
Journal of Mathematical Sciences: Advances and Applications 
Volume 14, Number 1, 2012, Pages 35-49 

2010 Mathematics Subject Classification: 41A10, 42A10.
 Keywords and phrases: direct theorem, weighted Orlicz space, Muckenhoupt weight, 

fractional modulus of smoothness. 

Received February 15, 2012 

 2012 Scientific Advances Publishers 

APPROXIMATION THEOREMS IN  
WEIGHTED ORLICZ SPACES 

YUNUS E. YILDIRIR and RAMAZAN CETİNTAS 

Department of Mathematics 
Faculty of Education 
Balikesir University 
10100, Balikesir 
Turkey 
e-mail: yildirir@balikesir.edu.tr 

Abstract 

In the present work, some direct theorems of the approximation theory in the 
weighted Orlicz spaces with weights satisfying so called Muckenhoupt’s 
condition are improved with respect to the fractional moduli of smoothness. 

1. Introduction and Main Results 

A convex and continuous function [ ) [ )∞→∞Φ ,0,0:  for which 

( ) ( ) 0,00 >Φ=Φ x  for ,0>x  and 

( ) ( ) ,lim,0lim
00

∞=Φ=Φ
→→ x

x
x
x

xx
 

is called a Young function. 

The complementary Young function v/  of Φ  is defined by 
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( ) ( ){ },0:max: ≥Φ−=/ xxxyyv  

for .0≥y  

A Young function Φ  said to satisfy 2∆  condition ( ),2∆∈Φ  if there is 

a constant 0>c  such that 

( ) ( ),2 xcx Φ≤Φ  

for all .R∈x  

A nonnegative function [ ) [ )∞→∞ϕ ,0,0:  is said to be quasiconvex, 

if there exists a convex Young function Φ  and a constant 1≥c  such that, 
for all ,0≥x  

( ) ( ) ( )cxxx Φ≤ϕ≤Φ  

holds. 

Let [ ].,: ππ−=T  A measurable function [ ]∞→ω ,0: T  is called a 

weight function, if the set { }( )∞ω− ,01  has Lebesgue measure zero. 

A π2 -periodic weight function ω  belongs to the Muckenhoupt class 

,1, >pAp  if 

( ) ( )( ) ,11
1

11 CdxxIdxxI

p
p

II

≤












ω













ω

−
−−∫∫  

with a finite constant C independent of I, where I is any subinterval of T 
and I  denotes the length of I. 

Let ϕ  be a quasiconvex Young function. We denote by ( )Tωϕ,
~L  the 

class of Lebesgue measurable functions C→T:f  satisfying the condition 

( )( ) ( ) .∞<ωϕ∫ dxxxf
T
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The linear span of the weighted Orlicz class ( ),~
, TωϕL  denoted by ( ),, TωϕL  

becomes a normed space with the Orlicz norm 

( ) ( ) ( ) ( )( ) ,1:sup:,












≤/ω= ∫∫ωϕ dxxgvdxxxgxff
TT

 (1) 

where v/  is the complementary Young function of .ϕ  We define the 

Luxemburg norm as 

( ) ( ( ) ) ( ) .1:0inf: 1
,













≤ωϕ>= −
ωϕ ∫ dxxxfkkf

T

 (2) 

There exist [7, p. 23] constants 0, >Cc  such that 

( ) ( ).,,, ωϕωϕωϕ ≤≤ fCffc  

For a quasiconvex function ,ϕ  we define the indice ( )ϕp  of ϕ  as 

( ) { }.xquasiconveis,0:inf:1 βϕ>ββ=
ϕp  

If ( ),ϕ∈ω pA  then it can be easily seen that ( ) ( )TT 1, LL ⊂ωϕ  and 

( )Tωϕ,L  becomes a Banach space with the Orlicz norm. The Banach 

space ( )Tωϕ,L  is called weighted Orlicz space. 

Throughout this paper, the constant c denotes a generic constant, i.e., 
a constant, whose values can change even between different occurrences 
in a chain of inequalities. 

