Tx(l (f)"a,p s "f"(x,p' (213)
Proof.
o If p = +oo, then by using relation (2.11) and the fact that

Ve, ye K, VO el0,n], |jy_1/2(xysin®) <1,

we obtain for all x € K*,

e, IO [ Wy 0dne. @1

Using relation (2.7), we deduce that
vy e K', T (D) O] = g, o (2.15)

The inequality (2.13) follows from this inequality together with the fact
that

vy e K, T (f)(y) = f(y) (2.16)

o If p € [1, +oo[, then we have for all x € K*,

e K THOO) < | j+j|f(t)|Wa(x, ¥, Hydm(2). @17)
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Using Hoélder inequality and Fubini-Tonnelli’s theorem, we deduce
that

x+y

L Oepant) < [ [[7 Wt v o) ane. @1
K K\ J -]

The relation (2.13) is then obtained by using relation (2.7).

We conclude that f — T(f) is continuous from L£ (K, dm),

p € [1, +o], into itself.

In the other hand, it is clear that the function f — Ty*(f) is linear.
This completes the proof.

a

Remark 2.5. For all x € K and f € C,(K) nonnegative, the function
T (f) is not necessary nonnegative.

Proposition 2.6. Let f be in D,(R) with supp(f) c [-a, a], a >0,

and g in D.(R) with supp(g) c [-b, b], b > 0. The the function fxg
belongs to D,(R) such that supp(f xg) c [-a - b, a + b].

Proposition 2.7. Let f be in LE(K, dm), pe[l, +»]|, and g in

LY (K, dm), q € [1, +]. Then the function f * g belongs to L, (K, dm),

r e 1, +o], with 1_1 +l—1, and we have
r p q

”f * g"(x, r = "f"(x,p”g"a,q' (219)
Proof.
o . 1 1 1
e In the case of 1 or +w satisfying the relation P > + 7 1, the
result is immediately deduced from Proposition 2.4.

o If p,q, r e ]1, +of, we put

1.1 1 ,qt_11 (2.20)

a p r b q r
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which gives

1. 1.1
a b r

=1. (2.21)
On the other hand, we have

ITE(F) D) |g) = T2 @)IP Vg (T () ()P (g . (2.22)

By using this relation, Holder inequality and Proposition 2.4, we obtain
the desired result.

g

Remark 2.8. From [8], (K, x) is a generalized hypergroup in the

sense of Jewett [5]. We call it Laguerre generalized hypergroup. The
involution of (K, «) is the identity and m is its Haar measure.

3. Generalized Fourier Transform on the
Laguerre Generalized Hypergroup

Notations. We denote by

e S.(K) the space of C” functions on R, even and rapidly decreasing

together with their derivatives, i.e., satisfying

Vm,neN, pp,@) =sup(d+x?)"
’ xeK

dn
X

Equipped with the topology defined by the semi-norms p,, ,, m, n € N,

the space S.(K) is a Fréchet space.

e S(N) the space of complex sequences {y(n)}, . which are rapidly

decreasing, i.e., satisfying
VpeN, q,@)= sulg nPlp(n) < +o. (3.2)
ne

Provided with the topology defined by the semi-norms g,, p € N, the
space S(N) is a Fréchet space.
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o [/(N), p e [1, +[, the space of complex sequences {¥(n)}, ., such
that
+00 1/p
lol;p = [ZNa(n)lw(n) P J < o0, (3.3)
n=0
with
2 I'n+a+1
No() = o2, = Trerd), .9

Definition 3.1. The generalized Fourier transform F of a function

fe LL(K, dm) is given by

vneN, F(f)n)= ij(xm%(x)dm(x). (3.5)

Proposition 3.2. For all f, g in L. (K, dm) and x e K, we have the

following results:
(1) frg=g8*f,

@) Vn e N, |F(f) () < Ifl, ;-

(3) Vn e N, F(T'(£)) (n) = o5 (x)F(f) (n),
@) vn e N, |[F(T(F) ()] < [Ifly,q1
(5) Vn e N,
F(f »g)(n) = 7(f) ()7 () (n). (3.6)

Notations. We denote by

e A, and A_ the operators defined on the space of functions defined

on N by

Aig(n) = g(n +1) - g(n),
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A g(n) = {g(n) - g(n -1 right), n>1,
g(0), n=0.

e A the operator defined on the space of functions defined on N by
Ag(n) = nA,A_g(n) + (o +1)A, g(n).
Lemma 3.3. Forall n € N and x € K, we have
— 2o (x) = Agy (x). (3.7)

Proof. For all n € N, we have from ([2], p. 190), the following

recurrent relation:
x?L(x%) = (2n + a + DLE(x?) — (n + D)LY, (x%) — (0 + o)Ly (x2). (3.8)
We also have
(n+1)LS,1(0) = (n + a + 1)L%(0). (3.9)
The result follows from these relations and the definition of ¢y (1.1). [

Weput A; = A+ x?. From ([11, p. 457), we have the following result:

Proposition 3.4. Let f be in C.(K) such that for all m € N, AT'f

belongs to CX(K), then f e CI"F(K).

