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Abstract 

The goal of this work is to generalize the important subject of linear wavelet 
packets to the case of harmonic analysis on the Laguerre generalized 
hypergroup. For that, we consider the family of Laguerre functions defined on 

[ [,,0 ∞+=K  which are eigenfunctions of a given differential operator. These 

functions satisfy a product formula, which permits to define a convolution 
structure on K  leading to obtain a commutative hypergroup called the 
generalized Laguerre hypergroup. Using some harmonic analysis results on ,K  

we present a construction of a linear wavelet packets and of the corresponding 
linear wavelet packet transform, and we prove for this transform a 
reconstruction formula. Finally, using the corresponding scale discrete linear 
scaling function, we establish new reconstruction formulas on the Laguerre 
generalized hypergroup. 

1. Introduction 

The notion of generalized hypergroup were introduced in [1, 9]. In 
this work, we study an important example of generalized hypergroup. 

More precisely, we consider the family of functions ,2
1,, −>α∈ϕα Nnn  

defined on [ [∞+= ,0K  by 

( ) ( )
( )

,
0

2
2/2

α

α
−α =ϕ

n

nx
n

L
xLex  (1.1) 

where α
nL  is the Laguerre polynomial of degree n and index .α  

The functions ,, N∈ϕα nn  are the eigenfunctions of the differential 

operator 

.12 2
2

2
xdx

d
xdx

d −+α+=∆   (1.2) 

The functions ,, N∈ϕα nn  satisfy a product formula, which permits to 

define a generalized convolution   on K  and to show that K  provided 
with this generalized convolution is a generalized hypergroup called the 
Laguerre generalized hypergroup. 
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The first part of this work has been studied by many authors [4, 6, 7, 9], 
it concerns the harmonic analysis on the Laguerre generalized hypergroup. 

The objective of the second part of this work, is to generalize the 
important subject of linear wavelets to the case of the harmonic analysis 
on the Laguerre generalized hypergroup .K  It is believed that these 
linear wavelet packets will be a very useful tool in many areas of 
mathematics. Moreover, numerous wavelet theory based techniques have 
evolved independently in different real life applications, for example, 
signal processing applications, image compression, speech recognition, 
geomathematical problems, etc. 

The goal of this work is to study the continuous linear wavelet 
analysis on the generalized hypergroup .K  According to [3], we present a 
construction of linear wavelet packets and of the corresponding linear 
wavelet packet transform, on the Laguerre generalized hypergroup .K  

This paper is organized as follows: 

In the second section, we give some preliminaries on harmonic 
analysis properties of the Laguerre generalized hypergroup. 

The third section is devoted to the generalized Fourier transform, 
which will be useful for our purpose. We prove in this section Plancherel, 
inversion, and Paley-Wiener theorems for the generalized Fourier 
transform on .K  

Finally, in the fourth section, we define and study linear wavelets and 
the continuous linear wavelet transform on the generalized hypergroup 

,K  and we prove for this transform a reconstruction formula. Next using 

these results, we study linear wavelet packets and the corresponding 
linear wavelet packet transform on the generalized hypergroup ,K  and 

we prove also for this transform a reconstruction formula. We conclude 
this section by proving reconstruction formulas associated to the scale 
discrete linear scaling function corresponding to linear wavelet packets 
on the generalized hypergroup .K  
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2. Preliminaries 

We consider the sequence of functions ,2
1,, −>α∈ϕα Nnn  defined 

on [ [∞+= ,0K  by relation (1.1). One knows that the function αϕn  is the 
unique solution of the following differential equation: 

( ) ( ) ( )

( ) ( )





=′=

∈+−=∆ +α

,00,10

,,4 2
1

uu

nxunxu N
 (2.1) 

where ∆  is the differential operator defined on ∗K  by relation (1.2). We 
recall that the family ,, N∈ϕα nn  form an orthogonal basis in the space 

square integrable functions on K  with respect to the measure .12 dxx +α  

The functions ,, N∈ϕα nn  satisfy the following product formula: 

( ) ( ) =ϕϕ∈∀ αα yxyx nn,, K  

( )
( )

( ) ( ) ,sinsincos21 222
02

1 2
1 θθθ


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
 θ++ϕ

+αΓπ
+αΓ α

−α
α

π

∫ dxyjxyyxn  (2.2) 

where ( )uj 2/1−α  is the Bessel function given by 

( ) ( ) ( )





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 (2.3) 

and 2/1−αJ  is the Bessel function of first kind and index .21−α  

αϕn  verifies the property 

( ) .1sup =ϕ=ϕ α

∈
∞

α xn
x

n
K

 (2.4) 

We note that the relation (2.2) can also be written in the form 

( ) ( ) =ϕϕ∈∀ αα yxyx nn,, K  

( ) ( )( ) ( )( ) ( ) ,,,2
12

2/1222/122
2/1 dtttyxWyxttyxjtn
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α−α
α

+

− 











 −−−+ϕ∫  

(2.5) 
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with 

( ) =α tyxW ,,  

( )
( )

( )( ) ( )( )
( )
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.elsewhere,0

,,2

2/1222/122
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1122

12 yxtyx
txy

yxttyx
 

(2.6) 

Proposition 2.1. The following properties hold: 

(1) { } ( ) ( ) ( ).,,,,,,,0\,, ytxWtxyWtyxWtyx ααα
∗ ===∈∀ KK  

(2) The function ( )tyxW ,,α  is positive, continuous on ] [yxyx +− ,  

with support in [ ]yxyx +− ,  and verifies 

( ) .1,, 12 =+α
α

+

−∫ dtttyxW
yx

yx
 (2.7) 

Notations. Throughout this paper, we fix ,2
1−>α  and we denote by 

● ( )K∗C  the space of even continuous functions on .R  

● ( ) ,, ∗
∗ ∈ NK ppC  the space of even functions on ,R  which are of 

class pC  on .R  

● ( )Kc,∗C  (resp., ( )K∗D ) the space of even continuous functions on 

,R  (resp., ∞C  functions on R ) with compact support. 