Detailed information about Orlicz spaces, defined with respect to the 
convex Young function ,ϕ  can be found in [13]. Orlicz spaces, considered 

in this work, are investigated in the books [7] and [18]. 

For a given ( ),1 TLf ∈  assuming 

( ) ,0=∫ dxxf
T

  (3) 
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we define α -th fractional ( )0>α  integral of f as [24, v. 2, p. 134] 

( ) ( ) ,:, ikx
k

k

eikcfxI α−

∈

α ∑
∗

=

Z
 

where 

( ) ( ) ,: sign21 kiekik απ−α−α− =  

and { }.,3,2,1: …±±±=∗Z  

Let 0>α  be given. We define fractional derivative of a function 

( ),1 TLf ∈  satisfying (3), as 

( )( )
[ ]

[ ] [ ]( ),,: 1

1
fxI

dx
dxf α−α+α

+α
α =  

if the right hand side exists. 

It is well-known that the Steklov’s mean operator 

( ) ( ) ,0,,2
1: π<<∈+=σ ∫

−

txduuxftxf
t

t
t T  

is bounded in ( )Tωϕ,L  when ( ) ,,2 ϕ∈ω∆∈ϕ pA  and αϕ  is quasiconvex 

for some ( )1,0∈α  [7, Theorem 6.4.4, p. 250]. Under these conditions, for 

,0,, >∈ rtx T  and ( ),, Tωϕ∈ Lf  we define 

( ) ( ) ( )xfIxf r
t

r
t σ−=σ :  

( ) [ ]
( )

( ) ,
2
11 11

0
kk

t

t

t

t
k

r
k

k

k
duduuuxf

t
C ……… +++−= ∫∫∑

−−

∞

=

 

where [ ] ( ) ( )
!

11: k
krrrCr

k
+−−= …  for [ ] rCk r => :,1 1  and [ ] 1:0 =rC  are 

binomial coefficients. 
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Since [21, (1.51), p. 14,] 

[ ] ,,1
+

+
∈≤ Zk

k
cC r

r
k  

we have 

[ ] ,
0

∞<∑
∞

=

r
k

k
C  

and therefore, 

( ) ,,, ∞<≤σ ωϕωϕ fcxfr
t   (4) 

if ( ) ,,2 ϕ∈ω∆∈ϕ pA  and αϕ  is quasiconvex for some ( ).1,0∈α  

For ,0>r  we define the fractional modulus of smoothness of index r 
for ( )Tωϕ∈ ,Lf  as 

( )
[ ]

( ) ( ) [ ] ,sup:,
,1,0

,
ωϕ

−

=δ≤<
ωϕ σ−σ−=δΩ ∏ fIIf rr

th

r

ith
r

i
i

 (5) 

when ( ) ,,2 ϕ∈ω∆∈ϕ pA  and αϕ  is quasiconvex for some ( ).1,0∈α  

Since the operator tσ  is bounded in ( ),, TωϕL  we have by (4) that 

( ) ,, ,, ωϕωϕ ≤δΩ fcfr  

if ( ) ,,2 ϕ∈ω∆∈ϕ pA  and αϕ  is quasiconvex for some ( ).1,0∈α  

Remark. Let ( ) ( ) ,,,,0 2, ϕωϕ ∈ω∆∈ϕ∈> pALfr T  and αϕ  be 

quasiconvex for some ( ).1,0∈α  Then, the modulus of smoothness has 
the following properties: 

(i) ( ) ωϕδΩ ,,fr  is nonnegative and non-decreasing function of .0≥δ  

(ii) ( ) ( ) ( ) .,,, ,2,1,21 ωϕωϕωϕ δΩ+δΩ≤δ+Ω ffff rrr  

(iii) ( ) .0,lim ,0
=δΩ ωϕ→δ

fr  
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We denote by ( ) ωϕ,fEn  the best approximation of ( )Tωϕ∈ ,Lf  by 

trigonometric polynomials of degree not exceeding n, i.e., 

( ) { },,2,1,:inf ,, …=∏∈−= ωϕωϕ nTTffE nnnn  

where n∏  denotes the class of trigonometric polynomials of degree at 

most n. Note that the existence of nnT ∏∈∗  such that 

( ) ,,, ωϕ
∗

ωϕ −= nn TffE  

follows, for example, from [4, Theorem 1.1, p. 59]. 

