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Abstract 

For any n-by-n complex matrix T and any ,1 nk   let ( )TkΛ  be the set of 

all C∈λ  such that PPTP λ=  for some rank-k orthogonal projection P be 

its higher rank-k numerical range. It is shown that if nS  is the n-dimensional 

shift on ,nC  then its rank-k numerical range is the circular disc centered in   

zero and with radius ( )1cos
+
π

n
k  if [ ]2

11 +< nk   and the empty set if 

[ ] ,2
1 nkn <+  where [x] denote the integer part of x. This extends and 

refines previous results of Haagerup and de la Harpe [11] on the classical 

numerical range of the n-dimensional shift on .nC  An interesting result for 
higher rank-k numerical range of nilpotent operator is also established. 
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1. Introduction 

Let H  be a complex separable Hilbert space and ( )HB  be the 

collection of all bounded linear operator on .H  The numerical range of an 
operator T in ( )HB  is the subset 

( ) { },1,;, =∈∈><= xxxTxTW HC  

of the plane, where >< ..,  denotes the inner product in H  and the 

numerical radius of T is defined by 

( ) ( ){ }.;sup2 TWzzT ∈=ω  

We denote by S the unilateral shift acting on the Hardy space 2H  of 
the square summable analytic functions 

,: 22 HH →S  

( ).zzff 6  

Beurling’s theorem implies that the nonzero invariant subspaces of S 

are of the form ,2Hφ  where φ  is some inner function. Let ( )φS  denote the 

compressed of S to the subspace ( ) :22 HH φ=φ ΘH  

( ) ( ) ( )( ),zzfPzfS =φ  

where P denotes the orthogonal projection from 2H  onto ( ).φH  We 

denote by ( )φ∗S  the adjoint of ( ):φS  

( ) ( ) ( ) ( ( ) ).Ker
∗

φφ
∗∗∗

∗==φ=φ SH SSSS  

The space ( )φH  is a finite-dimensional exactly when φ  is a finite 

Blaschke product. The numerical radius and numerical range of the 
model operator ( )φS  seems to be important and have many applications. 

In [1], Badea and Cassier showed that, there is a relationship between 
numerical radius of ( )φS  and Taylor coefficients of positive rational 
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functions on the torus and more recently in [8], the author gave an 
extension of this result. However, the evaluation of the numerical radius 
of ( )φS  under an explicit form is always an open problem. The readers 

may consult [8] for an estimate of ( ),φS  where φ  is a finite Blaschke 

product with unique zero. In the particular case, where ( ) ( )φ=φ Szz n ,  is 

unitarily equivalent to ,nS  where 
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In [11], it is proved that ( )nSW  is the closed disc =nD  

{ ( )}1cos;
+
π∈ nzz C  and ( ) ( )1cos2 +

π=ω nSn  and more general 

Theorem 1.1 ([11]). Let T be an operator on H  such that 0=nT  for 
some .2≥n  One has 

( ) ( ),1cos2 +
πω nTT   

and ( ) ( )1cos2 +
π=ω nTT  when T is unitarily equivalent to .nST  

In this mathematical note, we extend this result to the higher rank-k 
numerical range of the shift. The notion of the higher rank-k numerical 
range of an operator T acting on a Hilbert space H  of dimension at least 
k is introduced in [5] and it is denoted by 

( ) { ,: PPTPTk λ=∈λ=Λ C  for some rank-k orthogonal projection }.P  

The introduction of this notion was motivated by a problem in quantum 
error correction; see [4]. Note that if P is a rank-1 orthogonal projection, 

then xxP ⊗=  for some unit nx C∈  and ., PxTxPTP ><=  Thus 

when ,1=k  this concept is reduces to the classical numerical range 
( ),TW  which is well known to be convex by the Toeplitz-Hausdorff 
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theorem. We refer to [14] for a simple proof. In [7], it is conjectured that 
( )TkΛ  is convex, and reduced the convexity problem to the problem of 

showing that ( ),0 Tk ′Λ∈  where 

,







−

=′
k

k
IY
XI

T  

for arbitrary kYX M∈,  (the algebra of kk ×  complex matrix). They 

further reduced this problem to the existence of a Hermitian matrix H 
satisfying the matrix equation 