● ( ) [ ],,1,, ∞+∈α pdmLp K  the space of measurable functions on K  

such that 

( ( ) ( )) ,1,/1
, +∞<≤∞+<= ∫α pxdmxff pp
p K

 

( ) ,sup, +∞<=
∈

∞α xfessf
x K
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where 

( ) .12 dxxxdm +α=   (2.8) 

We provide these spaces with the classical topology. 

Definition 2.2. (1) The generalized translation operators ,α
xT  on the 

Laguerre generalized hypergroup K  are defined for ( )K∗∈ Cf  by the 
relation 

( ) ( ) =∈∀ α yfTy x,K  

( )
( )

( ) ( ) .sinsincos21 2
2/1

22
02

1 θθθ




 θ++

+αΓπ
+αΓ α

−α
π

∫ dxyjxyyxf  (2.9) 

(2) The generalized convolution product   on the Laguerre 
generalized hypergroup K  is defined for a pair of functions f and g in 

( )Kc,∗C  by 

( ) ( ) ( ) ( ) ( )., ydmygyfTxgfx x
α∫=∈∀

K
K   (2.10) 

Proposition 2.3. The following properties hold: 

(1) The operators ,, ∗α ∈ KxTx  can also be written in the form 

( ) ( ) =∈∀ α∗ yfTy x,K  

( ) ( )( ) ( )( ) ( ) ( ).,,2

2/1222/122
2/1 tdmtyxWyxttyxjtf

yx

yx
α−α

+

− 











 −−−+∫  

(2.11) 

(2) For all K∈zyx ,,  and ( ),K∗∈ Cf  we have 

● ( ) ( ) ( ).0 yfyfT =α  

● ( ) ( ) ( ) ( ).xfTyfT yx
αα =  

● ( ) ( ) ( ) ( ).zfTTzfTT xyyx
αααα = DD  
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(3) ,, K∈∀ yx  we have 

( ) ( ) ( ) ( ).yxyT nnnx
αααα ϕϕ=ϕ  (2.12) 

(4) For all K∈x  and ( )K∗∈ Df  such that supp ( ) [ ] ,0,, ≥−⊂ aaaf  

the function ( ) ( )yfTf x
α→  belongs to ( )K∗D  and we have 

( ( )) [ ]., axaxfTSupp x +−−⊂α  

Proposition 2.4. For all ,K∈x  the function ( )fTf x
α→  is linear 

and continuous from ( ) [ ],,1,, ∞+∈α pdmLp K  into itself and we have 

( ) .,, ppx ffT αα
α ≤   (2.13) 

Proof. 

● If ,∞+=p  then by using relation (2.11) and the fact that 

[ ] ( ) ,1sin,,0,, 2/1 ≤θπ∈θ∀∈∀ −α xyjyx K  

we obtain for all ,∗∈ Kx  

( ) ( ) ( ) ( ) ( ).,,, tdmtyxWtfyfTy
yx

yx
x α

+

−

α∗ ∫≤∈∀ K  (2.14) 

Using relation (2.7), we deduce that 

( ) ( ) ., ,∞α
α∗ ≤∈∀ fyfTy xK  (2.15) 

The inequality (2.13) follows from this inequality together with the fact 
that 

( ) ( ) ( )., 0 yfyfTy =∈∀ αK   (2.16) 

● If [ [,,1 ∞+∈p  then we have for all ,∗∈ Kx  

( ) ( ) ( ) ( ) ( ).,,, tdmtyxWtfyfTy
yx

yx
x α

+

−

α∗ ∫≤∈∀ K  (2.17) 
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Using Hölder inequality and Fubini-Tonnelli’s theorem, we deduce 
that 

( ) ( ) ( ) ( ) ( ) ( ) ( ).,, tdmtfydmtyxWydmyfT pyx

yx
p

x 







≤ α

+

−

α ∫∫∫ KK
 (2.18) 

The relation (2.13) is then obtained by using relation (2.7). 

We conclude that ( )fTf x
α→  is continuous from ( ),, dmLp Kα  

[ ],,1 ∞+∈p  into itself. 

In the other hand, it is clear that the function ( )fTf x
α→  is linear. 

This completes the proof. 

 

Remark 2.5. For all K∈x  and ( )K∗∈ Cf  nonnegative, the function 

( )fTx
α  is not necessary nonnegative. 

Proposition 2.6. Let f be in ( )R∗D  with ( ) [ ] ,0,, ≥−⊂ aaafsupp  

and g in ( )R∗D  with ( ) [ ] .0,, ≥−⊂ bbbgsupp  The the function gf   

belongs to ( )R∗D  such that ( ) [ ]., babagfupps +−−⊂  

Proposition 2.7. Let f be in ( ) [ ],,1,, ∞+∈α pdmLp K  and g in  

( ) [ ].,1,, ∞+∈α qdmLq K  Then the function gf   belongs to ( ),, dmLr Kα  

[ ],,1 ∞+∈r  with ,1111 −+= qpr  and we have 

.,,, qpr gfgf ααα ≤   (2.19) 

Proof. 

● In the case of 1 or +∞  satisfying the relation ,1111 −+= qpr  the 

result is immediately deduced from Proposition 2.4. 

● If ] [,,1,, ∞+∈rqp  we put 

,111and111
rqbrpa −=−=  (2.20) 



RECONSTRUCTION FORMULAS BY LINEAR … 41

which gives 

.1111 =++ rba  (2.21) 

On the other hand, we have 

( ) ( ) ( ) ( ) ( ) ( ) (( ( ) ( )) ( )( ) ) ./1// rqp
x

bqap
xx ygyfTygyfTygyfT ααα =  (2.22) 

By using this relation, Hölder inequality and Proposition 2.4, we obtain 
the desired result. 

 

Remark 2.8. From [8], ( ),K  is a generalized hypergroup in the 
sense of Jewett [5]. We call it Laguerre generalized hypergroup. The 
involution of ( ),K  is the identity and m is its Haar measure. 