Let also 

( ) ( ),sincos~
0

kxbkxaecxf kk
k

ikx
k

k
+= ∑∑

∞

=

∞

−∞=

 

be the Fourier series of ( ).1 TLf ∈  In addition, we put 

( ) ( ) .,2,1,0,sincos:,
0

…=+== ∑∑
=−=

nkxbkxaecfxS kk

n

k

ikx
k

n

nk
n  

In this paper, we investigate some direct problems of approximation 
theory in the weighted Orlicz spaces. In the literature, many results on 
such approximation problems have been obtained in weighted and non-
weighted Lebesgue spaces. The corresponding results in the non-weighted 
Lebesgue spaces can be found in the books [4] and [22]. The best 
approximation problems by trigonometric polynomials in weighted 
Lebesgue spaces with weights belonging to the Muckenhoupt class were 
investigated in [8] and [14]. Detailed information on weighted polynomial 
approximation can be found in the books [5] and [15]. 
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Approximation by trigonometric polynomials and other related 
problems in the Orlicz and weighted Orlicz spaces were studied in [1, 6, 9, 
10, 11, 16, 17, 20, 23]. 

Since every convex function is quasiconvex, the Orlicz spaces 
considered by us in this paper are more general than the Orlicz spaces 
studied in the above mentioned works. Therefore, the results obtained in 
this paper are new also in the non-weighted cases. 

Our main results are the following: 

Theorem 1. If ( ) ( ) ,,,,0 2, ϕωϕ ∈ω∆∈ϕ∈> pALfr T  and αϕ  be 

quasiconvex for some ( ),1,0∈α  then the estimate 

( ) ,1,,, 




Ω ωϕωϕ nffE r

n    (6) 

holds for .,2,1 …=n  

This theorem was proved in [2] for ( ) ,1,, ∞<<∈ ω pLf p T  in [16] for 

.N∈r  

Theorem 2. Let 









ϕ 0

1
pt  be a Young function for some 10 >p  

satisfying the 2∆  condition. Let ( ) ( ) ,,, 2, ϕωϕ ∈ω∆∈ϕ∈ pALf T  and αϕ  

be quasiconvex for some ( ).1,0∈α  For 0>r  and the system of numbers 

( ) ( );1
2

nn
r

n ≤




−=λ νν

ν  

( ) ( ) ( ) )( .1,sincos2:, ,
,1

0
, 





Ω












+λ+−=λ ωϕ

ωϕ=
ωϕ ∑ nfxbxaaxffR rn

n

n νν ννν
ν
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Theorem 3. Let 









ϕ 0

1
pt  be a Young function for some 10 >p  

satisfying the 2∆  condition. Let ( ) ,,2 ϕ∈ω∆∈ϕ pA  and αϕ  be 

quasiconvex for some ( ).1,0∈α  For 0>k  and a sequence of functions 

( ) ( ) 













−
≤−−=λ

0
2

0
1,1 rrrrr k ννν  specified on some set E of the real 

axis and in addition for any fixed Er ∈  and any function ( ),, Tωϕ∈ Lf  

the series ( ) )( xbxara
νν ννν

ν
sincos2 1

0 +λ+ ∑
∞

=
 convergences to a metric of 

the space ( ),, TωϕL  then 

( ) ( ) ( ) )(
ωϕ

∞

=
ωϕ 











+λ+−=λ ∑

,1

0
, sincos2:, xbxaraxffRr νν ννν

ν
 

( )., 0, rrfC k −Ω≤ ωϕ  

The non-weighted analogues of these theorems were proved in [16] 
for .N∈r  

2. Auxiliary Result 

Lemma 1. If ( ) ( ),,,,0 ,2 Tωϕϕ ∈∈ω∆∈ϕβ≤α< LfAp  and αϕ  is 

quasiconvex for some ( ),1,0∈α  then 

.1,1, ,, 




Ω





Ω α

ωϕ
β
ωϕ nfnf   (7) 