,HHRHHMMHIk =−++ ∗  (1.1) 

for arbitrary kM M∈  and a positive definite .kR M∈  In [21], 

Woerdeman proved that Equation (1.1) is equivalent to Ricatti equation 

( ) ( ) ,022 kkkk IHIMIMHHRH =−−−−− ∗  (1.2) 

and using the theory of Ricatti equations (see [13], Theorem 4), the 
Equation (1.2) is solvable, which prove the convexity of ( ).TkΛ  In [5], the 

authors showed that if ∞<Hdim  and ( )HB∈T  is a Hermitian matrix 

with eigenvalues ,21 nλλλ  "  then the rank-k numerical range 

( )TkΛ  coincides with [ ],, 1 knk −+λλ  which is a non-degenerate closed 

interval if ,1 knk −+λ<λ  a singleton set if ,1 knk −+λ=λ  and an empty set 

if  .1 knk −+λ>λ  In [17], the authors proved that if ,dim n=H  then 

( )
[ [

( ) ,:
2,0 




+λµ+µ∈µ




=Λ ∗θ−θθ−θ

π∈θ

TeTeeeT ii
k

ii
k C∩  

for ,1 nk   where ( )Hkλ  denote the k-th largest eigenvalue of the 

Hermitian matrix .nH M∈  Thanks to this result, they establish that 

if n=Hdim  and ( )HB∈T  is a normal matrix with eigenvalues 

,,,1 nλλ …  then 

( ) { }.,,conv 11
111

kn
kn

jj
njj

k T
−+

+−

λλ=Λ
<<

…∩
" 
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We close this section by the following properties, which are easily 
checked. The readers may consult [4-7], [9], and [16]. 

(P1) For any a and ( ) ( ) ., bTabIaTb kk +Λ=+Λ∈ C  

(P2) ( ) ( ).TT kk Λ=Λ ∗  

(P3) ( ) ( ) ( ).STST kkk ΛΛ⊇⊕Λ ∪  

(P4) For any unitary ( ) ( ) ( )., TTUUU kk Λ=Λ∈ ∗HB  

(P5) If 0T  is a compression of T on a subspace 0H  of H  such that 

,dim 0 k≥H  then ( ) ( ).0 TT kk Λ⊆Λ  

(P6) ( ) ( ) ( ) .32 …⊇Λ⊇Λ⊇ TTTW  

Some results from [1] will be also developed in this context in a 
forthcoming paper. 

2. Main Theorem 

In the following theorem, we give the higher rank-k numerical range 

of the n-dimensional shift on .nC  

Theorem 2.1. For any 2≥n  and ( )nk Snk Λ,1   coincides with 

the circular { ( )}1cos:
+
π

∈ n
kzzdisc C  if [ ]2

11 +nk   and the empty 

set if [ ] .2
1 nkn <+  

Proof. First, observe that for ,1 nk   

( )
[ [

( )




+λµ+µ∈µ




=Λ ∗θ−θθ−θ

π∈θ
n

i
n

i
k

ii
nk SeSeeeS :

2,0
C∩  

 
[ [

( ) ( )






 +λµ∈µ= ∗θ−θθ

π∈θ
n

i
n

i
k

i SeSeee 2
1:

2,0
RC∩  

 
[ [

( ) ( )






 +λ∈= ∗θ−θθ

π∈θ
n

i
n

i
k

i SeSezeze 2
1:

2,0
RC∩   (2.1) 
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[ [

( ) ( )






 +λ∈= ∗θ

π∈θ
nnk

i SSzeze 2
1:

2,0
RC∩   (2.2) 

 
[ [

( ) ( ) .1cos:
2,0 




+
π

∈




= θ

π∈θ
n

kzezei RC∩   (2.3) 

Equations (2.1) and (2.2) are due to the fact that firstly ( ) ( n
i

nn SeDSS θ∗∗ θ=+  

) ( ),θ+ ∗θ− DSe n
i  where ( )θD  denotes the unitary diagonal matrix with 

entries ,,,, 2 θθθ niii eee …  which implies that ∗+ nn SS  and ∗θ−θ + n
i

n
i SeSe  

are unitarily equivalent for each θ  in [ [π2,0  (see [11], page 373) and 

secondly, the eigenvalues of nn SS +∗  are ( ) .1cos2
1 nmn

m










+
π  (We refer 

the readers to ([3], page 35) or ([10], page 67).) Now from (2.3), it follows 
that ( )nk SΛ  is the intersection of closed half planes. We note that 