3. Generalized Fourier Transform on the  
Laguerre Generalized Hypergroup 

Notations. We denote by 

● ( )K∗S  the space of ∞C  functions on ,R  even and rapidly decreasing 
together with their derivatives, i.e., satisfying 

( ) ( ) ( ) .1sup,, 2
, +∞</+=/∈∀

∈
xv

dx
dxvpnm n

nm
x

nm K
N  (3.1) 

Equipped with the topology defined by the semi-norms ,,,, N∈nmp nm  

the space ( )K∗S  is a Fréchet space. 

● ( )NS  the space of complex sequences ( ){ } ,N∈/ nnv  which are rapidly 

decreasing, i.e., satisfying 

( ) ( ) .sup, ∞+</=/∈∀
∈

nvnvqp p
n

p N
N  (3.2) 

Provided with the topology defined by the semi-norms ,, N∈pqp  the 

space ( )NS  is a Fréchet space. 
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● ( ) [ [,,1, ∞+∈α pl p N  the space of complex sequences ( ){ } ,N∈/ nnv  such 

that 

( ) ( ) ,
/1

0
∞+<













/=/ α

∞+

=
∑α

p
p

n
l nvnNv p  (3.3) 

with 

( ) ( ) .!
12

2, n
nnN n

+α+Γ=ϕ= α
α

α  (3.4) 

Definition 3.1. The generalized Fourier transform F  of a function 

( )dmLf ,1 Kα∈  is given by 

( ) ( ) ( ) ( ) ( )., xdmxxfnfn n
αϕ=∈∀ ∫KN F  (3.5) 

Proposition 3.2. For all gf ,  in ( )dmL ,1 Kα  and ,K∈x  we have the 

following results: 

(1) ,fggf  =  

(2) ( ) ( ) ,, 1,α≤∈∀ fnfn FN  

(3) ( ( )) ( ) ( ) ( ) ( ),, nfxnfTn nx FF αα ϕ=∈∀ N  

(4) ( ( )) ( ) ,, 1,α
α ≤∈∀ fnfTn xFN  

(5) ,N∈∀n  

( ) ( ) ( ) ( ) ( ) ( ).ngnfngf FFF =   (3.6) 

Notations. We denote by 

● +∆  and −∆  the operators defined on the space of functions defined 

on N  by 

( ) ( ) ( ),1 ngngng −+=∆+  
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( )
( ) ( )

( )



=

≥−−
=∆− .0,0

,1,1

ng

nrightngng
ng  

● Λ  the operator defined on the space of functions defined on N  by 

( ) ( ) ( ) ( ).1 ngngnng +−+ ∆+α+∆∆=Λ  

Lemma 3.3. For all N∈n  and ,K∈x  we have 

( ) ( ).2 xxx nn
αα ϕΛ=ϕ−  (3.7) 

Proof. For all ,N∈n  we have from ([2], p. 190), the following 
recurrent relation: 

( ) ( ) ( ) ( ) ( ) ( ) ( ).112 2
1

2
1

222 xLnxLnxLnxLx nnnn
α
−

α
+

αα α+−+−+α+=  (3.8) 

We also have 

( ) ( ) ( ) ( ).0101 1
αα

+ +α+=+ nn LnLn  (3.9) 

The result follows from these relations and the definition of αϕn  (1.1).  

We put .2
1 x+∆=∆  From ([1], p. 457), we have the following result: 

Proposition 3.4. Let f be in ( )K∗C  such that for all fm m
1, ∆∈ N  

belongs to ( ),Kk
∗C  then ( ).Kkmf +

∗∈ C  

Proposition 3.5. Let f be in ( ).K∗C  Then the function f belongs to 

( ),K∗S  if and only if 

● ( )xfxm m∆→∈∀ ,N  belongs to ( ),Kk
∗C  

● ,, N∈∀ qp  we have 

k ( ) ( ) ( )2
, sup 1 .p q

p q
x

p f x f x
∈

= + ∆ < +∞
K

 

Proof. The result follows from Proposition 3.4 and the fact that f 

belongs to ( ),K∗S  if and only if the function dx
df

x
1  belongs to ( ).K∗S   
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Remark 3.6. Equipped with the topology defined by the semi-norms 
k

, ,p qp  the space ( )K∗S  is a Fréchet space. This topology is equivalent to 

the topology defined by the semi-norms ., nmp  

Proposition 3.7. The generalized Fourier transform F  is linear and 
continuous from ( )K∗S  into ( ).NS  

Proof. It is clear that F  is linear. 

On the other hand, for ( ),K∗∈ Sf  we have the relation 

( ) ( ) ( ) ( ),,, ,2 xdmxxffn ndmLn
αα ϕ∆=ϕ∆∈∀ ∫KKN  

where ( )dmL ,2.., K  is the scalar product of ( ).,2 dmL K  

As 

( ) ( ),,, ,, 22 dmLndmLn ff KK
αα ϕ∆=ϕ∆  

then using relations (3.5) and (2.1), we obtain 

( ) ( ) ( ).,2
14 ,2 dmLnfnfn K

αϕ∆=




 +α+− F  

For all ,∗∈ Nr  we deduce from this relation and Hölder’s inequality that 

( ) ( ) .2
14, ,2,2 α

α
α

−
− ϕ∆





 +α+≤∈∀ n

r
r

r fnnfn FN  

Using the result 

( )
,

1
1

,2 α+∞→αα
α

+
ϕ

n
n   

we deduce that there exists a constant ,01 >k  such that 

( ) ( ) ,sup,0 ,21 α
∈

∆≤≥∀ fknfnr rr
n

F
N

 (3.10) 

or there exists a constant ,02 >k  such that 



RECONSTRUCTION FORMULAS BY LINEAR … 45

( )[ ] ( ) .1sup 22
2,2 2 






 ∆+≤∆ +

∈
α

α
xfxkf r

x
r

K
 

We obtain the result by using this inequality together with the relation 
(3.10) and Remark 3.6.  

Definition 3.8. We define the operator 1−F  on ( )N1
αl  by 

( ) ( ) ( ) ( ) ( ),
0

1 xngnNxg n
n

α
α

+∞

=

− ϕ= ∑F  (3.11) 

where ( )nNα  is defined as in (3.4). 

