
Journal of Mathematical Sciences: Advances and Applications 
Volume 13, Number 1, 2012, Pages 55-70 

2010 Mathematics Subject Classification: Primary 18G05, 55S05, 55S10.
 Keywords and phrases: Steenrod algebra, unstable modules, quotient category, polynomial 

algebra. 

Received December 6, 2011 

 2012 Scientific Advances Publishers 

ON THE NILCLOSURE IN A CATEGORY  
OF UNSTABLE MODULES   

ISMET KARACA 

Department of Mathematics 
Ege University 
Bornova, Izmir 35100 
Turkey 
e-mail: ismet.karaca@ege.edu.tr 

Abstract 

In this paper, we investigate nilclosure of ( ) n
nF ∑′ ⊗2  in the quotient  

category ,lNi ′′U  where U ′  is the category of evenly graded unstable  

modules, lNi ′  is the category of evenly graded nilpotent unstable modules, and 

n∑  is a symmetric group. 

1. Introduction and Main Results 

Let p be an odd prime number and A  be the mod-p Steenrod algebra. 
Let U  be the category of unstable modules over mod-p Steenrod algebra 

.A  In [3], Gabriel constructed the quotient category. Later, Franjou and 
Schwartz [2] have introduced NilU  the quotient category of unstable 

modules by nilpotent modules. Henn et al. [4] have proved that NilU  is 

equivalent to representation theoretic category wF , where category wF  
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is the category of analytic functors. Kuhn [7] has given more general 
description of category wF  called there ‘category of locally finite functors’. 

In this paper, we are restricting our attention to full subcategory U ′  
of U  consisting of unstable modules, which are nontrivial only in even 
degree. So ( )nF 2′  is free unstable modules over the subalgebra pA  of A  

generated by reduced power ( ) ni FiP ⊗′> 2.0,  is the unstable modules 

because tensor product of unstable modules with diagonal action is 

unstable. The symmetric group n∑  acts on ( ) nF ⊗′ 2  by permutation of 

coordinates. Hence, we have 

( ) ( ( ) ) ,22 nnFnF ∑⊗′′   

(see [8]). 

In the category ,wF  there exists naturally arising algebra 

( ),,,
∗

∗∗∗ = SSHomM wF  

where ∗S  and ∗S  denote the graded symmetric invariants and 

coinvariants, respectively. 

In [7], Kuhn has shown that ∗∗,M  is isomorphic to a polynomial 

algebra generated by the elements ( )kpu ,1  and ( ),1,kpu  where ( )kpu ,1  

has bidegree ( )kp,1  and ( )1,kpu  has bidegree ( ).1,kp  Hence, this allows 

us to compute nilclosure of ( ( ) ) .2 nnF ∑⊗′  Using the equivalence, 

,lNiw ′′UF   

we have the isomorphism 

( ( ) ) .2, j
j

j FM ∑′= ⊗
∗ N  
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2. Preliminaries 

Definition 2.1. An A -module M in the category U ′  is called 

unstable, if ( ) 0=xPi  for xi >2  and ( ),XHx ∗∈  where x  denotes the 

degree of x. 

Let Φ′  denote a functor from U ′  to itself. Given U ′∈M  define MΦ′  
by 

( )















≡

≡

=Φ′
+−

.otherwise,0

,2mod22if,

,2mod02if,
12

22

2

pmM

pmM

M p
m

p
m

m  

The action of the Steenrod algebra is given by 

( )
( )





 ≡Φ′

=Φ′
otherwise,0,

,mod0if, pixP
xP

pi
i  

and 

( ) ,0=Φ′β x  

where ( )xΦ′  denotes the element of MΦ′  corresponding to x in M. The 

map 

MM Φ′λ′ : →−−− M  

is defined by ( ) ( ) ( ),0 xPxPx m
M ==Φ′λ′  where the degree of x is 2m. 