1cos
+
π

n
k  is positive, if and only if [ ].2

11 +nk   We consider the 

following two cases: 

Case 1. If [ ],2
11 +nk   then ( )nk SΛ  is the circular { :disc C∈z  

( )}.1cos
+
π

n
kz   

Case 2. If [ ] ,2
1 nkn <+  using (2.3), it follows that 

( ) ( ) ( ) ( ) ( )








+
π∈









+
π∈⊆Λ π

1cos:1cos: n
kzezen

kzezS i
nk  RR� CC ∩  

.0/=  

This completes the proof.   

Theorem 2.2. For any integer ,1≥k  

( ) ( ).1,0DSk =Λ  
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Proof. Let a fixed ,1≥k  from (P5) and Theorem 2.1, we deduce that 

for all ( ( )) ( ) ( ).1cos,0, SSn
kDkn knk Λ⊆Λ=
+
π≥  Let n tends to ,+∞  

and we have ( ) ( ).1,0 SD kΛ⊆  Now let λ  in ( ),SkΛ  then there exists a 
rank-k orthogonal projection P such that .PPSP λ=  Let denote by θU  

the unitary operator on 2H  defined by ( ) ( ) ( ),θ−
θ = izefzfU  where 

[ [.2,0 π∈θ  For every f and g in ,2H  we have 

( ) ( ) ( )
π

=>< +θ
π

θ ∫ 2,
2

0

dtegefegSfe itittii  

( ( ) ) ( ( ) )
π

= θ−θ−
π

∫ 2
2

0

dsegefe sisiis  

., ><= θθ gUfSU  

This shows that 

[ [.2,0eachfor, π∈θ= θ
∗
θ

θ SUUSei  

Let denote by Q the rank-k orthogonal projection ,∗θθPUU  we can easily 

check that ,QeQSQ iθλ=  thus ( )SkΛ  is a circular disc centered in 0. On 

the other hand, if ( ),1 SkΛ∈  then from (P6), ( ).1 SW∈  Thus, there 

exists a unitary 2H∈f  such that .1, =>< fSf  The known facts about 
when the Schwartz inequality becomes an equation implies that 1 is an 
eigenvalue for S (cf. [12], Solution 212), which is absurd. The proof is now 
complete.   

One easy consequence of Theorem 2.1 is the following: 

Corollary 2.3. One has 

( ) ( ).1,0DSW =  

On the sequel of this paper, let denote by 

( )
[ ]



+
=ρ

unless,,1

integer,anisif,
,

dk

dkdk
dk  
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where k and d are arbitrary integers. We convient that ( ) 1, =ρ dk  if 

( )dkd ,. δ+∞=  denotes the remainder in the Euclidean division of k by d. 

For ( )ζ≥ζ ,0,0 D  denotes the open circular { }ζ<∈ zz :disc C  and 

( )ζ,0D  its closure.  

Proposition 2.4. Consider ∗⊗ nSIH  be the operator acting on the 

Hilbertian tensor product space nC�⊗H  and Hdim=d  (we convient 
that +∞=d  if +∞=Hdim ). Then for each ,1 ndk   we have 

( )
( ( ) ) ( ) [ ]

[ ] ( )







ρ<+/

+ρ
+

πρ
=⊗Λ ∗

.,2
1,0

,2
1,1,1

,cos,0

ndknif

ndkifn
dkD

SI nk



H  

Proof. Firstly, assume that ,1 +∞<d  then 

( )∗⊗Λ nk SIH  

[ [
( ( ) ( ) )





⊗+⊗λµ+µ∈µ




= ∗θ−∗θθ−θ

π∈θ

*

2,0
: nd

i
nd

i
k

ii SIeSIeee C∩  

 
[ [

( ( ) ( ))