Proposition 3.9. Let g be in ( ).1 Nαl  Then the function ( )g1−F  is 

continuous on K  and we have 

( ) .1,
1

α
≤∞α

−
lggF  (3.12) 

Proof. The result follows from dominated convergence theorem and 
relation (2.4). 

  

Proposition 3.10. Let g be in ( ),NS  then we have 

(1) 

( ) ( ) ( ) ( ) .,112 K�∈∀Λ=− −− xxgxgx FF  (3.13) 

(2) ( )g1−F  belongs to ( )K2
∗C  and we have 

( ) ( ) ( ) .,2
1411 K∈∀





 





 +α+−=∆ −− xxgnxg FF  (3.14) 

Proof. 

(1) From relation (3.11), we have for all K∈x  

( ) ( ) ( ) ( ) ( ( )).2

0

12 xxngnNxgx n
n

α
α

+∞

=

− ϕ−=− ∑F  

Using relation (3.7), we obtain 
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( ) ( ) ( ) ( ) ( ).
0

12 xngnNxgx n
n

α
α

+∞

=

− ϕΛ=− ∑F  (3.15) 

On the other hand, we have the relation 

( ) ( ) ( ) ( ) ( ) ( ),00
00

xngLxngL nn
n

nn
n

αα
+∞

=

αα
+∞

=

ϕΛ=ϕΛ ∑∑  (3.16) 

then we deduce that 

( ) ( ) ( ) ( ) ( ),
0

12 xngnNxgx n
n

α
α

+∞

=

− ϕΛ=− ∑F  

which completes the proof. 

(2) From ([2], p. 189), we have 

( ) ( ).1
1 xLxLdx

d
nn
+α
−

α −=  

From this relation and Proposition 3.2, we deduce that ( )g1−F  belongs to 

( ).2 K∗C  

The relation (3.14) is obtained from relation (2.1). 

 

Proposition 3.11. The operator 1−F  is linear and continuous from 
( )NS  into ( )K∗S  and we have 

( ) ( ( )) ., 1 ggg =∈∀ −FFS N   (3.17) 

Proof. It is clear that 1−F  is linear. 

Let g be in ( ).NS  From Proposition 3.10, we have ,0, ≥∀ qp  

( ) ( ) ( ) ( ) ( ) .,2
1411 1212 K∈













 +α+−+=∆+ −− xxgnxxgx

q
qpqp FF  

By using Proposition 3.10 and relation (3.11), we obtain ,0, ≥∀ qp  
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( ) ( ) ( ) ( ) ( ) ( ) ( ) ,,2
141

0

12 K∈ϕΛ−












 +α+−=∆+ α

α

+∞

=

− ∑ xxngInnNxgx n
p

q
q

n

qp F  

then we deduce that there exists a constant 0>c  and ,N∈r  such that 

( ) ( ) ( ) ( ),1sup,0, 12 gcqxgxqp r
qp

x
≤∆+≥∀ −

∈
F

K
 

which implies that ( )g1−F  belongs to ( )K∗S  and the function 1−F  is 

continuous from ( )NS  into ( ).K∗S  

On the other hand, from relations (3.5) and (3.11), we have 

( ( )) ( ) ( ) ( ) ( ) ( ) ( ).
00

1 xdmxxngnNng nn
n

α
′

α
α

+∞

=

∞+
− ϕ













ϕ=′ ∑∫FF  

Using Fubini theorem, we deduce that 

( ( )) ( ) ( ) ( ) ( ) ( ) ( ).
00

1 xdmxxngnNng nn
n

α
′

α
∞+

α

+∞

=

− ϕϕ=′ ∫∑FF  

From relation (3.4) and the fact that ,, N∈ϕα nn  form an orthogonal 

basis in the space of square integrable functions on ,K  with respect to 
( ),xdm  we obtain 

( ( )) ( ) ( ),1 ngng ′=′−FF  

which completes the proof.  

Theorem 3.12. The generalized Fourier transform F  is a topological 
isomorphism from ( )K∗S  into ( ).NS  It’s inverse is given by relation (3.11). 

Proof. The result is deduced from Propositions 3.7 and 3.11.  

Theorem 3.13. (1) For all ( ),K∗∈ Sf  we have the following Plancherel 

formula: 

( ) ,22
2, 2

α
=α l

ff F  (3.18) 
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(2) The generalized Fourier transform F  can be extended to an 

isometric isomorphism from ( )dmL ,2 Kα  onto ( ).2 Nαl  

Proof. 

(1) From Theorem 3.12, we have for all ( ),K∗∈ Sf  

( ( )) ( ) ( ) ( ) ( ) ( ),
0

1 xnfnNxf n
n

α
α

+∞

=

− ϕ= ∑ FFF  

then  

( ( )) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ).
00

1
0

xdmxfxnfnNxdmxfxf n
n














ϕ= α

α

+∞

=

∞+
−

∞+

∑∫∫ FFF  

Using Fubini theorem and relation (3.5), we obtain 

( ( )) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ),
0

1
0

nfnfnNxdmxfxf
n

FFFF α

+∞

=

−
∞+

∑∫ =  

then we deduce that 

( ) .22
2, 2

α
=α l

ff F  

(2) The result is deduced from the density of the space ( )NS  in ( ).2 Nαl  

 

Lemma 3.14. Let f be in ( )dmL ,1 Kα  and g be in ( ).,2 dmL Kα  Then we 

have 

( ) ( ) ( ).gfgf FFF =   (3.19) 

Proof. By using Proposition 3.2, we deduce that the formula (3.19) 

holds, if f belongs to ( )dmL ,1 Kα  and g in ( ).K∗S  We deduce the result by 

using the density of ( )K∗S  in ( )dmL ,2 Kα  together with Proposition 2.7 

and Theorem 3.13. 
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Proposition 3.15. Let v/  be a nonnegative function in ( )K∗D  with 

support in [ ]1,1−  such that .11, =/ αv  For all ,0>ε  we put 

( ) ,,1
22 K∈






ε/

ε
=/ +αε xxvxv  

then we have 

(1) ( ) ( ) ,1lim,
0

=/∈∀ ε→ε
nvn FN  

(2) ,0,11, >ε∀=/ αεv  

(3) ( ) ( ) .0,0lim
0

>η∀=/ε
η≥→ε ∫ xdmxv

x
 

Proposition 3.16. Let v/  be a function in ( )K∗D  satisfying the 

hypotheses of Proposition 3.15. Then, we have for all f in ( )dmL ,1 Kα  

.0lim 1,0
=−/ αε→ε

fvf    (3.20) 