Proposition 3.5. Let f be in C.(K). Then the function f belongs to
S.(K), if and only if

e Vm e N, x > A"f(x) belongs to C*(K),
® Vp, g € N, we have
E);;(f):sup(1+x2 P 1A (x) | < +eo.
xeK
Proof. The result follows from Proposition 3.4 and the fact that f

belongs to S,(K), if and only if the function %Z_fc belongs to S,(K). [
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Remark 3.6. Equipped with the topology defined by the semi-norms
b;;, the space S.(K) is a Fréchet space. This topology is equivalent to

the topology defined by the semi-norms p,, ,.

Proposition 3.7. The generalized Fourier transform F is linear and

continuous from S,(K) into S(N).
Proof. It is clear that F is linear.

On the other hand, for f € S.(K), we have the relation

Vn e N, (800 2 gy = [ G (x)dm()

where (.,.) I2(K, dm) 18 the scalar product of L2(K,dm).
As

(f, Ay >L2(K,dm) = (4f, (P%>L2(K,dm)’

then using relations (3.5) and (2.1), we obtain

- 4(n + 0‘;1)?(1‘)(11) = (A, 00 ) 12k, dm)-

For all r € N*, we deduce from this relation and Hélder’s inequality that

a+1

-r
vne N, A ) <47 (ne S Il ol

Using the result

1
a ~ —
"(Pn "2’0~ (X;—I—OO (n + 1)(1 )

we deduce that there exists a constant k; > 0, such that

vr >0, sug n|F(F) () < kA flly s (3.10)
ne

or there exists a constant k5 > 0, such that
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1A Flly,, < kz(sup(l + x2)[%]+2|Arf(x)|).
’ xeK

We obtain the result by using this inequality together with the relation
(3.10) and Remark 3.6. 0

Definition 3.8. We define the operator F ! on I}(N) by

F &) @) = ) No(mle(n)os (), (3.11)
n=0

where N, (n) is defined as in (3.4).

Proposition 3.9. Let g be in IL(N). Then the function F~'(g) is

continuous on K and we have
177 @l 00 < ligly - (3.12)

Proof. The result follows from dominated convergence theorem and
relation (2.4).

0
Proposition 3.10. Let g be in S(N), then we have
(1)
- x2F Hg)(x) = F H(Ag)(x), VxeK. (3.13)
(2) F1(g) belongs to C2(K) and we have
AF Hg) (x) = .7-"_1(— 4(n + “; ljgj (x), VxekK. (3.14)

Proof.

(1) From relation (3.11), we have for all x € K

-2’7 (@) (x) = ) No(n)gln) (- 205 (x).
n=0

Using relation (3.7), we obtain
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~+00
-2 F 7 (g) (%) = ) Ny(n)g(n)rps (x).
n=0
On the other hand, we have the relation
+00 +00
Z Ly (0)g(n)Agy (x) = Z Ly (0)Ag(n) oy (x),
n=0 n=0

then we deduce that

- xzf_l(g) (x) = ZNa(n)Ag(n)(p%(x)’
n=0

which completes the proof.
(2) From ([2], p. 189), we have

d
L 15 = - ).

(3.15)

(3.16)

From this relation and Proposition 3.2, we deduce that F 1(g) belongs to

C2(K).

The relation (3.14) is obtained from relation (2.1).

a

Proposition 3.11. The operator F~1 is linear and continuous from

S(N) into S.(K) and we have
vg e SIN), F(Fl(g)) =g

Proof. It is clear that F ! is linear.

Let g be in S(N). From Proposition 3.10, we have Vp, g > 0,

(1+ 22 )P A7 (g) () = (1 + 5 )pf—l{— 49(n+ %5 1]qu (x),

(3.17)

x € K.

