Journal of Mathematical Sciences: Advances and Applications
Volume 13, Number 1, 2012, Pages 1-19

ON THE HIGHER RANK NUMERICAL RANGE
OF THE SHIFT OPERATOR

HAYKEL GAAYA

Institute Camille Jordan

Office 107 University of Lyon1l

43 Bd November 11, 1918
69622-Villeurbanne

France

e-mail: gaaya@math.univ-lyonl.fr

Abstract

For any n-by-n complex matrix 7 and any 1<k<n, let A,(T) be the set of
all A € C such that PTP = AP for some rank-k orthogonal projection P be

its higher rank-£ numerical range. It is shown that if S,, is the n-dimensional

shift on C", then its rank-£ numerical range is the circular disc centered in

zero and with radius cos( nk-:—tl) if 1<kg| n-zi-l] and the empty set if
[ngl ] < k<n, where [x] denote the integer part of x. This extends and

refines previous results of Haagerup and de la Harpe [11] on the classical

numerical range of the n-dimensional shift on C". An interesting result for

higher rank-k numerical range of nilpotent operator is also established.
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1. Introduction

Let H be a complex separable Hilbert space and B(H) be the

collection of all bounded linear operator on H. The numerical range of an

operator T'in B(H) is the subset
W({T)={<Tx,x > C,x e H, x| =1},
of the plane, where < .,.> denotes the inner product in H and the
numerical radius of T'is defined by
09(T) = sup {|z|; z € W(T)}.

We denote by S the unilateral shift acting on the Hardy space H? of

the square summable analytic functions
s . H > Hz,
f = zf(2).

Beurling’s theorem implies that the nonzero invariant subspaces of S

are of the form ¢HZ, where ¢ is some inner function. Let S(¢) denote the

compressed of S to the subspace H($) = HZO¢H? :
S(9)f(2) = P(2f(2)),

where P denotes the orthogonal projection from H? onto H(¢). We

denote by S*(¢) the adjoint of S(¢):
S*((I)) = S(d))* = S*\H(¢) = S\i(er(cb(S)")'

The space H(¢) is a finite-dimensional exactly when ¢ is a finite
Blaschke product. The numerical radius and numerical range of the
model operator S(¢) seems to be important and have many applications.
In [1], Badea and Cassier showed that, there is a relationship between

numerical radius of S(¢) and Taylor coefficients of positive rational
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functions on the torus and more recently in [8], the author gave an
extension of this result. However, the evaluation of the numerical radius

of S(¢) under an explicit form is always an open problem. The readers

may consult [8] for an estimate of S(¢), where ¢ is a finite Blaschke

product with unique zero. In the particular case, where ¢(z) = 2", S(¢) is

unitarily equivalent to S,,, where

1 0

In [11], it is proved that W(S, ) is the closed disc D, =

{z € C; 2| < cos(——)} and wy(S,) = cos(

——" - :t_ il ) and more general

Theorem 1.1 ([11]). Let T be an operator on ‘H such that T =0 for

some n > 2. One has
on(1)< T cos(~ ),

T
n+l

and 0y(T) = | T cos( ) when T is unitarily equivalent to ||T'||S,,.

In this mathematical note, we extend this result to the higher rank-£
numerical range of the shift. The notion of the higher rank-k£ numerical
range of an operator T acting on a Hilbert space H of dimension at least

k is introduced in [5] and it is denoted by

AL(T) = {r € C: PTP = )P, for some rank-k orthogonal projection P}.