Define an A -linear map 

m
i MP 2

2 : →−−− ( ),122 −− pimpM  

by ( ) ( ).2 xPxP im
i

−=  
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We denote by UU ′→−−−′∑′ :  the suspension functor, by Φ′~  (resp., 

∑′
~ ) the right adjoint of Φ′  (resp., ∑′ ) and Φ′~iR  (resp., ∑′

~iR ) the 

derived functor of Φ′~  (resp., ∑′~ ). Let 

( )( ) ( )mFmFi m 212:2 ′∑′→+′∑′  

be the map, which sends ( )12 +mi  to .2mi∑′  

It is easy to check that tensor product of two unstable modules 
equipped with the diagonal action is unstable. So consider the unstable 

module ( ) ;2 nF ⊗′  it is of dimension 2 in degree n. Therefore, up to a scaler 

multiple, there is one nontrivial map 

( )nFh 2: ′ →−−− ( ) ,2 nF ⊗′  

defined by ( ) .2 yyyih n ⊗⊗⊗= "  The symmetric group n∑  acts on 

( ) nF ⊗′ 2  by permuting factor, i.e., 

( ) ( ) ( ).1121 1 nppppp yyyyy n −σα−σαααα
⊗⊗=⊗⊗⊗σ ""  

The action n∑  of ( ) nF ⊗′ 2  commutes with Steenrod algebra action 

and therefore the range of h is contained in the invariants ( ( ) ) .2 nnF ∑⊗′  

So, we have the following lemma: 

Lemma 2.2. The map ( )nFh 2: ′ →−−− ( ( ) ) nnF ∑⊗′ 2  is an isomorphism. 

Definition 2.3. Let M be an unstable module in .U ′  An element x of 
an unstable module M is called nilpotent, if 

( ) ,02212 =⋅
−

xPPP
xxkxk pp "  

for some positive integer k. An unstable module M is said to be nilpotent, 
if every element of M is nilpotent. 
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Now, we can consider the quotient category .lNi ′′U  If →−−−′′ U:r  

lNi ′′U  is the projection functor, then there exists a right adjoint s′  to 

,r′  i.e., a functor UU ′→−−−′′′ lNis :  such that 

( ) ( ).,, NsMHomNMrHom lNi ′′ ′′′ UU   

Definition 2.4. Let ( )MlNi ′  denote the submodule of nilpotent 

elements of M. 

(1) An unstable module M is said to be reduced, if ( ) .0=′ MlNi  

(2) An unstable module M is called ,-closedlNi ′  if the unit of adjoint 

MrsM ′′→−−−ε :  is an isomorphism. 

From [1, Proposition 2.1], we have the following lemma: 

Lemma 2.5. An unstable module M is ,-closedlNi ′  if and only if 

( ) 0, =′ MNExti
U  for any nilpotent module N and .1,0=i  

As a direct consequence of Lemma 2.5, we note that a product of lNi ′ -
closed unstable pA -modules is lNi ′ -closed and that the kernel of a map 

between lNi ′ -closed unstable pA -modules is lNi ′ -closed. Therefore, any 

inverse limit of lNi ′ -closed unstable pA -modules is still lNi ′ -closed. 

Let ( )MN  denote .Mrs ′′  So, it has the following universal property: 

Given an pA -linear map ,: NMg →−−−′  where N is lNi ′ -closed, there 

exists a unique pA -linear map ( )g ′N  making the following diagram 

commutative: 

 

The following result immediately follows from [9, Theorem 6.3.3] and 
[9, Theorem 6.3.4 ]. 



ISMET KARACA 60

Proposition 2.6. (1) An pA -module UM ′∈  is ,-closedlNi ′  if and 

only if the adjoint to λ′  

MM Φ′→λ′ ~:~  

is an isomorphism. 

(2) The functor M Ö→−− Mimcol k
kΦ′

~  and ( )MN  are naturally 

equivalent. 

Let ∞E  and E  be the category of pF -vector space and the category of 

finite dimensional vector space, respectively. Let F  denote the category 
of covariant functors and natural transformation from E  to .∞E  

Definition 2.7. (1) A sequence F →−−−  G →−−−  H is exact if for any 
elementary abelian p-group V, the sequence ( )VF  →−−−  ( )VG  →−−−  ( )VH  

is exact. 

(2) A functor F∈F  is simple, if the only subobjects of F are the 0 
and F itself. 

(3) A functor F∈F  is finite, if it has a finite composition series with 
simple subquotients. 

(4) A functor F∈F  is locally finite, if it is the union of its finite 
subfunctors. 