By using Proposition 3.10 and relation (3.11), we obtain Vp, q¢ = 0,



RECONSTRUCTION FORMULAS BY LINEAR ... 47

~+00 q

(142 XF (@) x) - ZN(X(n)[— 49(n+ 221 ](1 - AP &), € K
n=0

then we deduce that there exists a constant ¢ > 0 and r € N, such that

b, g 20, sup1+x*)PATF N (g)(x) < cq,(g).
xeK

which implies that F!(g) belongs to S.(K) and the function F! is
continuous from S(N) into S, (K).

On the other hand, from relations (3.5) and (3.11), we have

+00
0

FFEH@)) = | [ZNQ(wg(n)@z(x)J o2 () dm(x).
n=0
Using Fubini theorem, we deduce that

FEH )W) = Y N oix)ot (2)dmx)
n=0

From relation (3.4) and the fact that ¢, n € N, form an orthogonal
basis in the space of square integrable functions on K, with respect to

dm(x), we obtain

F(F @) (n) = g(n),
which completes the proof. 0

Theorem 3.12. The generalized Fourier transform F is a topological

isomorphism from S,(K) into S(N). It’s inverse is given by relation (3.11).
Proof. The result is deduced from Propositions 3.7 and 3.11. 0

Theorem 3.13. (1) For all f € S.(K), we have the following Plancherel

formula:

15,2 = 17 (DI (3.18
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(2) The generalized Fourier transform F can be extended to an

isometric isomorphism from L%(K, dm) onto 12(N).
Proof.

(1) From Theorem 3.12, we have for all f e S,(K),

FUFD) = Y NamF () (ol (x),
n=0

then
[ A E @@ dne) = | +°°(Z No()F () ()05 () | Fe)em(e).
0 0 =0
Using Fubini theorem and relation (3.5), we obtain

J, FHE @Eane = 3 No@F () 0F ),
0 n=0

then we deduce that

.2 = 17O

(2) The result is deduced from the density of the space S(N) in I2(N).
a

Lemma 3.14. Let f be in L (K, dm) and g be in L2 (K, dm). Then we

have
F(f xg) = F()F(g). (3.19)
Proof. By using Proposition 3.2, we deduce that the formula (3.19)
holds, if f belongs to L}, (K, dm) and g in S,(K). We deduce the result by

using the density of S,(K) in L%X(K, dm) together with Proposition 2.7
and Theorem 3.13.
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Proposition 3.15. Let y be a nonnegative function in D,(K) with

support in [-1, 1] such that |y||, ; = 1. For all & > 0, we put

1 X
=— | K
ws(x) 820‘+2 w(gja X € ’

then we have

(1) Vo e N, lim F(p,)(n) =1,
e—0

@) [l =1 ve >0,
(3) limj Ye(x)dm(x) = 0, Vn > 0.
e—0 x>n

Proposition 3.16. Let v be a function in D.(K) satisfying the

hypotheses of Proposition 3.15. Then, we have for all fin L%l (K, dm)

tim | v, /1, = 0. (3:20)
Proof. From Proposition 3.15, we have
vre K f@)= | f@w)dn()
Using this relation and relation (2.10), we deduce that

I 500 = Floy < [ [ 170 @) - F@)lpe0)dm(s)dmi).

Since
TE(f)(x) = f(x), VxeK, (3.21)

then we deduce from the fact that the mapping y — T;‘ (f) is continuous

from K into I} (K, dm), that for all v > 0, there exists n > 0 such that
v<y<n | (D @) - fx)dm() < v,

then we have from Proposition 3.15 and Fubini-Tonnelli’s theorem
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I o=l v [ 0O [ 1720100~ Fldmto) jam(y). @22
y=n K
On the other hand, from Proposition 2.4, we have
[ 7))~ Fendmis) < 2, (3.29)

The relation (3.20) is obtained by using relations (3.22) and (3.23)
together with Proposition 3.15. 0

Theorem 3.17. Let f be in IL(K, dm) such that F(f) belongs to

IL(N). Then, we have the following inversion formula:

flx) = FYF())(x), ae., xeK

Proof. Let v, ¢ >0, be the function in D,(K) satisfying the
hypothesis of Proposition 3.15.

Since the function y, belongs to D,(K), then Theorem 3.12 gives

Ve e K, p(x) = ZNa(n)f(wg)(n)cp%(x)-
n=0

Using the definition of convolution (2.10), we deduce that
+00
v e K, n%m=hnwm{ZNwmwawdmdmn
n=0
From Fubini’s theorem and relation (3.5), we obtain
~+00
Ve e K, fru() = > N F(F) WF©,) ol )
n=0

Using Proposition 3.15 together with the dominated convergence

theorem, we deduce that

Wng%h%m=;MMVWWMW
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On the other hand, from Proposition 3.16, we deduce that we can extract

from {f x¥,}.., a subsequence, which converges to f almost everywhere.

