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Abstract 

This paper deals with two interpolation problems in the unit disc D  of the 
complex plane for sequences in a Stolz angle. In the first one, bounded 
sequences are interpolated by the product of a function in the Lipschitz class on 

D  and other one in the space ,1−A  thus generalizing a previous result in 

which, the function in 1−A  was taken as the derivative of a Blaschke product. 
In the second one, bounded sequences are interpolated by a sum of functions of 
the mentioned type. 
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1. Introduction 
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with zeros at ( )nz  is the bounded analytic function defined by 
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We denote by mB  and kmB ,  the Blaschke products in D  with zeros at 

( ) { }mn zz \  and ( ) { },,\ kmn zzz  respectively. As usual, we will put c for 

all positive constants.  

We recall that ( )nz  is called uniformly separated, if 

( ) ., N∈∀≥ mczB mm  

The Stolz angle with vertex at the point η  in the boundary of D  and 

aperture 0>β  is the set 

( ) { ( ) ( )}.11 zzzS −β+<η−∈=ηβ D  

Let ∞l  be the space of all bounded sequences of complex numbers and 

( )nzLip  be the space of all complex functions Φ  on ( )nz  such that 

( ) ( ) .,, N∈∀−≤Φ−Φ mkzzczz mkmk  

We denote by Lip, the Lipschitz class on ,D  that is, the space of all 

functions in the disc algebra such that 

( ) ( ) .,, D∈∀−≤− wzwzcwfzf  

Finally, 1−A  denotes the space of all holomorphic functions f on D  such 
that 
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( ) .,
1 2 D∈∀
−

≤ z
z

czf  

Definition 1. ( )nz  is called a balanced interpolating sequence, if 

given any ( ) ,∞∈ lwn  there exists Lipf ∈  such that ( ) ( ) ,nn wzfB =′  

.N∈∀n  

These interpolating sequences in a Stolz angle were characterized in 
[6] as the uniformly separated ones. 

Taking into account that ,1−∈′ AB  we introduce two more general 
types of interpolating sequences. 

Definition 2. ( )nz  is called a compensated interpolating sequence, if 

given any ( ) ,∞∈ lwn  there exists Lipf ∈  and 1−∈ Ag  not vanishing on 

( )nz  such that ( ) ( ) ., N∈∀= nwzfg nn  

Note that we ask for the interpolation by the product of a regular 
function up to the boundary of D and other one that is not bounded when 
we approximate to it, but existing a certain compensation between both 
on the sequence, because their product is bounded there. 

Definition 3. ( )nz  is called a compensated interpolating sequence for 

a sum, if given any ( ) ,∞∈ lwn  there exists Lipff ∈21,  and 1
21, −∈ Agg  

not vanishing on ( )nz  such that ( ) ( ) .,2211 N∈∀=+ nwzgfgf nn  

It is clear that balanced interpolating sequence ⇒  compensated 
interpolating sequence ⇒  compensated interpolating sequence for a sum. 

Our results on the last two interpolating sequences are the following 
ones: 

Theorem 1. If ( )nz  in a Stolz angle is a compensated interpolating 

sequence, then 

(1) ( )nz  is the union of at most two uniformly separated sequences. 
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(2)                                      .,
1 2 N∈∀≥
−

− ′ mc
z

zz

m

mm  

Theorem 2. If ( )nz  in a Stolz angle verifies the conditions (1) and 

(2), then it is a compensated interpolating sequence for a sum. 

Note that the sequences satisfying the conditions (1) and (2) are 
intermediate between the uniformly separated ones and those that are 
the union of at most two of these sequences. 

We will need the following estimate: 

Lemma 1. If Lipf ∈  and ,1−∈ Ag  then 

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )( ) .,,,11 22 D∈∀−+/≤−−− wzwzwzvzfcwwfgzzfg  

Proof. By the triangular inequality 

( ) ( ) ( ) ( ) ( ) ( )22 11 wwfgzzfg −−−  

( ) ( )( ) ( )( ) ( ) ( ) ( ) ( ) .111 222 wfzfwwgwwgzzgzf −−+−−−≤  

It is proved in [5] that ( ) ( ) ( ) ( ) ( ),,11 22 wzvcwwgzzg /≤−−−  and 

using ( ) 21 w
cwg

−
≤  and ( ) ( ) ,wzcwfzf −≤−  the result follows.  