Proof. From Proposition 3.15, we have 

( ) ( ) ( ) ( )., ydmyvxfxfx ε/=∈∀ ∫KK  

Using this relation and relation (2.10), we deduce that 

( ) ( ) ( ) ( ) ( ) ( ).1, xdmydmyvxfxfTfvf x ε
α

αε /−≤−/ ∫∫ KK
  

Since 

( ) ( ) ( ) ,,0 K∈∀=α xxfxfT   (3.21) 

then we deduce from the fact that the mapping ( )fTy y
α→  is continuous 

from K  into ( ),,1 dmL Kα  that for all ,0>ν  there exists 0>η  such that 

( ) ( ) ( ) ( ) ,,0 ν<−η<<∀ α∫ xdmxfxfTy xK
 

then we have from Proposition 3.15 and Fubini-Tonnelli’s theorem 
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( ) ( ) ( ) ( ) ( ) ( ).1, ydmxdmxfxfTyvfvf x
y








 −/+≤−/ α
ε

η≥αε ∫∫ K
ν  (3.22) 

On the other hand, from Proposition 2.4, we have 

( ) ( ) ( ) ( ) .2 1,α
α ≤−∫ fxdmxfxfTxK

  (3.23) 

The relation (3.20) is obtained by using relations (3.22) and (3.23) 
together with Proposition 3.15.  

Theorem 3.17. Let f be in ( )dmL ,1 Kα  such that ( )fF  belongs to 

( ).1 Nαl  Then, we have the following inversion formula: 

( ) ( ( )) ( ) ..,a.e,1 K∈= − xxfxf FF  

Proof. Let ,0, >ε/εv  be the function in ( )K∗D  satisfying the 

hypothesis of Proposition 3.15. 

Since the function  ε/v  belongs to ( ),K∗D  then Theorem 3.12 gives 

( ) ( ) ( ) ( ) ( ).,
0

xnvnNxvx n
n

α
εα

+∞

=
ε ϕ/=/∈∀ ∑ FK  

Using the definition of convolution (2.10), we deduce that 

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ).,
0

ydmynvnNyfTxvfx n
n

x 












ϕ/=/∈∀ α

εα

+∞

=

α
ε ∑∫ F

K
K   

From Fubini’s theorem and relation (3.5), we obtain 

( ) ( ) ( ) ( ) ( ) ( ) ( ).,
0

xnvnfnNxvfx n
n

α
εα

+∞

=
ε ϕ/=/∈∀ ∑ FFK  

Using Proposition 3.15 together with the dominated convergence 
theorem, we deduce that 

( ) ( ) ( ) ( ) ( ).lim,
0

0
xnfnNxvfx n

n

α
α

+∞

=
ε→ε

ϕ=/∈∀ ∑ FK  
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On the other hand, from Proposition 3.16, we deduce that we can extract 
from { } 0>εε/vf   a subsequence, which converges to f almost everywhere. 

This completes the proof.  

4. Linear Wavelet Packets on the Laguerre  
Generalized Hypergroup 

4.1. Linear wavelets on the Laguerre generalized hypergroup 

Definition 4.1. We consider a family of functions  ] [,,0, ∞+∈ρ/ρ
Lv  of 

( ).,2 dmL Kα  We say that Lvρ/  is a linear wavelet if it satisfies the following 

conditions: 

(1) For all ,K∈x  the function ( )xvL
ρ/→ρ  is measurable. 

(2) The integral ( ) ( )
ρ
ρ

/ρ
∞+

∫
dnvLF

0
 is finite and independent of n. 

(3) ( ) ( ) .1,
0

=
ρ
ρ

/∈∀ ρ
∞+

∫
dnvn LFN  

Example 4.2. The function ] [∞+∈ρ/ρ ,0,Lv  defined by 

( ) ( )
( )

,2
1,

2
2

12 +α+ρ−
ρ ρ





 +α+=/∈∀

nL ennvn FN  

is a linear wavelet in ( ).,2 dmL Kα  Let ] [,,0, ∞+∈ρ/ρ
Lv  be a linear 

wavelet in ( ).,2 dmL Kα  For all ,K∈y  we consider the function L
yv ,ρ/  

defined by 

( ) ( ) ( ),, , xvTxvx L
y

L
y ρ

α
ρ /=/∈∀ K  (4.1) 

where ,, K∈α yTy  are the generalized translation operators given by 

relation (2.9). This function satisfies the following properties: 
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Proposition 4.3. (1) For all ,K∈y  the function L
yv ,ρ/  belongs to 

( )dmL ,2 Kα  and we have 

.2,2,, αραρ /≤/ LL
y vv  (4.2) 

(2) For all ,K∈y  we have the relation 

( ) ( ) ( )( ) ( ) ( )., , nvynvn L
n

L
y ρ

α
ρ /ϕ=/∈∀ FFN  (4.3) 

Definition 4.4. Let ] [,,0, ∞+∈ρ/ρ
Lv  be a linear wavelet in ( ).,2 dmL Kα  

We define the linear wavelet transform L
v/φ  for regular functions f on ,K  

by 

( ) ( ) ( ) ( ) ( ) ] [ .,,0,, , K
K

∈∞+∈ρ/=ρφ ρ/ ∫ yxdmxvxfyf L
y

L
v  (4.4) 

This transform can also be written in the form 

( ) ( ) ( ),, yvfyf LL
v ρ/ /=ρφ   (4.5) 

where   is the convolution product defined by relation (2.10). 

Proposition 4.5. Let ] [,,0, ∞+∈ρ/ρ
Lv  be a linear wavelet in ( ).,2 dmL Kα  

Then for all f in ( ) [ ],2,1,, ∈α qdmLq K  the function ( )( )yfy L
v ,ρφ→ /  

belongs to ( ) [ ],,1,, ∞+∈α rdmLr K  with 2
111 −= qr  and we have 

( ) ( ) .., 2,,, αραα/ /≤ρφ L
qr

L
v vff  (4.6) 

Proof. The result is immediate by relation (4.5) and Proposition 4.3. 