⊗+⊗λµ+µ∈µ




= θ−∗θθ−θ

π∈θ
nd

i
nd

i
k

ii SIeSIeee :
2,0

C∩  

 
[ [

( ( ))




+⊗λµ+µ∈µ




= ∗θ−θθ−θ

π∈θ
n

i
n

i
dk

ii SeSeIee :
2,0

C∩  

 
[ [

( ( ))




+⊕λµ+µ∈µ




= ∗θ−θ
=

θ−θ

π∈θ
n

i
n

id
lk

ii SeSeee 1
2,0

: C∩  

 
[ [

( ) ( ( ))




+⊕λ∈




= ∗
=

θ

π∈θ
nn

d
lk

i SSzeze 1
2,0

2: RC∩  

 
[ [

( ) ( ) ,:
2,0 




λ∈




= θ

π∈θ
nk

i Azeze RC∩  (2.4) 
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where A is the block matrix defined by 

( ),2

1

Cnd

n

n

M

M
M

A M∈



















=
%

 

with 

( )

( )

( ) .1for,

1cos

1cos

n

n

n
M d  µ∈





















+
πµ

+
πµ

=µ CM%  

Thus, ( )∗⊗Λ nk SIH  is the intersection of closed half plane and it is easy 

to check from (2.4) that ( ) ( ( )),,0 nknk ADSI λ=⊗Λ ∗
H  if ( ) 0≥λ nk A  

and empty set unless. Note that the eigenvalues of nA  are arranged in 

the decreasing order. To find the k-th largest eigenvalue of ,nA  we will 

consider the Euclidean division of k by d as the following rdk +β=  with 

10 −dr   and .0≥β  We consider the following two cases: 

Case 1. If .0=r  We have ( ) ( ) ( ) .1
,cos1cos
+

πρ
=

+
πβ

=λ n
dk

nAk  

Case 2. If .11 −dr   Then ( ) ( ) ( ) .1
,cos1

1cos
+

πρ
=

+
π+β=λ n

dk
nAk  

Thus, 

( )
( ( ) ) ( ) [ ]

[ ] ( )







ρ<+/

+ρ
+

πρ
=⊗Λ ∗

.,2
1if,0

,2
1,1if,1

,cos,0

ndkn

ndkn
dkD

SI nk



H  (2.5) 

Now assume that .+∞=d  To complete the proof of this proposition, it is 
enough to prove that 

( ) ( ( )) .1allfor,1cos,0 ≥
+
π=⊗Λ ∗ knDSI nk H   (2.6) 
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Firstly, note that (2.6) yields for ,1=k  that is, 

( ) ( ( ).1cos,0
+
π=⊗ ∗

nDSIW nH   (2.7) 

Indeed, it is clear from (P5) that ( ) ( ) ( ( ) ).1cos,0
+
π=⊇⊗ ∗∗

nDSWSIW nnH  

For the proof of the second inclusion, let denote by ( ) 0≥ε ll  an orthonormal 

basis of H  and ( ) 0≥llx  a sequence in C  such that lll xx ⊗ε= ∑ ≥0  is a 

unit vector in nC⊗H  (i.e., 2
0

2
ll xx ∑ ≥

=  1= ). Then 

( ) ( ) >⊗ε⊗ε⊗<=>⊗< ∑∑
≥≥

∗∗
mm

m
ll

l
nn xxSIxxSI

00
,, HH  

>⊗ε⊗ε<= ∑∑
≥

∗

≥
mm

m
lnl

l
xxS

00
,  

>><εε<= ∗

≥
∑ mlnml
ml

xxS ,,
0,

 

., 2

0
l

l
l

l
l

n
l

xx
x

x
xS ><= ∗

≥
∑  (2.8) 

Since ( )∗nSW  is a convex compact set, then (2.8) implies that ( ) ,xSI n
∗⊗< H  

( ) ( ( ) ) .1cos,0
+
π=>∈ ∗

nDSWx n  Thus ( ) ⊆⊗ ∗
nSIW H  ( ( ) )1cos,0

+
π

nD  

and (2.7) holds. Now, from, respectively, (2.7), (P6), (P5), and (2.5), we 
infer that for each ,kp >  we have  

( ( ) ) ( ) ( ) ( )∗∗∗ ⊗Λ⊇⊗Λ⊇⊗=
+
π

npknkn SISISIWnD HH1cos,0   

 ( ( ) ).1cos,0
+
π= nD   

This completes the proof.   