Proof. If ,,,0 N∈βαβ≤α<  then it is easy to see from (5) that 

.1,1, ,, 




Ω





Ω α

ωϕ
β
ωϕ nfnf   (8) 

Now, we assume .10 <β≤α<  In this case, putting ( ) ( ),: ⋅σ=⋅Ψ α ft  we 
have 
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( ) ( )
( )

( ) jj

t

t

t

t
jj

j

j
t duduuu

t
C ……… 11

0 2
11 +++⋅Ψ−=⋅Ψσ ∫∫∑

−−

α−β
∞

=

α−β  

 ( )
( )

[ ( )
( )kk

k

k

t

t

t

t
jj

j

j t
C

t
C

2
11

2
11

00

α−α
∞

=−−

α−β
∞

=

−−= ∑∫∫∑ …  

( )kjjj

t

t

t

t

uuuuf ++
−−

++++++⋅× ∫∫ ……… 11  

  ]kjjj dudududu ++× …… 11  

 ( ) αα−β
∞

=

∞

=

−= ∑∑ kj
k

kj
CC1

00
 

( )
( )














+++⋅× ++

−−
+ ∫∫ kjkj

t

t

t

t
kj duduuuf

t
……… 11

2
1  

( )
( )

( ) ( )a.e..
2
11 11

0
⋅σ=+++⋅−= β

−−

β
∞

=
∫∫∑ fduduuuf

t
C t

t

t

t

t
νννν

ν

ν
………  

Then by (4), 

( ) ( ) ( ) ,,,, ωϕ
α

ωϕ
α−β

ωϕ
β ⋅σ⋅Ψσ=⋅σ ff ttt   

and 

.1,1, ,, 




Ω





Ω α

ωϕ
β
ωϕ nfnf   (9) 

Remaining cases will follow from (8) and (9). 

Lemma 2. Let 









ϕ 0

1
pt  be a Young function for some 10 >p  

satisfying the 2∆  condition. Let ( ) ( )…,2,1=nxfn  be a sequence of π2  
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periodic functions in ( ) ( );,, ϕωϕ ∈ω pAL T  and let ( )xS nkn,  be the k-th 

partial sum of Fourier series of the function ( ) nn kkxf =,  is a function of 

n. Then, there exists a positive constant C such that 

( ) ( ) ( ) ( ) ,
21

2

0

21
2

,
0

dxxxfCdxxxS n
n

kn
n

n ω





























ϕ≤ω






























ϕ ∑∫∑∫

∞

=

∞

= TT

 

with a constant C is independent of ( ).xfn  

This lemma is proved by taken in [12, Theorem 1] 

( ) ( ) .:and: 2

0

2
,

0
xfgxSf n

n
kn

n
n ∑∑

∞

=

∞

=

==  

Lemma 3. Let 









ϕ 0

1
pt  be a Young function for some 10 >p  

satisfying the 2∆  condition. Let …,, 10 λλ  be a sequence of numbers such 

that 

( ).,2,1,0, 1

12

2

1

…=≤λ−λ≤λ +

−

=
∑
+

lMM
l

l
l νν

ν

 

Then the series ( ),sincos2 000 xbxaa νν νννν +λ+λ ∑∞
=

 where νν ba ,  

are the Fourier coefficients of a function ( ) [ ],2,0, π∈ ωϕLxf  is a Fourier 

series of some function ( ) [ ]π∈ ωϕ 2,0,Lxh  and the following inequality is 

valid: 

( )( ) ( ) ( )( ) ( ) .dxxxfCdxxxh ωϕ≤ωϕ ∫∫
TT

 

This lemma is proved by the similar way of [23, Lemma 2.4]. 
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3. Proofs of Main Results 

Proof of Theorem 1. Since [3, Theorem 2] 

( ) ,,,1,,, N∈




Ω ωϕωϕ rnnffE r

n   

we obtain by (7) 

( ) [ ] ,,1,1, ,
1

,, N∈




Ω





Ω ωϕ

+
ωϕωϕ nnfnffE rr

n   

and the assertion (6) follows. 