The introduction of this notion was motivated by a problem in quantum

error correction; see [4]. Note that if P is a rank-1 orthogonal projection,
then P = x ® x for some unit x € C* and PTP =< Tx, x > P. Thus
when %k =1, this concept is reduces to the classical numerical range

W(T), which is well known to be convex by the Toeplitz-Hausdorff
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theorem. We refer to [14] for a simple proof. In [7], it is conjectured that

Ap(T) is convex, and reduced the convexity problem to the problem of

showing that 0 € A,(T’), where

T - I, X
Yy -1,)
for arbitrary X,Y € M, (the algebra of kx %k complex matrix). They

further reduced this problem to the existence of a Hermitian matrix H

satisfying the matrix equation
I, + MH + HM* - HRH = H, (1.1

for arbitrary M € M, and a positive definite R e M;. In [21],
Woerdeman proved that Equation (1.1) is equivalent to Ricatti equation
HRH -H(M* -1, /2)-(M -1, / 2)H - I}, = 0, (1.2)
and using the theory of Ricatti equations (see [13], Theorem 4), the
Equation (1.2) is solvable, which prove the convexity of Ay (T'). In [5], the
authors showed that if dimH < o and 7T e B(H) is a Hermitian matrix
with eigenvalues A; <Ay <:--<X,, then the rank-k numerical range
A,(T) coincides with [Aj, A,,1_%], which is a non-degenerate closed
interval if A, < A, ,1_p, a singleton set if A}, = A,,,1_p, and an empty set

if Ap > A,4q1_p- In [17], the authors proved that if dimH = n, then

AL(T) = ﬂ {H e C: e+ e ®p<n, (e + e 0T )},
0¢[0, 2n[
for 1<k<n, where A (H) denote the k-th largest eigenvalue of the
Hermitian matrix H € M,,. Thanks to this result, they establish that
if dimH=n and T € B(H) is a normal matrix with eigenvalues

Ais .oes Ay, then

AR(T) = (| comvinj, o2y, )

IS < <n—fk+1<N
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We close this section by the following properties, which are easily
checked. The readers may consult [4-7], [9], and [16].

(P1) For any a and b € C, Ap(aT + bI) = aA,(T) + 0.

(P2) A(T") = Ax(T).

(P3) AR(T ®S) 2 Ap(T)U AR(S).

(P4) For any unitary U e B(H), A,(U'TU) = A,(T).

(P5) If Ty is a compression of 7" on a subspace Hgy of H such that
dimHq > &, then A,(Ty) < AR(T).

(P6) W(T) 2 Ay(T) 2 A3(T) 2 ...
Some results from [1] will be also developed in this context in a
forthcoming paper.

2. Main Theorem

In the following theorem, we give the higher rank-k numerical range

of the n-dimensional shift on C”.

Theorem 2.1. For any n > 2 and 1<k<n, AL(S, ) coincides with

kn
n+1

n+1

the circular disc{z e C : |z| < cos( ) if1<k<| | and the empty

n+1

set if | < k<n.

Proof. First, observe that for 1<k <n,

AR(S,) = ﬂ {p e C: e+ e ®n<n,(e?s, +e s )}
0€l0, 2n[

{u eC: Re(eieu)<%7uk(eieSn +e 08" )}
0¢[0, 2x[

eie{z eC: Re(z)<%kk(ei98n +e 08k )} 2.1)
0¢[0, 2n[
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- eie{z eC: Re(2)<%kk(8n +S; )} (2.2)
0¢[0, 2n[
i0 kTC
= ﬂ e {z e C : Re(z)< cos( )} (2.3)
n+1
66[0,275[

Equations (2.1) and (2.2) are due to the fact that firstly S,, + Sk = D(6)"(e'S,,

+e08*)D(0), where D(0) denotes the unitary diagonal matrix with
entries eie, e2ie, . e”ie, which implies that S, + S;, and eieSn + eiieS;
are unitarily equivalent for each 0 in [0, 21 (see [11], page 373) and

m

secondly, the eigenvalues of S, + S,, are (2 cos( "
n

T )) . (We refer
1 1<m<n

the readers to ([3], page 35) or ([10], page 67).) Now from (2.3), it follows
that A,(S,) is the intersection of closed half planes. We note that

n+1
]

is positive, if and only if 1<k<| . We consider the

cos ke
n+l1
following two cases:

n+1
2

Case 1. If 1<k<| ], then A,(S,) is the circular disc{z € C :