Let ( ) 2/1TTID NT
∗−=  be the defect operator of T and TD  be the 

closed range of .TD  Let denote by .dim Td D=  
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Theorem 2.5. Consider ( )HB∈T  such that 1T  and .0=nT  

Then ( )TkΛ  is contained in the circular { ( ) }1
,cos:
+

πρ
∈ n

dkzzdisc C  if 

( ) [ ]2
1,1 +ρ ndk   and an empty set if ( ) [ ].2

1, +>ρ ndk  

Proof. If T is a contraction with ,0=nT  then T can be viewed as a 

compression of ∗⊗ nSI TD  acting on the Hilbert space n
T C⊗D  (see [18], 

[2], [20], Theorem 1.2 in Chapter II). Consider the isometry H:V  

,n
T C⊗→ D  defined by 

( ) ,1
1 t

t
T

n

t
exTDxV ⊗= −

=∑  

where { }n
lle 1=  is the canonical basis of .nC  Note that 

( ) .
1

11
VxSIexTDexTDVTx nt

t
T

n

tt
t

T
n

t T
∗−

==
⊗=⊗=⊗= ∑∑ D  

It follows that 

( ) ,VSIVT nT
∗∗ ⊗= D  

and from (P5), 

( ) ( ( ) ) ( ) .1anyfor, ndkSIVSIVT nknkk TT ∗∗∗ ⊗Λ⊆⊗Λ=Λ DD  

(2.9) 

Therefore, if ,1 ndk   (2.9) and Proposition 2.4 implies that ( ) ⊆Λ Tk  

( ( ) )1
,cos,0
+

πρ
n

dkD  if ( ) [ ]2
1,1 +ρ ndk   and an empty set if [ ]2

1+n  

( ) ., ndk ρ<  Finally, if ( ) 0, /=Λ> Tndk k  from (P6).   

The previous theorem establishes the connection between the higher 
rank-k numerical range of nilpotent operators with nilpotency degree n 
and the n-dimensional shift on .nC  In the particular case, where 1=k  
and using the fact that ( ) 1,1 =ρ d  for all ,1 ∞+ d  it becomes obvious 
to see 
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Corollary 2.6 (Haagerup and de la Harpe [11]). Consider ( )HB∈T  

such that 1T  and .0=nT  Then we have ( ) ( ).1cos2 +
πω nT   

In the next result, we will show that Theorem 2.5 generalizes to 
operator of class .0C  Recall that a completely non-unitary operator T is 

said to be of class 0C  [20] if ( ) 0=Tu  for some nonzero function u in .∞H  

Among the functions u with this property, there is an inner one which 
divides all others. This function is denoted by ,Tm  and is uniquely 

determined up to a nonstant factor of absolute value one. Note also that 

for the class ,0C  the defect numbers of T and ∗T  are always the same 

(see [20], Theorem 5.2, page 267). 

Theorem 2.7. If T is an operator of class ,0C  then 

( ) ( ( )),Tkk mSIT
T

⊗Λ⊆Λ
∗D  

for each .1≥k  

Proof. Let us consider the isometry ,: 2H⊗→ ∗TV DH  defined by 

( ) ,
0 j

j
Tj

fxTDxV ⊗= ∗∞

=
∗∑  (2.10) 

where ( ) 0≥jjf  is the orthonormal basis of 2H  defined by ( ) j
j zzf =  for 

each .0≥j  Note that (2.10) is a consequence of the fact that ∗T  tend 

strongly to zero. On the other hand, we have 

( ) ( ) ( ) ( ) ( ).
0

xVSIfSxTDxVT
T

j
j

Tj
∗∗∗∞

=
∗ ⊗=⊗=

∗∗∑ D  

So ( )VSIVT
T

∗∗ ⊗=
∗D  and ( ) .22 VSIVT

T
∗∗ ⊗=

∗D  By induction on n, 

we obtain that ( ) VSIVT nn
T

∗∗ ⊗=
∗D  for each .0≥n  
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Consequently, 