Proof of Theorem 2. Let .22 1+<≤ mm n  By virtue of the property 
of the norm, 

( ) ( ) ( ) ( )( ) ( )
ωϕ=ωϕ=

λ−≤











λ− ∑∑

,0,0
1 xAxAxf n

n
n

n

νν
ν

νν
ν

 

( ) ,21
,1

IIxA
n

+=+
ωϕ

∞

+=
∑ ν

ν
 

where ( ) .sincos: xbxaxA νν ννν +=  From [3, Lemma 3], 

( ) ( ) ,, ,, ωϕωϕ xfxfSn   

( ) ( ) ( ) ., ,, ωϕωϕ− fExfSxf nn    (10) 

It follows from the latter inequality and (6) that 

( ) ( ) .1,,,
,1

2 




Ω= ωϕωϕ

ωϕ

∞

+=
∑ nffExAI r

n
n

ν
ν

 

Now, we estimate 

( )
( ) .

sin
1

1

1

,

sin0
1

ωϕ

=













−









−

λ−
= ∑

r

n

n
r

nn
xAI

n

n
ν

ν

ν
ν

ν
ν

ν
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We let ( )

( )

.

for,0

,for,

1

1
sin

,

























>

≤









−

λ−

=µ

n

nr

n

n
r

n

n

ν

ν

ν

ν

ν

ν  For the sequence ( )( ),,
n

rνµ  

the conditions of Lemma 3 are fulfilled [2]. Then, according to Lemma 3, 

( ) ( ) ( ) ωϕ

ωϕ
=

σ−













−µ= ∑ ,1

,

,
0

1
sin

1 fIxAI r
n

r

n

nn
r

n
ν

ν

νν
ν

 

( )[ ]( ) [ ]
ωϕ

−σ−σ−=
,11 fII rr

n
r

n  

[ ]
( ) ) [ ] ,1,(sup ,

,1,0 1





Ωσ−σ− ωϕ

ωϕ

−

=≤<
∏ nffII rrr

th

r

ith
i

ni

  

and the Theorem 2 is proved. 

Proof of Theorem 3. By virtue of the property of the norm, 

( ) ( ( )) ( ) ( ( )) ( )

ωϕ

∞

+







=

ωϕ










=
ωϕ λ−+λ−≤λ ∑∑

−

−

,
1

,

1
, 11,

0
1

0
1

xArxArfR

rr

rr

r νν

ν

νν
ν

 

.21 II ′+′=  

We estimate 

( )

( )
( ) .0,sin1

1

1

,

0
0

sin1
1

0
0

0
1

>







−
−

−
−

λ−
=′

ωϕ
−
−










=
∑
−

krr
rrxArI

k

k
rr

rr

rr

ν
ν

ν

ν
ν
ν

ν
 

Let us assume 
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( )

( ) .

for,0

1for,
1

1
0sin,

0
0

















>







−
≤

−

λ−

=µ
−
−

n

rr
r

k
rr

rr
r

ν

ν

ν
ν
ν

ν  

For the sequence ( ){ },,
n

rνµ  the conditions of Lemma 3 are fulfilled. 

Consequently, according to Lemma 3, for ,212 1
0

+<





−
≤ mm

rr  

( )
ωϕ

=








−
−

−µ≤′ ∑
+

,
0

0
,

2

1
1

sin1
1 k

r rr
rrxAI

m

ν
ν

νν
ν

 

( ) ( ).,sin1 0,
,0

0

1
rrfrr

rrxA k
k

−Ω







−
−

− ωϕ

ωϕ

∞

=
∑ 

ν
ν

ν
ν

 

Let us now estimate .2I ′  It is easily seen that the conditions of Lemma 3 

are fulfilled for the system of numbers { ( )}.1 rνλ−  Then, according to 

Lemma 3, 

( ( )) ( ) ( ) .1

,
1

,
1

2

0
1

0
1

ωϕ

∞

+







=

ωϕ

∞

+







=

∑∑
−−

λ−=′ xAxArI

rrrr

ν

ν

νν

ν

  

Hence, as in the Theorem 2, it follows 

( )., 0,2 rrfI k −Ω′ ωϕ  

The latter completes the proof of the theorem. 
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