)}

|2] < cos( kf

n+l

n+1l

Case 2. If | ] < k< n, using (2.3), it follows that

kfl )}ﬂein{z e C: Re(z)<cos( nkfl )}

A(S,)c 1z € C: Re(z)<cos( m

= 0.
This completes the proof. O

Theorem 2.2. For any integer k > 1,

AR(S) = DO, 1).
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Proof. Let a fixed & > 1, from (P5) and Theorem 2.1, we deduce that

kn
n+1l
and we have D(0,1) = A,(S). Now let A in A,(S), then there exists a
rank-k orthogonal projection P such that PSP = AP. Let denote by Uy

for all n >k, D(0, cos( ) =Ar(S,) < AL(S). Let n tends to +oo,

the unitary operator on H? defined by Uy(f)(z) = f(ze™™®), where

0 e [0, 2n[. For every fand gin H?, we have

. 2n . e
< eLGSf, g>= J el(6+t)f(ezt )g(elt)ﬁ
0 2n

21 . . - .
is 0 i(s—0) i(s-0)y ds
[ et gl 0) 22

< SUyf, Upg > .
This shows that

¢S = U§SU,, for each 0 € [0, 2n].

Let denote by @ the rank-% orthogonal projection UyPUy, we can easily

check that @SQ = 1@, thus Ap(S) is a circular disc centered in 0. On
the other hand, if 1€ Ax(S), then from (P6), 1 € W(S). Thus, there

exists a unitary f e H? such that < Sf, f >=1. The known facts about

when the Schwartz inequality becomes an equation implies that 1 is an
eigenvalue for S (cf. [12], Solution 212), which is absurd. The proof is now
complete. O

One easy consequence of Theorem 2.1 is the following:
Corollary 2.3. One has

W(S) = D(0, 1).
On the sequel of this paper, let denote by

. ) k/d, if k/d is an integer,
p(k, d) =
[k /d]+1, unless,
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where k£ and d are arbitrary integers. We convient that p(k, d) =1 if
d = +0.3(k, d) denotes the remainder in the Euclidean division of % by d.
For ¢ >0, D(0, {) denotes the open circular disc{z € C: || < {} and

D(0, ¢) its closure.

Proposition 2.4. Consider I;; ® S, be the operator acting on the

Hilbertian tensor product space H® C" and d = dim'H (we convient

that d = +oo if dim H = +w). Then for each 1< k < nd, we have

D(0, cos%), if 1<p(k, d)<[n+1]’

Ap(Iy ®S,) =

0, if 151 < plk, d)<n.

Proof. Firstly, assume that 1<d < +oo, then

Ap(Iy ®S,)

- q {pe(C:eieu+e_ieﬁ<kk(eie(ld®S:)+e_ie(ld®s;;)*)}
[
= C:e®u+ e ™a<ng(e®(Iy ®8,)+e™(I; ®8,))
peCre®n+e uhgy(e™(Ig®8,)+e V(I3 ®S,)
= {u e C:eu+e P, (I ® (S, + e S ))}
{u eC: e+ eiieﬁ<kk(@§il (eS8, + e S ))}

- eie{z e C: 2Re(2)< (L, (S, + S, ))}
[

= eie{z e C: Re(z)<rp(4, )}, (2.4)
0¢(0, 2n[
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where A is the block matrix defined by
M,

M
A, = ? .. € Mnd((c)’

with

M, = e My4(C), for 1<p<n.
um )

cos(n +1

Thus, Ap(Iy ® S;,) is the intersection of closed half plane and it is easy
to check from (2.4) that Ap(Iy ® Si) = D(0, Ax(A,)), if Az(A,) =0
and empty set unless. Note that the eigenvalues of A, are arranged in
the decreasing order. To find the k-th largest eigenvalue of A,, we will
consider the Euclidean division of & by d as the following & = Bd + r with
0<r<d-1 and B > 0. We consider the following two cases:

Case 1.If r = 0. We have A,(A) = COS(nB+7T1) ~ cos p}gk;dl)n

Case 2. If 1<r<d -1. Then 1;(A) = cos (E;trll)n - cos p(k, d)n '

n+1
Thus,
i D(0, COSM), if 1<p(k, d)<[n+1],
AR(Iy ®8S;) = n+1 1 2 (2.5)
0, if [ ] < p(k, d)<n.