( ) ( ) .eachfor, ∞∗∗ ∈⊗=
∗

HhVSIhTVh
T
D  (2.11) 

Now ( ) 0=TmT  thus ( ) 0=∗TmT  and from (2.11), we have 

( ) ( ( ) ) .0 VSmIVSIm TT
TT

∗∗ ⊗=⊗=
∗∗ DD  

So, 

( ) ( ( ) ) ( ),KerIm TTT mHSmIV
T

⊗=⊗⊆ ∗∗
∗ DD  

and the following diagram commutes: 

 

It follows that 

( ( ) ) ( ) ( ( )) .VmSIVSmIVT TmHT
TTTT

∗
⊗

∗∗ ⊗=⊗=
∗∗∗ DDD  (2.12) 

In other words, ∗T  is the restriction of the sum of a number of copies of 

( ),TmS∗  the number of copies being equal to the defect number of T. An 

application of (P2) and (2.12) ends the proof.   

Corollary 2.8 ([2], Proposition 1). If T is an operator of class ,0C  then 

( ) ( ( )),TmSWTW ⊆  and therefore, ( ) ( ( )).22 TmST ωω   
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Theorem 2.9. Let n, k, and q be arbitrary integers such that ,2≥n  

,1 nk   and .12 −nq   

(1) If ( ) ( ).,0, ,1 qn
q
i

q
n SSqn ρ=⊕==δ  

(2) If ( ) ( ( )
( ) ) ( ( )

( ) ).,1,1 1,
,

1,
,

1 −ρ
δ−

=ρ
δ
= ⊕⊕⊕=−δ qn

qnq
iqn

qn
i

q
n SSSqqn   

(3) If ( ) ,0, =δ qn  

( ) ( ( )
( ) ) ( ) [ ( ) ]







/

+ρ
ρ

+ρ
πρ

=Λ
.,0

,2
1,,1,1,

,cos,0

unless

qnqkifqn
qkDSq

nk
  

(4) If ( ) ( ) ( ),,,11,1 qnqkandqqn δδ−δ   

( ) ( ( )
( ) ) ( ) [ ( ) ]







/

+ρ
ρ

+ρ
πρ

=Λ
.,0

,2
1,,,1,

,cos,0

unless

qnqkifqn
qkDSq

nk
  

(5) If ( ) ( ) ( ) ( ) ,1,1,0,1,1 −δ+δ=δ−δ qqkqnorqkandqqn   

( ) ( ( )
( ) ) ( ) [ ( ) ]







/

ρ
ρ

ρ
πρ

=Λ
.,0

,2
,,,,

,cos,0

unless

qnqkifqn
qkDSq

nk
  

Proof. Firstly, note that for ,1 ns   we have 

( )




<−

−
=

+

.if,0

,1if,

nsqn

qnse
eS qs

s
q
n




  (2.13) 

Consider the Euclidean division of n by q. Then, there exists 1≥α  and 
10 −qr   such that .rqn +α=  

Assume that ,0=r  then qn α=  and necessarily .2≥α  For 

,1 qi   let denote by 

{ } and10; −α= +  je jqiiF  l spam .i i=F F  
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We claim that l
1

qn
ii== ⊕C F  and 

l
.

i

q
nS Sα=
F

 To prove the claim, note 

that ∑ =

q
i 1

Card l .i n=F  On the other hand, for =′≠ ′iiqii FF ∩,1  .0/  

Otherwise, there exist 1,0 −α′  jj  such that ,qjijqi ′+′=+  that is, 

( ).jjqii ′−=−′  We can assume that ii >′  and ,jj ′>  thus 

,1−
′−

−′= qjj
iiq   which is absurd. Thus nC  is the direct summand of liF  

for .1 qi   Now from (2.13), for all qi 1  and ,10 −α j  the 

compressed of q
nS  to liF  is given by 

( ) ( ) ,20if,1 −α= +++  jeeS qjijqi
q
n  

( ) ,0=α+ qi
q
n eS  

which implies that 
li

q
nS
F

 is unitarily equivalent to αS  and evidently q
nS  

is unitarily equivalent to .1 αα= ⊗=⊕ SIS q
q
i  Then Proposition 2.4 

implies that 

( ) ( ( ) ) ( ) [ ]






