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Abstract

This paper provides the derivation of the nonlinear integral equation for a
generalized asset pricing model, which yields an analytic price-dividend function
of one state variable. Under some assumptions and using the fixed point
theorem, the existence and uniqueness of the price-dividend function, which is
the solution of the integral equation, are investigated.

1. Introduction

The classical asset pricing theory (consumption based capital asset
pricing model) has been investigated by many researchers in finance and
management sciences. Lucas [4] and Breeden [2] proposed a consumption

asset pricing model, in which the risk of an asset can be measured by the
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covariance of its return with per capita consumption growth. Mehra and
Prescott [5] raised the equity premium puzzle, which refers to the
phenomenon that returns on stocks over the past century are higher, by
approximately 6 percentage points, than returns on government bonds.
They solved the equilibrium asset pricing model with a representative
agent of constant relative risk aversion preferences, where the growth
rate of the endowment followed a simple two-state first order Markov
process. Abel [1] constructed an asset pricing model under habit

formation and explained the equity premium puzzle.

In this paper, we will focus on the derivation of a nonlinear integral
equation for a generalized asset pricing model, which has a degree n with
n > 1. By using the fixed point theorem, the existence and uniqueness of
the solution to the integral equation are proved under -certain
assumptions. The analytic properties of the price-dividend function for
the asset pricing model are investigated. Comparing with the work made

in Calin et al. [3], three different aspects should be emphasized. Firstly,
we put no restrictions on the marginal utility 1 - AzeAlx for the
generalized asset pricing model, while A5 = 0 in the works of Calin et al.
[3]. Secondly, the integral equation in our model is nonlinear (n > 1),

while Calin et al. [3] considered the linear case n = 1. Thirdly, the
existence and uniqueness of the price-dividend function in this paper are
proved by using the fixed point theorem. However, the method adopted in

Calin et al. [3] is the Picard series technique.

This paper is organized as follows. We describe the asset pricing
model briefly and derive the nonlinear integral equation in Section 2. In
Section 3, we set up a space, in which the price-dividend function is a well
defined function. The existence and uniqueness of a continuous
equilibrium price-dividend function solution of the integral equation are
shown to be true under certain assumptions. Section 4 closes the paper

with some conclusions and further works.
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2. The Asset Pricing Model

This section describes the theoretical framework of Abel’s model and
it 1s detailed parameterizations. The nonlinear integral equation for a

generalized asset pricing model is derived.

In Abel’s asset pricing model, the lifetime utility of the representative

investor is given by

I

U ZB] [ct+j /Ut+j , (1)

where B > 0 is a subjective discount factor, the parameter y denotes the
utility curvature parameter and has restriction 1 >y > 0, and v;,; is a
preference parameter. Suppose that the preference parameter v, is

specified as
= [ef1CM1%, @ >0 and h >0, @)

where ¢;_; is the consumer’s own consumption in period ¢-1, which
represents internal habit and C;_; is an aggregate per -capita
consumption in period t—1, which captures external habit. Noting that
when o = 0, we are in the case of Mehra and Prescott [5], in which the
utility does not depend on habit. When o =1 and h = 0, we are in the
external habit case in which the habit is external to the individual’s
choice, or called that we are in the case of relative consumption of
catching up with the Joneses. When o =1 and A =1, we are in the
internal habit case and individuals’ own lagged consumption affects their

choice of consumption.

Calin et al. [3] generalized Abel’s asset pricing model [1] by allowing
o and h to vary between 0 and 1, thus creating intermediate
combinations of internal and external habits. The dividend growth to
follow an AR(1) process with Gaussian shocks is allowed in [3]. As stated
in [3], we also let ¢; = C; = D; and the dividend process for the risky

security in the form
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Dy,q = D,e™ +¢xt+ut+l, (3)

where x; is the current continuously compounded growth rate of the
dividend and follows an AR(1) process x;,1 = xq + ¢x; + uy,7 with |¢] <1,

in which x; 1is the constant growth rate per period and u ~

NIID (0, o2).
Abel derived that the Euler equation for equity is

P, D, P
T = ElMea (55 (52 @

where the one-period stochastic discount factor (SDF) M;,;, which is

often called the inter-temporal rate of substitution in business cycle

models, is given by the form

Ht+2

D U _
M _ t+1 Y t+1 \v—1 , 5
1 = B (L () G
where u; 1 = D and
_1_ Do vi—y, Dy a(y-1)
Ht+2 =1 th( Dt+]_ ) ( Dt ) . (6)