Let wF  denote the full subcategory of locally finite functor. The 

definition of wF  as in (4) is due to Kuhn and it is different from the 

original definition given in [4]. However, it is also shown in [6] that the 
two definitions are equivalent. 

We now define a functor FU →−−−′′ :f  as follows: The functor 
( ) :Mf ′  ∞→−−− EE  associated to an unstable pA -module N is given by 

the formula 

( ) ( ) ( ( )) ,, ′=′ ∗
′ VHMHomVMf U  
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where ( ( ))′∗
′ VHMHom ,U  denotes the continuous dual of profinite 

pF -vector space 

( )., VHMHom ∗
′U  

The profinite structure of ( )VHMHom ∗
′ ,U  comes from the fact that this 

pF -vector space is the filtered inverse limit of the finite dimensional   

pF -vector space ( ) α
∗

α′ MVHMHom ,,U  running through the set of 

sub- pA -modules of M finitely generated over ;A  an element of 

( ( ))′∗
′ VHMHom ,U  is a continuous linear map from ( )VHMHom ∗

′ ,U  

equipped with this profinite topology to pF  equipped with its discrete 

topology. 

Let M be an unstable pA -module and E be pF -vector space. Let us 

assume first that M is finitely generated over pA  and E finite 

dimensional. It is clear that in this case that one has a natural 
isomorphism 

( ( )) ( ( ) ( ) )EVMfHomVHEMHom ,, ′⊗
∞

∗
′ EU   

(in this formula E is viewed as an unstable A -module concentrated in 
degree zero). Taking filtered direct limits, first over E and then over M, 
shows that this isomorphism holds without assumptions on M and E. 
Thus, the functor U ′ →−−−  M,∞E  Ö→−− ( ) ( )VMf ′  is left adjoint to 

functor ∞E  →−−−  E,U ′  Ö→−−  ( ).VHE ∗⊗  This shows that ( ) ( )VMf ′  

identifies with the vector space ( ( ))0MTV′  of degree zero elements in the 

unstable A -module ( ) U ′′′ :, VV TMT  →−−−  U ′  denoting the functor left 

adjoint to the functor U ′  →−−−  N,U ′  Ö→−−  .NVH ⊗∗  So, we can state 

the properties of the functor ,f ′  which is analogue of the result in [8]. 
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Proposition 2.8. (1) The functor f ′  is exact. 

(2) The functor f ′  commutes with the tensor products. 

So f ′  is zero on lNi ′  and hence f ′  admits a factorization; 

. 

By [4, Theorem 1.6.2], we immediately have the following result: 

Proposition 2.9. The functor f ′  induces an equivalence of abelian 
category lNi ′′U →−−−  .wF  

The functor ,: UF ′→−−−′ wm  which is corresponding to 

lNis ′′′ U: →−−− U ′  is a right adjoint of .f ′  So m′  is given as follows: 

( ) ( ),, GHHomGm n
n

F=′  

and therefore, we have 

( ) ( ).MMfm N=′′  

3. Main Results 

Let ( ) ,,,,,, 2121 nnk α≤≤α≤αααα ……  be a sequence of 

nonnegative integers. Define an equivalence relation on the set of such 
sequence by 

( ) ( ),1,,1,1~,,,, 121 −α−α−ααα nn kk ……  

if 01 >α  and .0>k  Then we can call ( )nk αα ,,, 1 …  irreducible, if 

0=k  or .01 =α  

Theorem 3.1. Let S be the set of irreducible sequence. Let B be subset 
of S with the following property: An irreducible sequence ( ,, 1αk  )nα,…  

is in B, if 
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(1) ,0=k  or 

(2) 0>k  and the number of iα  equal to j is divisible by ,jkp −  where 

.10 −≤≤ kj  

Then Nilclosure of ( ) n
nF ∑′ ⊗2  has a pF -basis corresponding to 

subset B of S. 