/

+αρ
+α

πρ
=Λ

unless.,0

,2
1,1if,1

,cos,0  qkqkDSq
nk  

For the sequel of the proof, assume that .11 −qr   For ,1 qi   let 

denote by 

{ } l

{ } l
; 0 and spam , for 1 ,

; 0 1 and spam , for 1 ,

ii i jq i

i i jq ii

e j i r

e j r i q
+

+

 = α =


= α − = +

F F F

G G G

   

   
 

using the same scheme as before, we easily prove that 

l( ) l( )1 1 ,qn r
ii ii r= = += ⊕ ⊕ ⊕F GC  (2.14) 

l 1,
i

q
nS Sα+=
F

 (2.15) 
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l ,
i

q
nS Sα=
G

  (2.16) 

which implies that 

( ) ( ).111 α
−
=+α= ⊕⊕⊕= SSS rq

i
r
i

q
n  

With respect to the basis { } { }qirri ii  1;1; +GF ∪  of q
n

n S,C  

have this representation matrix 

,1

1

























α

α

+α

+α

S

S
S

S

%

%

 

which implies that 

( ) ( ) ( )( ).1 α−+α ⊗⊕⊗Λ=Λ SISIS rqrk
q
nk  

On the other hand, 

( ) ( )( ) ( ) ( )( )∗α−+α
θ−

α−+α
θ ⊗⊕⊗+⊗⊕⊗ SISIeSISIe rqr

i
rqr

i
11  

( ) ( )( ) ( ) ( )( )∗
α−

∗
+α

θ−
α−+α

θ ⊗⊕⊗+⊗⊕⊗= SISIeSISIe rqr
i

rqr
i

11  

( )( ) ( )( )∗
α

θ−
α

θ
−

∗
+α

θ−
+α

θ +⊗⊕+⊗= SeSeISeSeI ii
rq

ii
r 11  

( )( ) ( )( ).1111
∗
α

θ−
α

θ−
=

∗
+α

θ−
+α

θ
= +⊕⊕+⊕= SeSeSeSe iirq

i
iir

i  

The eigenvalues of ∗
+α

θ−
+α

θ + 11 SeSe ii  and ∗
α

θ−
α

θ + SeSe ii  are, respectively, 

( ) ( ) .1cos2and2cos2
111 α+αµ







+α
π









+α
µπ

 ν

ν  

Thus, 
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( )
[ [

( ) ( ) ,:
2,0 








λ∈=Λ θ

π∈θ

BzezeS k
iq

nk RC∩  

where B denotes this matrix representation 

 

with 

( )

( )

( ) ,11,

2cos

2cos

+αµ∈





















+α
µπ

+α
µπ

=µ CrM M%  

and 

( )

( )

( ) .1,

1cos

1cos

α∈





















+α
π

+α
π

= −  ν
ν

ν

ν CrqN M%  

Note that 

( ) ,2
1cos1cos1

2cos2
2cos1cos2cos

+α
π+α>

+α
απ>>

+α
π>

+α
π>

+α
π>

+α
π "  

which implies that the eigenvalues in the last representation are 
arranged in the decreasing order. Now, consider the Euclidean division of 

k by q as the following rqk ′+α′=  with 10 −′ qr   and .0α′  We 

distinguish the following three cases: 
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Case 1. If ( ),1cos,0
+α
πα′=λ=′ kr  and 

( ) ( ( )) [ ]






/

+αα′
+α
πα′

=Λ
unless.,0

,2
1if,1cos,0 DSq

nk  

Case 2. If ( ) ,2
1cos,1

+α
π+α′=λ′ krr   and 

( ) ( ( ) ) ( ) [ ]






/

+α+α′
+α

π+α′
=Λ

unless.,0

,2
21if,2

1cos,0 DSq
nk  

Case 3. If ( ) ,1
1cos,11

+α
π+α′=λ−′+ kqrr   and 

( ) ( ( ) ) ( ) [ ]






/

+α+α′
+α

π+α′
=Λ

unless.,0

,2
11if,1

1cos,0 DSq
nk  

 
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