This completes the proof. 0

4. Linear Wavelet Packets on the Laguerre

Generalized Hypergroup

4.1. Linear wavelets on the Laguerre generalized hypergroup
Definition 4.1. We consider a family of functions wé, p € ]0, +oo[, of

I% (K, dm). We say that wg‘ is a linear wavelet if it satisfies the following

conditions:

(1) For all x € K, the function p — wg (x) is measurable.

(2) The integral I Jm|]-' (wg“ ) (n)| % is finite and independent of n.
3) Vn e N j”’f(wL)(n)@ -1
’ 0 p p .

Example 4.2. The function pr, p € ]0, +oof defined by

2 _ o+l
vn e N, }‘(wg)(n):(nJra;lj pe pln+ 2 )2

is a linear wavelet in L%L(K, dm). Let wé‘, p € ]0, +o[, be a linear

wavelet in L%(K, dm). For all y € K, we consider the function ng y

defined by

Ve K, vl (x)=T k) (), (4.1)

where Tya , ¥y € K, are the generalized translation operators given by

relation (2.9). This function satisfies the following properties:
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Proposition 4.3. (1) For all y € K, the function wéy belongs to

I2 (K, dm) and we have

L L
19p; yllo 2 < 195l 2- (4.2)
(2) For all y € K, we have the relation
L _ (o) L
vneN, F(,,)n)=o5"@)F@w,)0n). (4.3)

Definition 4.4. Let pr, p € ]0, +oo[, be a linear wavelet in L%(K, dm).
We define the linear wavelet transform d){;‘ for regular functions f on K,

by

oF (N ) = [ f@fy@dm), pelovol, yek (@)

This transform can also be written in the form

05 ()P, ¥) = f vk (y), (4.5)
where x is the convolution product defined by relation (2.10).
Proposition 4.5. Let wé:, p € |0, +o, be a linear wavelet in L%(K, dm).
Then for all f in LL(K, dm), q €[1, 2], the function y — ¢,§(f)(p, y)
1

belongs to L (K, dm), r € [1, +o], with % =4 —% and we have

105 (1) 0. Mo, < Wl o195 2 (4.6)

Proof. The result is immediate by relation (4.5) and Proposition 4.3.
a
Theorem 4.6. Let w‘f, p > 0, be a linear wavelet in L(ZX(K, dm) and

¢@ be the linear wavelet transform associated to wé:. For all

fe(Ll NI2)(K, dm) such that F(f) e IL(N), we have the following

reconstruction formula:
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)= [ HEDe R, yek @

where for each y € K, the integral is absolutely convergent.

Proof. From Proposition 4.3 and Parseval’s formula, we deduce that
for all y € K,

o5 (1) (P ¥) = D N ()F(F) )F () ()05 (3). (4.8)
n=0

Using relation (2.4) and Fubini-Tonnelli’s theorem, we obtain for all
y e K,

to 7 dp< i . . © L . @
[, W0 % = S N[ )

Then using Definition 4.1, we deduce that the integral given by relation

(4.7) is absolutely convergent.

On the other hand, using relation (4.8) and Fubini’s theorem, we

obtain for all y e K,

J, #0690 = 3w e[ 1766 %)

The result is then deduced from Definition 4.1 and Theorem 3.17. 0

4.2. Linear wavelet packets on the Laguerre generalized
hypergroup

In this section, we define and study linear wavelet packets and the
linear wavelet packet transforms, on the Laguerre generalized hypergroup

(K, ), and we prove for this transform a reconstruction formula.

Let wg‘, p > 0, be a given linear wavelet in L2 (K, dm). We consider a

scale sequence {r; | jez In 10, +oof, which is strictly decreasing such that

lim r; = 40 and lim r; = 0.
jo>—o Jj—>+o
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. . . rj L dp .
By assuming that, for each j € Z, the function n — I F(v, )(n)? is
Tj+1

in 13 (N), then using Theorem 3.13 and Riesz-Fischer theorem, we deduce

that there exists a function ij’P e I2 (K, dm) such that
r; d
vn e N, fwamgzj’fm@@yf‘ (4.9)
Tjiv1

L,P}

Definition 4.7. The sequence {w] 7 defined by relation (4.9) is

JE

called a linear wavelet packet.

