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Abstract

In this paper, we consider a lattice with the cell composed of n trapeziums and
4n obstacles (1, 2, 3), as in the Figures 1, 10, and 12, we compute the
probability that a segment of random position and of constant length
intersects a side of lattice. In particular, we obtain the Laplace probability.

1. Cell Composed of a Trapezium

Let ®i(a, b, a; m) be a lattice with fundamental cell C(()l) an 1sosceles

trapezium is represented in Figure 1;
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A mi2 A, 4= Domi2 D

Clll

mi2 B, a+2bcosa—m C, mi2

Figure 1.

where 0 < o < g is an angle and 0 < m < min(a, b).

We have
area AA; Ay = area BB; By = area CC;C,
m2
= area DD1D2 = ? sin a, (1)
and consequently,
area C(()l) = (a +bcosa)bsina — mT sin a. (&)

We consider a segment s of random position and of constant length
I < min(a — m, b — m) and we compute the probability that s intersects a

side of the lattice R;, that is the same as the probability Plgt) that s
intersects the side of the fundamental cell C(()l).

The position of the segment s is determinated by its middle point O
and by the angle ¢ that it forms with the side BC of the cell C(()l).

To compute the probability pWY

hi» We consider the limit positions of the

segment s in the trapezium C(()l) for an assigned value of ¢ and let

~(1
Cg) () be the polygon determinated by these positions (Figure 2).
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D, D

Figure 2.

Considering this figure, we can write

area /(j‘g) (p) = area C(()l) — [area a; (@) + area ag(¢) + ... + area ag(9)]. (3)

To compute area a;(¢), we consider the figure

M A ml2 A

Figure 3.

From the figure, we obtain

area a;(¢p) = area AA9A3 — area AA; As.
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We have
|AsM| = Isin @,
therefore,
area AAjA3 = misin@ s41n @ )

and considering the (1) follows

. 2 .
area ay(¢) = mlsing m” sin@ . (1)
4 8
In the triangle AA5A5, we have A@2 =a — @, therefore,
|AAs| 1
singe sina’
that is,
['sin
|Adg| = = 2P 5)
sin o
The figure

Figure 4.
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give us
! sin A;B;B, =L
h2=§s1n 3B, 3=§cos(oc—(p),
and the (5)
lsin @
ByAg| = |ABy| —|Ads| = b - T - _
[BoAsg| = |ABy| -[Adg] = b -5 - ——
Therefore,
area af )—Lsin(oc— )(b_ﬂ_lsin(p)
29 =75 M 2 sina )

To compute area as(p), we consider the figure

Figure 5.

From here, follow

B DD T T (03
B4Bl.32 _Tc_((PJ’_E_aj_E_(PJ’_E’

—— = o
BiByBy =n-BBiBy =340,
| BB, | = m sin 2

2 2

hg :lsin mz :écos((p—%),

35

©)
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therefore,
area ag(p) = m7l sin % cos ((p - %) (7)

If in this formula, we put © — a instead of o, we obtain

area a;(p) = m7l cos % sin ((p + %) (8)

Considering now the figure

Figure 6.
The triangle CC3C, give us
|CC3|  _[CC4| _ 1
sinfp+a) sing sina’
hence,
|CC3|:lsm.((p+oc)’ cc, | - ls.m(p. ©)
sin o sin o
Moreover,
hs = lsin o,

therefore, considering the relation (1),
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I?singsin(p + o) m? .
area as(o) = 2(psin ((;P ) _ —g sinoa. (10)
From the figure,
B, c'
12 ;
1 h4

VA |

B, C. C
Figure 7.
follow
I .
hy = 5 sing.

Moreover, because

|BC| = a + 2b cos a,

the relation (9) give us

- |BC| - | BB, | -|CCy] = _m _lsin(e+a)
|B,C3| = |BC| —|BB;| - |CC3| = a + 2b cos a 5 sno

Therefore,

area ay(¢) = [a+2bcosa—7——]ésin . (11)



38 G. CARISTI and MARIUS STOKA

Considering now the figure

Figure 8.

The relation (9) give us

[ sin
|DZC4|=|CD|_%—|CC4|:Z’_E_ 2

2 sina

Then, from the triangle CC3C, (see Figure 6), we have
'/C4\C3 =n—(p+0),
and consequently,
I .
hg = 35 sin (¢ + a).