  

Theorem 4.6. Let ,0, >ρ/ρ
Lv  be a linear wavelet in ( )dmL ,2 Kα  and 

L
Ψφ  be the linear wavelet transform associated to .Lvρ/  For all  

( ) ( )dmLLf ,21 Kαα∈ ∩  such that ( ) ( ),1 Nα∈ lfF  we have the following 
reconstruction formula: 
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( ) ( ) ( ) ,,,
0

K∈
ρ
ρρφ= /

∞+

∫ ydyfyf L
v  (4.7) 

where for each ,K∈y  the integral is absolutely convergent. 

Proof. From Proposition 4.3 and Parseval’s formula, we deduce that 
for all ,K∈y  

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ).,
0

ynvnfnNyf n
L

n

L
v

α
ρα

+∞

=
/ ϕ/=ρφ ∑ FF  (4.8) 

Using relation (2.4) and Fubini-Tonnelli’s theorem, we obtain for all 
,K∈y  

( ) ( ) ( ) ( ) ( ) ( ) ( ) .,
000 








ρ
ρ

/≤
ρ
ρρφ ρ

∞
α

+∞

=
/

∞+

∫∑∫ dnvnfnNdyf L

n

L
v FF  

Then using Definition 4.1, we deduce that the integral given by relation 
(4.7) is absolutely convergent. 

On the other hand, using relation (4.8) and Fubini’s theorem, we 
obtain for all ,K∈y  

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) .,
000 








ρ
ρ

/ϕ=
ρ
ρρφ ρ

∞
α

α

+∞

=
/

∞+

∫∑∫ dnvynfnNdyf L
n

n

L
v FF  

The result is then deduced from Definition 4.1 and Theorem 3.17.  

4.2. Linear wavelet packets on the Laguerre generalized 
hypergroup 

In this section, we define and study linear wavelet packets and the 
linear wavelet packet transforms, on the Laguerre generalized hypergroup 
( ),, K  and we prove for this transform a reconstruction formula. 

Let ,0, >ρ/ρ
Lv  be a given linear wavelet in ( ).,2 dmL Kα  We consider a 

scale sequence { } Z∈jjr  in ] [,,0 ∞+  which is strictly decreasing such that 

.0limandlim =+∞=
+∞→−∞→ jjjj

rr  
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By assuming that, for each ,Z∈j  the function ( ) ( )
ρ
ρ

/→ ρ∫
+

dnvn Lr
r

j

j
F

1
 is 

in ( ),2 Nαl  then using Theorem 3.13 and Riesz-Fischer theorem, we deduce 

that there exists a function ( )dmLv PL
j ,2, Kα∈/  such that 

( ) ( ) ( ) ( ) .,
1

,
ρ
ρ

/=/∈∀ ρ∫
+

dnvnvn Lr

r
PL

j
j

j
FFN  (4.9) 

Definition 4.7. The sequence { }
Z∈/ j

PL
jv ,  defined by relation (4.9) is 

called a linear wavelet packet. 

Remark 4.8. For each ,Z∈j  the function PL
j

,Ψ  is called a linear 

wavelet packet member of step j. 

Example 4.9. Let ] [,,0, ∞+∈ρ/ρ
Lv  be the linear wavelet given by 

( ) ( )
( )

.2
1,

2
2

12 +α+ρ−
ρ ρ





 +α+=/∈∀

nL ennvn FN  

From relation (4.9), we deduce that the sequence { }
Z∈/ j

PL
jv ,  defined by 

( )( )
( ) ( )

,,
2

2
12

2
1

1,
+α+α

+ +−+−
−=/∈∀

nrnrPL
j

jj eenvn FN  

is a linear wavelet packet. 

Proposition 4.10. We have the following properties: 

(1) ,N∈∀n  

( )( ) ( ) ( ) .
0

,
ρ
ρ

/≤/ ρ
∞++∞

−∞=
∫∑ dnvnv LPL

j
j

FF  (4.10) 

(2) ,N∈∀n  

( )( ) .1, =/∑
+∞

−∞=

nv PL
j

j
F  (4.11) 
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Proof. We obtain these results from relation (4.9) and Definition 4.1. 

   

Let { }
Z∈/ j

PL
jv ,  be a linear wavelet packet. We consider for all Z∈j  

and ,K∈y  the function PL
yjv ,

,/  given by 

( ) ( )( ),, ,,
, xvTxvx PL

jy
PL
yj /=/∈∀ αK  (4.12) 

where ,, K∈α yTy  are the generalized translation operators given by 

relation (2.11). Then we have the following results. 

Proposition 4.11. The following properties hold: 

(1) For all Z∈j  and ,K∈y  the function PL
yjv ,

,/  belongs to ( )dmL ,2 Kα  

and we have 

.
2,

,
2,

,
, αα

/≤/ PL
j

PL
yj vv  (4.13) 

(2) For all Z∈j  and ,K∈y  we have the relations 

( )( ) ( ) ( )( ),, ,,
, nvynvn PL

jn
PL
yj /ϕ=/∈∀ α FFN  (4.14) 

and 

( )( ) ( ) ( ) .,
0

,
, ρ

ρ
/≤/∈∀ ρ

∞++∞

−∞=
∫∑ dnvnvn LPL

yj
j

FFN  (4.15) 

Proof. We deduce these results from Proposition 2.4 and relations 
(4.12), (4.10), and (2.4).  

Definition 4.12. Let { }
Z∈/ j

PL
jv ,  be a linear wavelet packet. The linear 

wavelet packet transform PL
v

,
/φ  is defined for regular functions f on ,K  by 

( ) ( ) ( ) ( ) ( ) .,,, ,
,

, KZ
K

∈∈/=φ ∫/ yjxdmxvxfyjf PL
yj

PL
v  (4.16) 
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This transform can also be written in the form 

( ) ( ) ,, ,, PL
j

PL
v vfyjf /=φ /   (4.17) 

where   is the generalized convolution product defined by relation (2.10). 