Remark 4.8. For each j € Z, the function ‘}’].L’P is called a linear

wavelet packet member of step j.

Example 4.9. Let wg‘ , p € ]0, +oo, be the linear wavelet given by

(XQIJZPe_p@+g%lf~

¥n e N, fngm:(n+

From relation (4.9), we deduce that the sequence {w]L P }

JE

. defined by

Vn e N, f(ij’P)(n) _ e—rj+1(n+a7+1)2 B e—rj(n+°‘T+l)2,

1s a linear wavelet packet.

Proposition 4.10. We have the following properties:

(1) Vn e N,
i ‘f(‘”jL’P)("ﬂ < I;wlf(wé)(n)l%- (4.10)
=
@) vn e N,
i f("’jL’P)(n) =1 (4.11)

=
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Proof. We obtain these results from relation (4.9) and Definition 4.1.

a

Let {ij’P } . be a linear wavelet packet. We consider for all j € Z
JE

and y € K, the function wf"yp given by

vx € K, wJLyP(x) = T;L(ij’P)(x), (4.12)

where T;‘ , vy € K, are the generalized translation operators given by
relation (2.11). Then we have the following results.

Proposition 4.11. The following properties hold:

(1) Forall j € Z and y € K, the function ij’yP belongs to L(ZX(K, dm)

and we have

L
“”’j

,yp“a,z < “wf’PHa,g' (4.13)

(2) Forall j € Z and y € K, we have the relations

vneN, FpLP)n) = ot mFLHT ), (4.14)
and
¥n e N, ji\f(wﬁf )| < j O+w|]-"(pr)(n)|%. (4.15)

Proof. We deduce these results from Proposition 2.4 and relations
(4.12), (4.10), and (2.4). 0
Definition 4.12. Let {w]L,P } . be a linear wavelet packet. The linear

je

wavelet packet transform (I),f P is defined for regular functions fon K, by

oL (NG y) = ij(x)wﬁ’yP (x)dm(x), jeZ, yeK  (4.16)
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This transform can also be written in the form
L,P . L,P

05T (NG y) = frvl?, (4.17)

where * 1s the generalized convolution product defined by relation (2.10).

.L’P} be a linear wavelet packet. For all

Proposition 4.13. Let {wj

je
je€Z and f e Ll(K,dm), q<cl,2], the function y — ¢£"P(f)(j, y)

belongs to Ly (K, dm), with r e [l, +] such that %z é—%, and we

have

o PG, | < Wl o7 (4.18)

m2.
Proof. The result is obtained from relation (4.17) and Proposition 2.7.

a

Theorem 4.14. Let {wL’P}. be a linear wavelet packet and cl)é’P be
J JjeZ
its associated linear wavelet packet transform. For all f e (L% NI2)

(K, dm) such that F(f) belongs to IL(N), we have the following

reconstruction formula:
j:+oo
)= 057Gy, yek (4.19)
Jj=—©

where, for all y € K, this series is absolutely convergent.

Proof. Using Definition 4.12, Proposition 4.11, and Parseval’s identity,
we deduce that for all j € Z and y € K,

05 71Uy ) = D NaF(F) ()F @) ()5 (9), (4.20)
n=0

since

vneN, VyeK, |o;(y)]<1, (4.21)
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then Fubini-Tonnelli’s theorem and Proposition 4.10 give

f 0" (1) G ) < fzva ()7 (f) (n){ f \f(wf’f’)mﬂ, (4.22)
| P |

Jj=—o J==®

yields to

io o5 "N G, v) < fzw)mf) () [ | O“'"wg ) (o) %] (4.23)
n=0

==

Then from Definition 4.1, we conclude that for all y € K, the series (4.19)

converges absolutely.

On the other hand, for all y € K, relation (4.20) implies that for
every M, N € K, we have

M +00 M
D o0 P ()G ) = D N ()F(f) <n>[ > f(vf’Pxn)] 05 ().
j=—N n=0 j=—N

Using Proposition 4.10 and dominated convergence theorem, we obtain

M, N —+wx

M +00
im > 6T (NG 2) = D Na@)F () ()05 ().
j=—N n=0

Relation (4.19) is deduced from Theorem 3.17. 0

4.3. Discrete linear scaling function on the Laguerre generalized

hypergroup

Lr)

We consider the linear wavelet packet {w] studied in the

je

Subsection 4.2. We suppose that for all J e Z, the function
n— I+wf(w§)(n)% belongs to (2(N). Then from Theorem 3.13, we
g

deduce that there exists a function d)S’P in LZ(K, dm), such that

dp

vneN, FlobP)n) = j TRk () (4.24)
ry p
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Definition 4.15. The sequence {wc%’P}JeZ defined by relation (4.24)

is called a discrete linear scaling function.