Hence,
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_(p_m lsing) I
area ag(o) = (b 7 Sino j 5 sin (¢ +a). (12)
At the end, from the figure,
A mi2 A: mi2 'Di

/| /

/o z
L

Figure 9.
follow

|AoDy| =a—-m; hg = hy :ésin(p,

therefore,

(@ —m)lsin ¢

5 (13)

area ag(p) =

Replacing in the (3), the expressions (4), (6), (7), (8), (10), (11), (12),
and (13), we obtain
~0 1) . .
area C," (p) =area Cy’ —{[bsin a cos ¢ +(a + 2b cos o) sin ]!

2

2
—%sin 2(p—stin a}. (14)

Denoting with M;, the set of segments s, which have the middle
point in the trapezium C(()l) and with Ny, the set of segments s

completely located in the trapezium, we have [3]

=1y ®

where p is the Lebesgue measure in the Euclidean plane.
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We compute the measures p(M;) and p(N;) with the Poincaré

kinematic measure [2]

dK = dx ANdy Ado,
where x, y are the coordinates of O and ¢ 1is the defined angle.

We have ¢ < [0, a], therefore,

w(My) = Td(p JJ dxdy = T(area Cél))d(p = a area Cél), (16)
0 yec) 0

and considering the relation (14),

r( N )=Tdtp ” dxdy

L e
= J [area 6’8) ((p)} do
0

=0 area C(()l) —{[bsin? a+(a+2bcos a)(1-cos a)]l

2 2
—(1—c0s2a)lz—mTasina}. ()
The formulas (15), (16), and (17) give us

1

1
Pt = -
o (a+bcosa)~bsina—?sina

x {[bsin? a + (a + 2bcos a) (1 — cos a)]!

l2 2

m :
—(1—cosZa)Z—T(xs1noc}. (18)

For m =0 and a = %, the cell C(()l) becomes a rectangle with sides a

and b and the probability (18) becomes
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_ Aa+b) -1

P nab

that is the probability of Laplace.
2. Cell Composed of Two Trapeziums

Let R9(a, b, ¢, a; m) be the lattice with fundamental cell C(()z)

composed of two 1sosceles trapeziums C(()Zl) and C(()22) as in the Figure 10;

A mi2 A, a—m

(2)
CDI

D72 D, IE2 miz E
Figure 10.

where 0 < a < % 1s an angle.
We have
|AB| = |CD| = |EF| = |GH| = b,
|AH| = a, |BG| = a+ 2bcosa,

|CF| = ¢, |DE|=c+2bcosa, (19)
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and

area AA; A,

area CC,Cy = area I'F Fy

area HH{Hy = area BB By = area DD, D,

2
area EE|E9 = area GGGy = % sin a, (20)
with the expressions (19) and (20) follow

area C(()zl) =(a+bcosa)-bsina — mTSin a,

area C(()zz) =(c+bcosa) bsinoa — mT sin a. (21)

Let s be a segment of random position and of constant length

I < min(b —m, c —m) and we want to compute the probability that s
intersects a side of the lattice Ry, that is the same as the probability
2)

Pi(112t) that s intersects a side of the fundamental cell C(()

As in the previous section, the position of the segment s 1is

determinated by its middle point O and by the angle ¢ that it forms with

the side BG (or DE) of the cell C{2.

To compute the probability P® we consider the limit positions of the

int’

segment s in the trapezium C(%), (i =1, 2) for an assigned value of ¢ and

~(2
let CE)i) () be the polygon determinated by these positions (Figure 11).



A LAPLACE TYPE PROBLEM FOR IRREGULAR ... 43

Col(g)

Figure 11.

Denoting with Mi(2) (i =1, 2), the set of segments s, which have the
middle point in the trapezium C(()Zi) and with N l.(z), the set of segments s
completely contained in the trapezium, we have [3]

oo s (V)
T M) )

(22)
As in the Section 1, we have

) - Idw Il dxdy—f [area € a0 = o area cf).