Proof. Note that a sequence ( )nk αα ,,, 1 …  will correspond to the 

element ( ) n
nFx ∑′∈ ⊗2  such that 

( ) ( ) ( ) [ ],211 nkk pppxxpxp yyyxPxPxP
ααα−

⊗⊗⊗= ""  

where x has even degree and [ ]"  denotes the class of the monomial 
nppp yyy

ααα
⊗⊗⊗ "21  in ( ) .2 n

nF ∑′ ⊗  Then, the module ( ) n
nF ∑′ ⊗2  

has a basis corresponding to the orbits of monomials 

,21 nppp yyy
ααα

⊗⊗⊗ "  

where .321 nα≥≥α≥α≥α "  It is clear that these monomials 

correspond to the irreducible sequences with .0=k  First, let us attach 

Steenrod operations to ( ) ,2 n
nF ∑′ ⊗  i.e., the element ( ) n

nFx ∑′∈ ⊗2  

such that 

( ) [ ].21 npppx yyyxP
ααα

⊗⊗⊗= "  

Then we get the module 1M  in this way. Using the Proposition 2.6, we 

have the following: 

( ) ( ) ( ( ) ).22 n
nf

n
n FF ∑′ →∑′ ⊗⊗ NN  

Let [ ]nppp yyy
ααα

⊗⊗⊗ "21  be a class in ( ) n
nF ∑′ ⊗2  and 

.01 >α  Then, we will have 
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( ) [ ],21 npppx yyyxP
ααα

⊗⊗⊗= "  

where .
11211 −α−α−α

⊗⊗⊗=
nppp yyyx "  

If ,0,0 1321 >α=α==α=α=α +kk"  and k is nonzero in mod-p, 

then the monomial class 

[ ],1 nk pp yyyyy
α+α

⊗⊗⊗⊗⊗⊗ ""  

does not admit a Steenrod operation because of degree. 

Let 0321 =α==α=α=α k"  and k is zero in mod-p. Then 

consider the coaction map 

M:λ →−−− ,∗⊗ AM  

where ( ) ,∗
=−

∗ ⊗=⊗ ∏ iknik
n MM AA  is then given by 

( ) ,I
Imm ξ⊗=λ ∑  

if and only if for any ,A∈θ  we have 

,, I
I mm >ξθ<=θ ∑  

where >< ..,  denotes the standard Kronecker pairing between A  and 

.∗A  

So using the property of ,λ  we have 

( ) ( )""" 1
1

1

1
1

0
11 i

p

i

p
n

p
kk

ink yyyyy ξ⊗=⊗⊗⊗⊗⊗λ ∑
≥

+

α+α
 

( ) ( )""
1

1

11

1
1

00

+α

+

+++α

+

ξ⊗ξ⊗ +
≥≥
∑∑ k

k

kik

k
k

ki

k

p
i

p
k

i
i

p
k

i
yy  

( ).
0

n

n

nin

n

p
i

p
n

i
y

α+α
ξ⊗∑

≥
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Let ∑
=

=
r

j
jlk

1
 and .

1
m

i

m
i l∑

=
=ρ  Then we get 

( ) ( ) 2
21

1
1

0,,1
1

11
0,,

ii

niki
r

pp

ii
yyyy ρ+ρρ

≥

⊗⊗⊗⊗⊗⊗∑
≥+

"""

…
…

 

( ) 11
1 11

+++α

− ++ρ ⊗⊗⊗⊗⊗
kikri

r
p
k

p
k yyy ""  

.1

1

1

1

n

n

k

k

rl

r

lnin p
i

p
i

p
i

p
i

p
ny

α+α

+

+α
ξξξξ⊗⊗⊗ """   ( )∗  

It is clear that terms of the form 

,sr
p
u

p
tsr

p
u

p
t

srsr
yyyy ξξ⊗⊗+ξξ⊗⊗  

for sr ≠  are zero because of the action of .n∑  So terms of the form 

( ) ( ) ( ) ( ) ,p
s

p
r

p
w

p
v

p
u

p
t

p
s

p
r

p
w

p
v

p
u

p
t

rrssssrr
yyyyyyyy ξξ⊗⊗⊗⊗+ξξ⊗⊗⊗⊗  

for sr ≠  are zero. So ( )∗  holds by induction. We attach to ( ) n
nF ∑′ ⊗2  

Steenrod operation of elements of the form 

.1
121

nk p
n

p
kk yyyyy

α+α
⊗⊗⊗⊗⊗⊗ + ""  

The property of λ  helps us to define the coaction map 

(( ) )
11

11
−α+α

⊗⊗⊗⊗⊗λ +
pp

n
p
kk

nk yyyy ""  