Now assume that d = +w. To complete the proof of this proposition, it is

enough to prove that

Ap(I ® Sk) = D(o, cos(njl)), for all & > 1. (2.6)
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Firstly, note that (2.6) yields for £ = 1, that is,

W(Iy ® S;,) = D(0, cos(— ’: o). 2.7)

Indeed, it is clear from (P5) that W(I, ® S,,) 2 W(S,,) = D(0, cos(n Ti 1 ).

For the proof of the second inclusion, let denote by (&;);5( an orthonormal

basis of H and (x;),5( a sequence in C such that x = Zl>081 ®x; isa

unit vector in H ® C" (ie., [x|* = > _ [l* =1). Then

<(Iy ®S;)x, x >=< (Iy ®S;)Zsl ® x;, Zsm ® x,, >

>0 m=0

< Zsl ® S;x;, Zsm ® x,, >

1>0 m=0

&
< g, & >< Spxp, Xy >

[,m>0
:Z< S*i,i> xl 2. (28)
24 Su ] Ty~ 11

Since W(S,, ) is a convex compact set, then (2.8) implies that < (I ® S, )x,

x >e W(S:) = D(0, cos(n:[_l)). Thus W(I;; ® Sk) < D(0, cos(n:[_l))

and (2.7) holds. Now, from, respectively, (2.7), (P6), (P5), and (2.5), we
infer that for each p > k, we have

D(0, COS(nzl) )= W(I} ®8;) 2 Ap(In ®S,) 2 Ap(I, ®S,)

= D(0, cos(—=)).

n+1
This completes the proof. O

Let Dy = (Iy — T*T)? be the defect operator of T and Dy be the

closed range of Dp. Let denote by d = dimDp.
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Theorem 2.5. Consider T € B(H) such that |T|<1 and T" = 0.

Then A(T) is contained in the circular disc{z e C : |z|< cos%} if

n+1

n+1
].

1<p(k, d)<| 3

| and an empty set if p(k, d) > |

Proof. If T is a contraction with 7" = 0, then T can be viewed as a
compression of IDT ® S, acting on the Hilbert space Dy ® C" (see [18],
[2], [20], Theorem 1.2 in Chapter II). Consider the isometry V :H
— Dy ® C", defined by

n
= > Dyt
V(x) . Dr x ® ey,
where {e;};"; is the canonical basis of C". Note that

VTx = Z;DTT‘x ®e, = ZEDTT% ® ¢ = (Ip, ® Sj)Va.
It follows that
T =V*(Ip, ®S,)V,
and from (P5),
AR(T) = Ap(Vi(Ip, ® Sp)V) < Ag(Ip, ®S,), for any 1<k<nd.

(2.9

Therefore, if 1<k<nd, (2.9) and Proposition 2.4 implies that A,(T) <

p(k,d)r . n+1 ern+l
D(0, cos — === ) if 1<p(k, d)<| 3 ] and an empty set if [ 3 ]
< p(k, d)<n. Finally, if & > nd, A;,(T) = 0 from (P6). O

The previous theorem establishes the connection between the higher
rank-k numerical range of nilpotent operators with nilpotency degree n

and the n-dimensional shift on C". In the particular case, where k =1

and using the fact that p(1, d) =1 for all 1<d <+, it becomes obvious

to see
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Corollary 2.6 (Haagerup and de la Harpe [11]). Consider T € B(H)

such that |T| <1 and T" = 0. Then we have w(T)< cos( nil ).