0 (x,y €C01

u(Méz)) = j‘ '” dxdy = J[area COZ)]d(p = o area C(()Z) (23)
O {5

Then, considering the formula (17), we can write

M(Nl(z)) = o area C(()zl) — {[bsin? a + (@ + 2b cos &) (1 — cos a)]!
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2 m? .
- (1 - cos 2G)Z - osin a}.
u(N&Q)) = o area C(()QZ) —{[bsin? o + (¢ + 2b cos a) (1 — cos ]!
2 m? .
—(1—c0s20c)z—Tocs1na}. (24)
The relations (22), (23), and (24) give us
@) _ 1

int

of(a +c+2bcosa)- bsino — m? sin o]

x {[2bsin? o + (a + ¢ + 4b cos o) (1 — cos )]l

12 2

—(l—cos20c)?—m70csinot}. (25)

For m=0 and o = g, the trapeziums C(()Zl) and C(()22) become a

rectangle with sides a, b and ¢, b and the probability (25) becomes

2(“5%(;)1-12
P= a+c
nb( 9 ]

which represented the probability of Laplace for a rectangle with sides

a+c
2

, b, that is, the media of the rectangle with sides a, b respectively c,

3. Cell Composed of Three Trapeziums

Let R5(a, b, ¢, d, a; m) be the lattice with fundamental cell C{

composed of three isosceles trapeziums C(()?i), C(()32), and C(%) as in the

Figure 12;
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A mi2 A, a-m

3
C(!l'l

E m2E, Hm2H
d—m

Figure 12.

T .
where 0 < a < 3 1s an angle.

We have
|AB| = (CD| = |EF| = [GH] = |LM) = |NR) = b
|AR| = a, |NB|=a+2bcosa,
|CM| =¢, |DL|=c+2bcosa,
|EH| =d, |FG|=d+2bcosa,
and

area AAj Ay = area CC,Cy = area EEEg = area HH{Hy

45

(26)



46 G. CARISTI and MARIUS STOKA
= area MMM, = area RRjRy = area BB; B,
= area DDy D,y = area FF1 F, = area GGGy
= area LL;Ly = area NN{Ng = %2 sin a. @7

From the relations (26) and (27) follow

area C(()‘Oi) =(a+bcosa)-bsina - mTsin a,

area C(()?é) =(c+bcosa)-bsino — stin a,

area C(()%) =(d+bcosa)-bsina — mT sin . (28)
Let s be a segment of random position and of constant length
[ < min(b - m, d — m) and we want to compute the probability Pl(ri) that

s intersects a side of the fundamental cell C(()S).

. . . . ~3 .
As in the previous section, we consider Cgi) (p)@ =1, 2, 3), the polygon

determined by the limit positions of the segment s in the trapezium C(():?)

for an assigned value of .
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Figure 13.

Denoting with Mi(S) (@ =1,2,3), the set of segments s, which have

the middle point in the trapezium C(()?) and with Ni(g), the set of

segments s completely contained in the trapezium, we have [3]
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@y wEO)eulvE) (V)

P ) (29)
nt 3 3 3
p(agV)+ v+ lor?)
We have
p(M{S)) = o area C(()?), @=1,23). (30)
Considering the formula (17), we can write
u(Nl(?’)) = o area C(()?i) —{[bsin? o + (a + 2b cos o) (1 — cos a)]!
2 m?
—(1—cosZoc)Z—Tocsm(x}, (31)
M(Ngs)) = o area C(()‘Oé) —{[bsin? o + (¢ + 2b cos a) (1 — cos ]!
2 m?
—(1—cosZoc)Z—T0Lsmoc}, (32)
u(N§3)) = o area C(()%) —{[bsin? o + (d + 2b cos a) (1 — cos a)]!
2 m? .
—(1—cos2oc)z—Tocs1noc}. (33)
The relations (29), (30), and (31) give us
3 1
Pt - 3
a{(a+c+d+3bcosa)~bsina— ’g sina}
x {[3bsin? a + (a + ¢ + d + 6bcos a) (1 — cos a)]!
2 2
—(1—cos2a)%—3%asina}. (34)

For m =0 and a = g, the trapezium C(()?i) becomes a rectangle with

sides a, b, the trapezium C(()‘Oé) becomes a rectangle with sides ¢, b, and the

trapezium C(()%) becomes a rectangle with sides d, b; while the probability
(34) becomes
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2(L3+d+b)l—12
P:

a+c+d ’
nb(—S j

which represented the probability of Laplace for a rectangle with sides

a+c+d
3

b, d and b.

, b, that is, the media of the rectangle with sides a and b, ¢ and
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