( ) ( )
12

21

11
1

0,,1

11
0,,

−−

≥+

ρ+ρρ
≥

⊗⊗⊗⊗⊗= ∑
ii

niki
ri

pp

ii
yyyy ""

…
…

 

( )
1111

1 11
−+++α−

− +ρ+ρ ⊗⊗⊗⊗⊗⊗
kikri

kr
p
k

p yyy """  

                       .111

1

111

1

−α−+α

+

−−
ξξξξ⊗⊗

n

n

k

k

rl

r

l p
i

p
i

p
i

p
i ""…   ( )∗∗  
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If any of the rii ,,1 …  in ( )∗∗  is zero, then 

( ) ( ) nkri

kr

i p
n

p
k

pp yyyyyy
β+β−

−

−
⊗⊗⊗⊗⊗⊗⊗⊗⊗ +ρ+ρρ """"

11

1

11
1 111  

denotes 

(( ) ( ) ) .
1111

1
1

1 111
−+β++β

−
⊗⊗⊗⊗⊗⊗⊗⊗⊗ +ρ+ρρ

pp
n

p
k

pp nkri

kr

i
yyyyyy """"  

Next, we shall show that 1M  is an pA -module, i.e., we need to verify 

that 

( ) ( ) ,2121 zz θθ=θθ  

for any pA∈θθ 21,  and z any of attached elements. In terms of the 

coaction map ,λ  condition above can be translated into commutativity of 
the diagram 

. 

So, we show that the following equality: 

( ) ( ) ( ) ( )zz λ∆⊗=λ⊗λ 11  

holds, where ( ) .11
121

nk p
n

p
k

p
k yyyyyz

α+α−
⊗⊗⊗⊗⊗⊗= + ""  

First, let us find what the left side of equality is 

( ) ( ) ( ) ( )
11

1

0,,1
1

1
0,,

11
−

≥+

ρ
≥

⊗⊗⊗λ=λ⊗λ ∑
i

niki
r

p

ii
yyz "

…
…

 

( ) 111
1 121

+++α−

− ++ρ ⊗⊗⊗⊗⊗⊗
kikri

r
p
k

p
k yyyy ""  

n

n

k

k

rl

r

lnin p
i

p
i

p
i

p
i

p
ny

α+α

+

−−+α
ξξξξ⊗⊗⊗ """

1

1

111

1
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( )
111

1

0,,1,,,1
11

1
0,,,,,

−+

≥++

ρ
≥

⊗⊗= ∑
ji

njkjniki
rr

p

jjii
yy "

……
……

 

( ) 111122
1 11

+++++α−+

− ++ρ ⊗⊗⊗⊗⊗
kjkikji

r
p
k

p
k yyy ""  

nin

n

kik

k

rirl

r

ilnjnin p
j

p
j

p
j

p
j

p
ny

+α+++α

+

−+−+++α
ξξξξ⊗⊗⊗ """

11

1

1111

1
 

.1

1

111

1

n

n

k

k

rl

r

l p
i

p
i

p
i

p
i

α+α

+

−−
ξξξξ⊗ ""  

The right side of equality is 

( ) ( ) ( )
11

1

0,,1

1
0,,

1
−

≥+

ρ
≥

⊗⊗=λ∆⊗ ∑
m

nmkm
ri

p

mm
yyz "

…
…

 

( ) 111
1 11

+++α−

− ++ρ ⊗⊗⊗⊗⊗
kmkrm

r
p
k

p
k yyy ""  

( ).1

1

111

1

n

n

k

k

rl

r

lnmn p
m

p
m

p
m

p
m

p
ny

α+α

+

−−+α
ξξξξ∆⊗⊗⊗ """  

On the other hand, we have 

( )n

n

k

k

rl

r

l p
m

p
m

p
m

p
m

α+α

+

−−
ξξξξ∆ ""

1

1

111

1
 

( ) ( ) ( ) ( ) n
n

k
k

rl

r

l p
m

p
m

p
m

p
m

α+α

+

−−
ξ∆ξ∆ξ∆ξ∆= ""

1
1

111
1  

( ) ( )
111

1
1

1
111

−−
ξ⊗ξξ⊗ξ= ∑∑

=+=+

rl

r
ri

r
rrr

li p
i

p
j

mji

p
i

p
j

mji
"  