In the next result, we will show that Theorem 2.5 generalizes to

operator of class Cy. Recall that a completely non-unitary operator 7 is

said to be of class Cj [20] if u(T") = O for some nonzero function v in H”.

Among the functions u with this property, there is an inner one which

divides all others. This function is denoted by mp, and is uniquely
determined up to a nonstant factor of absolute value one. Note also that
for the class C;, the defect numbers of 7 and T are always the same

(see [20], Theorem 5.2, page 267).

Theorem 2.7. If T'is an operator of class C, then

Ap(T) < Ak(IDT* ® S(my)),
for each k > 1.

Proof. Let us consider the isometry V : H — DT* ® HQ, defined by

Vix) = Zj:oDT*T*jx ® f;, (2.10)

where (f;);5o is the orthonormal basis of H? defined by fi(z) = 2/ for

each j > 0. Note that (2.10) is a consequence of the fact that 7" tend

strongly to zero. On the other hand, we have
* _ o0 *j *op\ *
VT (x) = ijopT*T ()@ 8°(f}) = (Ip , ® 8" V(x).

So VI* =(Ip , ® S*)V and VT2 = (Ip . ® S*)*V. By induction on n,
T T

we obtain that VI'™ = (Ip = ® §*)"V for each n > 0.
T
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Consequently,
VR(T™) = h(IDT* ® S*)V, for each h € H”. (2.11)
Now mqp(T) = 0 thus mp(T*) = 0 and from (2.11), we have
0= m_T(IDT* ®S* W = (Ip_, ® mp(S)* V.
So,
Im(V) c Ker(IDT* Q@ mp(S)") = D,. ® H(mr),

and the following diagram commutes:

v

Y Dy~ @ H(mr)
- I @ (5)"
V -
o D= @ H(mr)

It follows that

VI* = (Ip,, © mp(S) o o(m )V = (In,, @S (np)V. (212

In other words, T is the restriction of the sum of a number of copies of
S*(myp ), the number of copies being equal to the defect number of 7. An
application of (P2) and (2.12) ends the proof. O

Corollary 2.8 ([2], Proposition 1). If T' is an operator of class Cy, then
W(T) < W(S(my)), and therefore, 09(T)< wo(S(my)).
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Theorem 2.9. Let n, k, and q be arbitrary integers such that n > 2,

1<k<n, and 2<q<n-1.

) If 8(n, q) = 0, S = ®L, Sy, ¢)-
@ If 1<8(n, @)<q -1, ST = (@2 Sy, ) ® (BT Sy 101).

®3) If 8(n, q) = 0,

p(n,q)+1

p(k, g)n : p(n,q) +1
Ak(Sg): D(O’ COS—)9 lflsp(k’ Q)S[T]’
0, unless.

(4) If 1<3(n, ¢9)<q -1 and 1<38(k, q)<8(n, q),

p(n,q)+1

Ar(Si) = { D(0, cos PEDT ip g, q)<[%],
0, unless.

(5)If1<8(n, q)<q -1 and 8(k, q) = 0 or 8(n, q) +1<8(k, q)<q -1,

k, . ,
AR(S2) :{ D(0, COS% . if plk, Q)<[@],
0, unless.

Proof. Firstly, note that for 1<s<n, we have

€y if 1<s<n-gq,
S9(ey) = { (219

0, if n-qg<s<n.

Consider the Euclidean division of n by g. Then, there exists o > 1 and

0<r<q-1suchthat n = ag +r.

Assume that r =0, then n =oag and necessarily o > 2. For

1<i<q, let denote by

Fi ={ej1jg; 0<j<a -1} and Fi =spam F,.
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We claim that C" = @?:1]? ; and Sg‘ _ =8,. To prove the claim, note

Fi
that ¢ Card F; = n. On the other hand, for 1<i # i'<q, F; N Fy = 0.