2. Proof of the Theorem 1 

Proof. Suppose that ( )nz  is a compensated interpolating sequence in 

a Stolz angle. For N∈m  fixed, let ( )nw  be defined by: 1=mw  and 

,0=kw  if .mk ≠  Since ( ) ,∞∈ lwn  there exists Lipf ∈  and 1−∈ Ag  

not vanishing on ( )nz  such that ( ) ( ) ., N∈∀= nwzfg nn  

Since Lipf ∈  vanishes on ( ) { },\ mn zz  it is proved in [4] that 

( ) ( ) .,,, mkkzBzzczf kmk ≠∈∀−≤ N  
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Writing this inequality for mzz =  and taking ,mk zz ′=  we have 

( ) ( ) .,1
, N∈∀−≤ ′′ mzBzzczg mmmmm

m
 

Since ,1−∈ Ag  

( ) .,1 ,
2 N∈∀−≤− ′′ mzBzzcz mmmmmm  

Now, since ( )nz  is in a Stolz angle ( )ηβS  
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−
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−
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and it is proved in [2] that 

( ) ,,, N∈∀≥′ mczB mmm  

if and only if ( )nz  is the union of at most two uniformly separated 
sequences. 

Since Lipf ∈  vanishes on ( ) { },\ mn zz  it follows from the Lemma 1 
that 

( ) ( ) ( ) .1 2
mmmm zzczzfg ′−≤−  

Then, 

( ) .1 2
mmm zzzc ′−≤−  

 

3. Proof of the Theorem 2 

Proof. For ( )nz  being the union of at most two uniformly separated 
sequences, it is proved in [1] and [4] that ( )nz  is either uniformly 
separated or it can be rearranged ( ) ( ) ( ),nnn baz ∪=  where ( )na  and 
( )nb  are uniformly separated. 

In case that ( )nz  is uniformly separated, then it is balanced and 

there exists h with the looked form such that ( ) ., N∈∀= nwzh nn  
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In another case, we write ( )nu  for the terms of ( )nw  corresponding 

to the sequence ( ),na  and ( )nv  for the terms corresponding to ( ).nb  

We take h such that ( ) ,, N∈∀= nuah nn  with the looked form. 

For a sequence ( )nz  in a Stolz angle, it is proved in [3] that given any 

( ),nzLip∈Φ  there exists Lipf ∈  such that ( ) ( ) ∈∀Φ= nzzf nn ,  ,N  if 

and only if ( )nz  is the union of at most two uniformly separated 

sequences. 

Let Φ  be defined by: ( ) 0=Φ na  and ( ) .,1 2 N∈∀−=Φ nbb nn  We 

have 

( ) ( ) ,,,222 N∈∀−≤−=Φ−Φ nmbbbbbb mnnmmn  

and, taking into account (2) 

( ) ( ) .,,1 2 N∈∀−≤−=Φ−Φ nmbacbba nmnnm  

Then ( )nzLip∈Φ  and there exists Lipf ∈  such that ( ) ( ),nn zzf Φ=  

.N∈∀n  

We write 

( )
( ) ., N∈∀
−

=λ nbf
bhv

n
nn

n  

We have .
1 2

n
n

b
c

−
≤λ  Since ( )nb  is uniformly separated, it is proved 

in [5] that there exists 1−∈ Ag  such that ( ) ., N∈∀λ= nbg nn  

It is immediate now that the function fgh +  performs the desired 

interpolation.   

There remains opened the problem of characterizing the compensate 
interpolating sequences and also the compensate interpolating sequences 
for a sum. 



COMPENSATED INTERPOLATING SEQUENCES  53

References 

 [1] J. Bruna and F. Tugores, Free interpolation for holomorphic functions regular to   
the boundary, Pacific J. Math. 108(1) (1983), 31-49. Zbl 0556.30029. 

 [2] J. Bruna, A. Nicolau and K. Øyma, A note on interpolation in the Hardy spaces of 
the unit disc, Proc. Amer. Math. Soc. 124(4) (1996), 1197-1204. Zbl 0841.30032. 

 [3] A. M. Kotochigov, Free interpolation in the spaces of analytic functions with 
derivative of orders from the Hardy space, J. Math. Sci. (N.Y.) 129(4) (2005),      
4022-4039. Zbl 1151.30339. 

 [4] E. P. Kronstadt, Interpolating sequences for functions satisfying a Lipschitz 
condition, Pacific J. Math. 63(1) (1976), 169-177. Zbl 0306. 30030. 

 [5] K. Seip, Beurling type density theorems in the unit disk, Invent. Math. 113(1) 
(1993), 21-39. Zbl 0789.30025. 

 [6] F. Tugores, Interpolation of bounded sequences, Czech. Math. J. 60 (135) (2010),   
513-516. Zbl pre05850473. 

g 