( ) ( ) n
n

ni

n
nnn

k
k

ki

k
kkk

p
i

p
j

mji

p
i

p
j

mji

α+α

+

+

+
+++

ξ⊗ξξ⊗ξ ∑∑
=+=+

"
1

1
1

1
111

 

nin

n

kik

k

rirl

r

il p
j

p
j

p
j

p
j

+α+++α

+

−+−+
ξξξξ= ∑ ""

11

1

1111

1
 

.1

1

111

1

n

n

k

k

rl

r

l p
i

p
i

p
i

p
i

α+α

+

−−
ξξξξ⊗ ""  
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When we compare both sides, the equality holds. Hence 1M  is unstable 

module. Similarly 2M  can be constructed. Therefore, the theorem follows 

by induction.  

Let ∗∗,M  denote the morphism set in the category F  

( ),, ∗
∗ SSHom wF  

where ∗S  and ∗S  are the graded symmetric invariants and coinvariants, 

respectively. So ∗∗,M  is a bigraded algebra with multiplication induced 

by the tensor product. Let ( )j
i SSHom w ,F∈α  and ( )., l

k SSHom wF∈β  

Then β•α  is the composite 

( ) ( ) ( ) ( ) ( ) ( ),∗+ρ∗∗β⊗α/
+  →⊗ →⊗ → VSVSVSVSVSVS ljlj

ki
v

ki  

where v/  is a coproduct and ρ  is the cup product. Hence, ∗∗,M  is an 

pp AA × -module with the 1×pA -action on jM ,∗  induced by the right 

action on homology and the A×1 -action on ∗,iM  induced by the left 

action on cohomology. Using the equivalence between lNi ′/′U  and ,wF  

we see that 

( ( ) ).2, j
j

j FM ∑′=∗ N  

Let 

( ) ( ) ( ( ) ),2,11,1 k
k

k
k

kk p
p

p
p

pp FMyyu ∑′∈⊗⊗= N"  

and 

( ) ( ( )) ( ) .221,1,
kk

k
k

k
pp

p
p

p FFMyu ′′∈=  N  

Then, we have the following theorem proved by Kuhn in [7]: 
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Theorem 3.2. The bigraded algebra ∗∗,M  is isomorphic to the 

polynomial algebra generated by the elements ( )kpu ,1  and ( )1,kpu  of 

bidegree ( )kp,1  and ( ),1,kp  respectively. 

Proof. Let jiM ,∈α  and ., lkM∈β  Then ,, ljkiM ++∈β•α  which is 

image of β⊗α  under tensor product 

( ( ) ) ( ( ) ) ( ( ) ( ) ) .222 lj
ki

kil
k

kj
i

i FFF +
+

+⊗⊗⊗ ∑′→∑′⊗∑′ NNN  

By Theorem 3.1, any element in ( ( ) )m
mF ∑′ ⊗2N  can be written as 

( ) ( ) mininink

nn

ik
k

p
m

ppp
p yyyyyy ⊗⊗⊗⊗⊗⊗⊗⊗⊗

++−

−

+−

ρρ """"
1

1
11

11  

( ) ( ) ( ) ( ).1,1,,1,1 1
1

1 mini
n

nkk pp
i

p
i

p
uuuu "" +=  

This completes the proof.   

Let ( ) [ ]ZF ∈=⋅′ ixK ip ;  be a polynomial algebra on generators kx  of 

bidegree ( ).,1 kp  Define ∗∗,0 : Mg →−−− ( )⋅′K  by ( ( ) )
k

k
p
kp xug −=1,0  and 

( ( ) ) ,,10 kp xug k =  where ( )1,kpu  and ( )kpu ,1  have bidegrees ( )1,kp  and 

( ),,1 kp  respectively. So 0g  is an pA -monomorphism. 

Define jpj Mg ,:
∗

→−−− ( )⋅′K  by ( ( ) )
k

k
p

kjpj xug −=1,  and ( ( ) )kpj ug ,1  

.1, ≥= − jx jk  Since each map jg  is mono, so is g. It is epi because by 

definition of jg  every algebra generator is hit. So, we have just proved 

the following result: 

Theorem 3.2. The map kpMg
∗∗,lim: →−−− ( )⋅′K  is an isomorphism. 
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