Here, we propose the following generalized nonlinear Euler equation for

equity:

5
Dt h

D Pt n
E, [ M4 ( 13:1 )(1+(Dt:1) )], n>1. (7)

It is noted that the Euler equation (4) together with Equation (5) is
degree 1 in the stock price, current dividends, and next period’s dividends.
However, Equation (7) with Equation (5) is degree n. We shall discuss the
dynamic properties of the solution to the generalized price-dividend

function, which satisfies Equation (7). Here, we define the price-dividend

function in economy as p; = jt
t
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As in Calin et al. [3], we drop the subscript for time since we seek a
function of current dividend growth. Substituting dividend process
Equations (3) and (5) into the Euler equation (7), we derive the nonlinear

integral equation of the generalized asset pricing model in the form

1 AOeAlx J. o0 —#[u—cz(l—y)F
e

p(x) = °
) «/27561—A2eA1x

x (1 - AZeAl(x0+¢x+”))(1 + p"(xg + dx + u))du, (8)

2 2
50 (1-y)+5-(1-v)

where Ay =B , A =(1-7)(¢—0a), and Ay = ahd, Now,

we give a detailed derivation of Equation (8).

3. Existence and Uniqueness of
Price-Dividend Function

Definition 1. Let G denote the real-valued space that consists of all

continuous functions f such that, there are positive constants M and k&

with |f(x)| < Me"™ for all x € R and the norm on G defined by
| fx) || = sup|f(x)e ™| < M.
xeR

We will use the fixed point theorem to prove that the nonlinear
equation (8) exists a unique solution in space G. Modifying the integral

equation (8) by making the change of variable t = xy + ¢x + © and

¥(x) = xo + ¢x + 02(1 - v), we get

Ajx 1 t—y 2 1 t—y 2
pl - L Ao o T e
216 1 — Age™* J -0
R G (C) L @y,
+e 2 p"(t) - Age 20 e p”(t)ldt. )
eA x

In fact, there exists a positive constant / such that |—A| <, for

1—A2€ ¥

x € (—o0, +0).
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2
% (1-7)+S-(1-v)
e

Theorem 1. If Ay = is suitable small, k and M

satisfy

2 2
A
A (xoro? @yt — M

A0(1+A2€ )<2—l,

k> |Ad +knel,  (10)

(kno)?
AgnM" e 2 (o nlEo+at1m) | ghnlxo+o(1-n) L 4 o4 (x40 (1-7)

AZ(SZ
1
e T (e—kn(x0+c2(1—y)+A102) +ekn(x0+c2(1—y)+A102))} 1 11)

20’

then there is a unique solution to satisfy integral equation (9) exists in

space G.

Proof. Let operator T satisfy

A v L (t—p(x))? ~—L(t-v(x))?
(Tp) (x) = 1 Ape J‘ o 26 ~ Age 962 oAt
\/%G 1- A2€A1x —®©
L (-v(x))? @)y
+e 20 p(t) - Age 2 e“'p"(t)}dt. (12)
For arbitrary p(x) in space G, we derive that
Ax g L (t-u(x)? L (t-p(x))
(TP} = | e P [ e e A
\/ﬂc 1 — AzeAlx —©
L (t-p(@)? g v@)?
+e 20 pn(t) — A2€ 20 el pn(t)}dtl
A252
A 1
< Agltl — Age™

+

1 2
1 +00 —?(t—w(x)) "
=l p"(0dt

—00
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Al2(52
A e L[ (p(a)r Are? )P
_2J2_—I e 2o p"(t)dt}]
o —0