Proposition 4.13. Let { }
Z∈/ j

PL
jv ,  be a linear wavelet packet. For all 

Z∈j  and ( ) [ ],2,1,, ∈∈ α qdmLf q K  the function ( ) ( )yjfy PL
v ,,
/φ→  

belongs to ( ),, dmLr Kα  with [ ]∞+∈ ,1r  such that ,2
111 −= qr  and we 

have 

( ) ( ) ..,
2,

,
,,

,
ααα/ /≤φ PL

jqr
PL

v vfjf  (4.18) 

Proof. The result is obtained from relation (4.17) and Proposition 2.7.
  

Theorem 4.14. Let { }
Z∈/ j

PL
jv ,  be a linear wavelet packet and PL,

Ψφ  be 

its associated linear wavelet packet transform. For all ( )21
αα∈ LLf ∩  

( )dm,K  such that ( )fF  belongs to ( ),1 Nαl  we have the following 

reconstruction formula: 

( ) ( ) ( ) ,,,, K∈φ= Ψ

+∞=

−∞=
∑ yyjfyf PL
j

j
 (4.19) 

where, for all ,K∈y  this series is absolutely convergent. 

Proof. Using Definition 4.12, Proposition 4.11, and Parseval’s identity, 
we deduce that for all Z∈j  and ,K∈y  

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ),, ,

0

, ynvnfnNyjf n
PL

j
n

PL α
α

+∞

=
Ψ ϕ/=φ ∑ FF  (4.20) 

since 

( ) ,1,, ≤ϕ∈∀∈∀ α yyn nKN  (4.21) 
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then Fubini-Tonnelli’s theorem and Proposition 4.10 give 

( ) ( ) ( ) ( ) ( ) ( )( ) ,, ,

0

,













/≤φ ∑∑∑

+∞

−∞=
α

+∞

=
/

+∞

−∞=

nvnfnNyjf PL
j

jn

PL
v

j
FF  (4.22) 

yields to 

( ) ( ) ( ) ( ) ( ) ( ) ( ) .,
00

,








ρ
ρ

/≤φ ρ
∞+

α

+∞

=
/

+∞

−∞=
∫∑∑ dnvnfnNyjf L

n

PL
v

j
FF  (4.23) 

Then from Definition 4.1, we conclude that for all ,K∈y  the series (4.19) 
converges absolutely. 

On the other hand, for all ,K∈y  relation (4.20) implies that for 
every ,, K∈NM  we have 

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )., ,

0

, ynvnfnNyjf n
PL

j

M

Njn

PL
v

M

Nj

α

−=
α

+∞

=
/

−=

ϕ












/=φ ∑∑∑ FF  

Using Proposition 4.10 and dominated convergence theorem, we obtain 

( ) ( ) ( ) ( ) ( ) ( ).,lim
0

,
,

ynfnNyjf n
n

PL
v

M

Nj
NM

α
α

+∞

=
/

−=
+∞→

ϕ=φ ∑∑ F  

Relation (4.19) is deduced from Theorem 3.17.  

4.3. Discrete linear scaling function on the Laguerre generalized 
hypergroup 

We consider the linear wavelet packet { }
Z∈/ j

PL
jv ,  studied in the 

Subsection 4.2. We suppose that for all ,Z∈J  the function  

( ) ( )
ρ
ρ

/→ ρ
∞+

∫
dnvn L

rJ
F  belongs to ( ).2 Nαl  Then from Theorem 3.13, we 

deduce that there exists a function PL
J

,φ  in ( ),,2 dmL Kα  such that 

( )( ) ( ) ( ) ., ,
ρ
ρ

/=φ∈∀ ρ
∞+

∫ dnvnn L
r

PL
J

J
FFN  (4.24) 
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Definition 4.15. The sequence { } Z∈/ J
PL

Jv ,  defined by relation (4.24) 

is called a discrete linear scaling function. 

Example 4.16. Let ] [,,0, ∞+∈ρ/ρ
Lv  be the linear wavelet given by 

( ) ( )
( )

.2
1,

2
2

12 +α+ρ−
ρ ρ





 +α+=/∈∀

nL ennvn FN  

From relation (4.24), we deduce that the sequence { } Z∈/ J
PL

Jv ,  defined by 

( ) ( )
( )

,,
2

2
1

,
+α+−

=/∈∀
nrPL

J
Jenvn FN  

is a discrete linear scaling function. From relations (4.24), (4.9), and 

Proposition 4.10, we deduce that the functions { } Z∈/ J
PL

Jv ,  satisfy the 

following properties: 

Proposition 4.17. (1) For all ,Z∈J  we have 

( ) ( ) ( ) ( )., ,
1

, nvnvn PL
j

J

j

PL
J /=/∈∀ ∑

−

−∞=

FFN  (4.25) 

(2) For all ,Z∈J  we have 

( ) ( ) ( ) ( ) .,
0

,
ρ
ρ

/≤/∈∀ ρ
∞+

∫ dnvnvn LPL
J FFN  (4.26) 

(3) We have 

( ) ( ) .1lim, , =/∈∀
+∞→

nvn PL
JJ

FN  (4.27) 

Let { } Z∈/ J
PL

Jv ,  be a discrete linear scaling function. We consider for 

all Z∈J  and ,K∈y  the function PL
yJv ,

,/  defined by 

( ) ( )( ),, ,,
, xvTxvx PL

Jy
PL
yJ /=/∈∀ αK  (4.28) 
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where ,, K∈α xTx  are the generalized translation operators given by 
relation (2.9). 

The function PL
yJv ,

,/  satisfies the following properties: 

Proposition 4.18. (1) The function PL
yJv ,

,/  belongs to ( ),,2 dmL Kα  and 

we have 

.
2,

,
2,

,
, αα

/≤/ PL
J

PL
yJ vv  (4.29) 

(2) We have the relations 

( )( ) ( ) ( ) ( ),, ,,
, nvynvn PL

Jn
PL
yJ /ϕ=/∈∀ α FFN  (4.30) 

and 

( )( ) ( ) ( ) .,
0

,
, ρ

ρ
/≤/∈∀ ρ

∞+

∫ dnvnvn LPL
yJ FFN  (4.31) 

Proof. (1) We have the result from Proposition 2.4. 