Otherwise, there exist 0< j, j'<a —1 such that i + jg =i’ + j'q, that is,

i'-i=q(j-Jj). We can assume that i'>i and j>j, thus

.

l
q=-
]_

for 1<i<q. Now from (2.13), for all 1<i<q and 0<j<a -1, the

;, <q -1, which is absurd. Thus C" is the direct summand of F i

compressed of S to F; is given by
SH(eivjq) = €iv(j+1)g> if 0<j<a -2,

Sg(ei+aq) =0,

which implies that SZ‘ _ is unitarily equivalent to S, and evidently S/
Fi

is unitarily equivalent to @7

1S4 =1, ®S,. Then Proposition 2.4

implies that

a+1
1

k,
o+1
0, unless.

AR(89) = D(0, COSM), if 1<p(k, ¢)<[

For the sequel of the proof, assume that 1<r<q -1. For 1<i<gq, let

denote by
Fi={ejg; 0 < j < aj and F; =spam N for 1 <i <7,
G ={ei1jg3 0 < j < a-1} and @\l =spam G, for r+1 < i < gq,

using the same scheme as before, we easily prove that

C" = (@O Fi)@ (L, G ), 2.14)

Sq/\ = Oo+1s (215)
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84 =8

o

‘gA. (2.16)

which implies that
Sg = ( ;”:1 Soc+1)('B (®g;1r Sa)'

With respect to the basis {F;; 1<i<r}U{G;; r+1<i<q} of C", S}

have this representation matrix

Sa+1

S(x+1

Sa
which implies that

An(88) = A4((1, © 8010) @ (I, ©S,)).
On the other hand,

eie((lr ® Sa+1) ® (Iq—r ® S(x ))+ eiie((lr ® SoH—l) ® (Iq—r ® Son ))*

= eie((lr ® Sa+1) ® (Iq—r ® Soc ))+ e_ie((lr ® S;Jfl ) ® (Iq_r ® S; ))

(1, ® (08,1 + e85, 1))@ (I,_, ® (S, +eSL))
= (C'D;:l (eiesowl + efieS;u ))@ (@?:_{ (eiesa + eiiesé ))
10

The eigenvalues of €®S,,; +e °S%,; and €S, + ¢S’ are, respectively,

2 cos( —HE )) and (ZCOS( Ve )) .
( o+ 2 l<p<a+l a+1 1<v<a

Thus,
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AL(ST) = ﬂ eie{z eC: Re(z)skk(B)},
[

0€[0, 2n

where B denotes this matrix representation

( M, \

N,

\ Mo /

with
ur
cos( ~ 3 )
M, = - e M, (C),1<p<a+1,
ur
cos( =3 )
and

N, = e My_,(C),1<v<a
cos(—=—)
a+l

Note that

21 2n on (o0 + 1)
> cos > cos > cos > - > cos > cos ,

b
COSOL+2 o+1 o+ 2 a+1 o+1 o+ 2

which implies that the eigenvalues in the last representation are
arranged in the decreasing order. Now, consider the Euclidean division of

k by q as the following k = a'q + " with 0<r'<q -1 and ao'>0. We

distinguish the following three cases:
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. B a'n
Case 1.If r' =0, &}, = cos(—a — ), and
a'n e s, ora+1
AR(89) = D(O,cos(oH_l)), if o' <[ 5 1,
0, unless.
Case 2. If 1<r'<r, Ay, = cosw, and
o+2
"+ 1)n . o+ 2
D (o + 1) f (o' +1)<
Ap(Sg) = { PO cos=mom), i (et + D<[== 1,
0, unless.
' ((Xl +1)TE
Case 3. If r+1<r'<q-1, Ay = COST, and
(o' +)m o cqoetl
AR(89) = D(0, cos = —=— ), if (o0 +1)<] 1,
0, unless.
O
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