Alzcs2
A
< | Agltl — Age™ N

N 2
1 j+we 252(t ¥(x)) ekn\t\ pn(t) di

+
V2no J - ek"‘t‘
Alzcz
Arp(x)+—— . 212
_ Age ! 2 o0 262[t (v(x)+4107)] knt| pn(t)d
—\/_ e e knlt] t}l
2noc —o0 e
A2G2
A 17
< |Aglll - Age™

+

1 - 2
M" j+°°e 22 o,

Vano d -
Achs2
Y rwe‘ﬁ[t_(w)wg )]zekn\t\dt}l
V2ro o0

AZs? (kno)2
Agp(x)+ 12 +MneT(e_knw(x) +eknw(x))

< |Aol{1 + A2€

2 9
(kno)®  Ajo
n, g T3
+ Ay M"e

+A1¢’(x)e_kn(w(x)+A1cs2 )

(kno)? _ Afo®
+ A M 2 2

HAWE) n(u(x)+Ar0?) . (13)

Applying assumptions (10), (11), and v(x) = x¢ + ¢x + o>(1 —y) to (13),

we have

2.2
Ao
Ay (x0+0™(1=7) L

1 Tp(x)e ™| < | Agl{l + Age
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(lzancs)2

+ M"e 2 (e—kn(x0+02(1—y)) +ekn(x0+02(1—y)))

2 A2q2
(kna? A

2
+A2Mne b} 3 +A41 (xo+o (1—Y))e—kn((x0+62(1—y))+A162)

(knc:)2 A1202 A 21 ) 2
¢ ApMTe 2 3 AE0reT o) (o +o*1-p) Aoy
< % + % <M, (14)
which results in
|| Tp || < M. (15)

For arbitrary p;(x) and py(x) in space G, we have

|Tp1(x) = Tpa(x))

L A { Jw e—?(t—w(x))Zekn‘t‘ p1(t) = pot)

V2no 1 - A eAlx —o0 ek‘t‘
2.2
n-l n-1-j j 4jc
p1(t)" po(t) Ap()+—
X Z DI dt — Age

—00

1 (i~ (v(x 2))2 n-1 nel—i .
e el 0| 20§ 0 (nl_ljkz;zm’ dt} |
e j=0 e

1 2

| Agln M"Y jw TN

<|py - po| L2 Ly e 2o ekl gy
Ipr = pof ———H] |

o) 27 Ioo Lot g P
e e

+ Ay 2 el

—00

(knc)2
s "pl - P2 " ‘AolnMn—le 2 {eknl/?(x) + e—knw(x)



THE WELL-POSEDNESS OF SOLUTIONS ... 47

A252
+ AzelTJrAIW(x)(e—k"(w(x)+A162) + ekn(W(x)JrAle))}l, (16)

which derives from (11) that

|Tpy (x) — Tpg(x)] e
(kno)?
< "pl - P2 " ‘AolnMn_le 2 {eknw(x) 4 e—knw(x)

252
T Age 12 +A1w(x)(e—kn(w(x)+A102) +ekn(w(x)+A162))}|e—k\x\

(kno)® 2 2
< "p1 - Dy " ‘AolnMn—le ) {e—kn(x0+c (1-v)) " ekn(x0+cs 1-v))

2 2

Ao
2 1
+A26Al(x0+c A=)+ 3 (e—kn(x0+c52(1—y)+A1c52) +ekn(x0+62(1—y)+A102))}|

< Slpr - pall- (17)

N

From (17), we have
1
1Ty ~ Ty || < 5121 ~ pol. a8)

Using the fixed point theorem, from (15) and (18), we know that there
exists a unique solution in space G to satisfy integral equation (9).

4. Conclusion

In this paper, we have investigated two aspects for the generalized
asset pricing model. Firstly, the components of the asset pricing model
are incorporated into an integral equation that maps the unknown future
price-dividend function into the current price-dividend function.
Secondly, under some conditions, the generalized price-dividend function
is the solution to a nonlinear integral equation, which exists a unique
solution. Comparing the solution with numerical approximation of the
price-dividend function also needs to be done in a suitable classical space,
we leave this task for future research.
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