(2) We obtain these results from Proposition 3.2 and relations (4.28), 
(4.26), and (2.4). 

 

Proposition 4.19. (1) For all ,Z∈J  we have 

( )( ) ( ) ( ) .1, ,, =/+/∈∀ ∑
+∞

=

nvnvn PL
j

Jj

PL
J FFN  (4.32) 

(2) For all ,Z∈J  we have 

( )( ) ( )( ) ( )( )., ,,
1

, nvnvnvn PL
J

PL
J

PL
J /−/=/∈∀ + FFFN  (4.33) 

(3) We have 

( )( ) ( ) ( )( ) .1, ,,
1 =/−/∈∀ +

+∞

−∞=
∑ nvnvn PL

j
PL

j
j

FFN  (4.34) 
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Proof. (1) From relation (4.9), we have 

( ) ( ) ( ) ( ).,
0

nvdnv PL
j

j

L /=
ρ
ρ

/ ∑∫
+∞

−∞=
ρ

∞+
FF  

On the other hand, we have 

( ) ( ) ( ) ( ) ( ) ( ).,,
1

, nvnvnv PL
j

Jj

PL
j

J

j

PL
j

j
/+/=/ ∑∑∑

+∞

=

−

−∞=

+∞

−∞=

FFF  

We obtain the result from this relation and relations (4.11) and (4.25). 

(2) The result is deduced from relation (4.25). 

(3) Relation (4.34) is deduced from relations (4.33) and (4.11). 

 

Theorem 4.20. Let { } Z∈/ J
PL

Jv ,  be a discrete linear scaling function, 

which corresponds to the linear wavelet packet { } .,
Z∈/ j

PL
jv  For all f in 

( ) ( )dmLL ,21 Kαα ∩  such that ( )fF  belongs to ( ),1 Nαl  we have the 

following reconstruction formulas: 

( ) ( ) ( ) ,,lim ,
, K

K
∈/= ∫+∞→

yxdmvxfyf PL
yJJ

 (4.35) 

and 

( ) ( ) ( ) ( ) ( ) ,,,,
, K

K
∈φ+/= /

+∞

=
∑∫ yyjfxdmvxfyf L

v
Jj

PL
yJ  (4.36) 

where for all ,K∈y  the series converge absolutely. 

Proof. 

● From Parseval’s formula and relation (4.30), we obtain for all 
,K∈y  
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( ) ( ) ( ) ( ) ( ) ( )( ) ( ).,

0

,
, ynvnfnNxdmvxf n

PL
J

n

PL
yJ

α
α

+∞

=

ϕ/=/ ∑∫ FF
K

 (4.37) 

Using relations (4.26), (4.27), (2.4), and the dominated convergence 
theorem, we obtain 

( ) ( ) ( ) ( ) ( ) ( ) ( ),lim
0

,
, ynfnNxdmxvxf n

n

PL
yJJ

α
α

+∞

=
+∞→

ϕ=/ ∑∫ F
K

 

then Theorem 3.17 gives relation (4.35). 

● As in the proof of Theorem 4.14, by applying Definition 4.12, we 

deduce that the series ( ) ( )yjfL
v

Jj
,/

+∞

=
φ∑  converges absolutely and we have 

for all ,K∈y  

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )., ,

0
ynvnfnNyjf n

PL
j

Jjn

L
v

Jj

α
+∞

=
α

+∞

=
/

+∞

=

ϕ












/=φ ∑∑∑ FF  (4.38) 

On the other hand, by using relation (4.25), we deduce that the equality 
(4.37) can be written in the form 

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ),,
1

0

,
, ynvnfnNxdmvxf n

PL
j

J

jn

PL
yJ

α
−

−∞=
α

+∞

=

ϕ












/=/ ∑∑∫ FF

K
 (4.39) 

then for all ,K∈y  we obtain from relations (4.38) and (4.39) 

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ).,
0

,
, ynfnNyjfxdmvxf n

n

L
v

Jj

PL
yJ

α
α

+∞

=
/

+∞

=

ϕ=φ+/ ∑∑∫ F
K

 

Relation (4.36) is then deduced from Theorem 3.17. 

 

 



LAMIA JAAFAR BELAID and KHÉLIFA TRIMÈCHE 62

References 

 [1] H. Chebli, Sturm-Liouville hypergroups, Contemporary Math. 183 (1995), 71-88. 

 [2] A. Erdely, W. Magnus, F. Oberhettinger and F. G. Tricomi, Higher Transcendental 
Functions, Mac Graw-Hill, New-York, 1953. 

 [3] W. Freeden and U. Windheuser, Spherical wavelet transform and its discretization, 
Adv. Comp. Math. (1996), 51-94. 

 [4] L. Jaafar Belaid, Generalized Radon Transform on Hypergroups and Linear  
Wavelet Packets on the Laguerre Generalized Hypergroup, Thèse de Doctorat, 
Faculté des Sciences de Tunis, 1998. 

 [5] R. I. Jewett, Spaces with an abstract convolution of measures, Adv. Math. 18 (1975), 
1-101. 

 [6] M. M. Nessibi, M. Sifi and K. Trimèche, Continuous wavelet transform and 
continuous multiscale analysis on Laguerre hypergroup, C. R. Math. Rep. Acad.   
Sci., Canada 17(2) (1995), 73-78. 

 [7] M. M. Nessibi and K. Trimèche, Inversion of the Radon transform on the Laguerre 
hypergroup by using generalized wavelets, J. Math. Anal. Appl. 208 (1997),           
337-363. 

 [8] K. Trimèche, Transformation intégrale de Weyl et théorème de Paley-Wiener 
associés à un opérateur différentiel singulier sur ( ) ,,0 ∞+  J. Math. Pures et Appl.  
60 (1981), 51-98. 

 [9] K. Trimèche, Generalized Wavelets and Hypergroups, Gordon and Breach Science 
Publishers, 1997. 

  g 