Example 4.16. Let wg‘, p € |0, +o[, be the linear wavelet given by

o+ ljzpe—p(n+‘*7*1)2 .

vneN, FoL)() = (n+ .

From relation (4.24), we deduce that the sequence {w!}"P} ez defined by

_ o+l
vneN, FRP)@) -0 I

is a discrete linear scaling function. From relations (4.24), (4.9), and

Proposition 4.10, we deduce that the functions {wg’P}

ez, satisfy the

following properties:

Proposition 4.17. (1) For all J € 7Z, we have

J-1
vneN, FuiP)m =Y Fe)m). (4.25)

=

(2) For all J e 7Z, we have

+00 d
e, |F@h")0) < IO |f(¢§)(n)|?9. (4.26)
(3) We have
. L P B
vneN, lim F(p;" )(n)=1. (4.27)
J >+

Let {wg,P} ez be a discrete linear scaling function. We consider for

all J € Z and y € K, the function w55 defined by

ve e K, b ) = 1005 )@), (4.28)
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where T, x € K, are the generalized translation operators given by

relation (2.9).

The function wff satisfies the following properties:

Proposition 4.18. (1) The function 1/755 belongs to L%L(K, dm), and

we have
et W 4.29
”wJ’y w2 i @2 (4.29)

(2) We have the relations

vne N, Flkl)n) = ¢ FELT) (). (4.30)
and
L,P 400 dp
vnen, |Fpk?)n) < jo Fof ) ) <2 (4.31)

Proof. (1) We have the result from Proposition 2.4.

(2) We obtain these results from Proposition 3.2 and relations (4.28),
(4.26), and (2.4).

0
Proposition 4.19. (1) For all J € Z, we have
~+00
vn e N, f(wﬁ’P)(n) Y FeP) M) =1 (4.32)
=
(2) For all J e Z, we have
vneN, FlpbP)n) = 7pLP)m) - Fph P )n). (4.33)
(3) We have
. L,P L,P
vneN, Y (f(wj+’1 )(n) - Fh )(n) = 1. (4.34)

j=—©
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Proof. (1) From relation (4.9), we have
e L.P
Fl(v n F w n
[RECAOR ]_Z_w ")),
On the other hand, we have
L, P L, P L, P
Z FoP?)n) = Z FP)n)+ Z Fo?) ).
j=—® =0
We obtain the result from this relation and relations (4.11) and (4.25).
(2) The result is deduced from relation (4.25).
(3) Relation (4.34) is deduced from relations (4.33) and (4.11).

g

Theorem 4.20. Let {wf’P}

ez be a discrete linear scaling function,

which corresponds to the linear wavelet packet {w]LP} - For all f in
JE

(LY NI2)(K, dm) such that F(f) belongs to IL(N), we have the

following reconstruction formulas:

f(y) = hm J f(x)wJ Pdm(x) yeK, (4.35)
and
F0) = | el Pdm(x)+2¢5<f)(j, ) yeXK (430
=J

where for all y € K, the series converge absolutely.

Proof.

e From Parseval’s formula and relation (4.30), we obtain for all

y ek,
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[ 1w} Fam) - nzozvamw) WFPEP)mot (). @37

Using relations (4.26), (4.27), (2.4), and the dominated convergence

theorem, we obtain

Jim [ f)el) @)dm(x) = ;Na(n)fm ()i (),

then Theorem 3.17 gives relation (4.35).

e As in the proof of Theorem 4.14, by applying Definition 4.12, we

+o0
deduce that the series Z ¢,§ (f)(J, y) converges absolutely and we have
=

for all y € K,

D i (0, ») = D N (F(f) (n)(z f(wfvp)(m}p%(y). (4.38)
j=J n=0 j=J

On the other hand, by using relation (4.25), we deduce that the equality

(4.37) can be written in the form

+00 J-1
[ 1@ Ydm() - Z‘)N (WF(f) (n){ > f(wﬁp)(n)]@%(y), (4.39)

==

then for all y € K, we obtain from relations (4.38) and (4.39)

[ 1@ Tam)+ 3 6k ()G ) = Y NaF(F) )l 5).
j=dJ n=0

Relation (4.36) is then deduced from Theorem 3.17.
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