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Abstract

The experimental method of caustics was used for the evaluation of the stress-
singularities created by concentrated load applied at the apex of a wedge or on
the horizontal straight boundary of a half-plane. It was proved that the shape and
size of the caustic depend on the stress singularity at the point of application of
the load. The parametric equations of caustics created by such a singularity were
studied in relation with the loading mode of the wedge. Also, the stress
singularity created by a concentrated load applied at the apex of the wedge or on
the horizontal straight boundary of a half-plane was studied by isochromatic
fringes of photoelasticity. Thus, by measuring the dimensions of the caustic, one
can evaluate the state of stress at the singularity. The relations for the
calculation of the load, the components of stress and the concentration factor
based on the geometrical characteristic of caustics and on isochromatic fringes

were given.
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1. Introduction

The optical method of caustics is suitable for the experimental study
of singularities in stress fields created either by geometric discontinuities
or by loading. For many crack problems, the stress intensity factors at the
crack-tip were calculated by caustics [6, 7, 13]. Contact problems and
wedge problems have many practical and important applications [16]. For
the solution of such problems, besides mechanical analysis, the
experimental method of caustics can also be applied. Caustics have been
applied to the study of the singular stress fields developed near
concentrated or uniformly distributing loads, which are applied along
straight boundaries [2, 14, 15]. Also, the method of caustics was applied to
study the load sharing in roller-bearings [8, 9] and in multiple gear tooth
contact [11, 12]. Also, three-dimensional wedge problems, bimaterial
wedges in antiplane shear deformation, and rubber wedges in large strain

analysis were studied [1, 5, 10].

The aim of the present work is to give the parametric equations of the
caustics in wedges, which were made of isotropic materials, for the case of
a concentrated vertical load at the apex of the wedge. Also, the relations
of calculation of the concentrated force at the apex of wedge, the
components of stress at any point and the concentration factor of the
stresses based on the diameter, the opening displacement of the caustic
and isochromatic fringes were given. Also, an experimental application in

bearing model was given.

2. Concentrated Vertical Load at the
Apex of the Wedge

Concentrated vertical load P (compressive load) is applied on the
direction of axis of the wedge (Figure 1). The thickness of the wedge is

taken as unity. The conditions along the faces, 6 = +¢, of the wedge are

satisfied by the stress components, which are derived from the stress
function [16].



STUDY OF CONCENTRATED VERTICAL LOAD ... 61

i 24

SV

VX
Figure 1. Geometry of a symmetrical wedge of angle 2¢.
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where P is the concentrated vertical load (load per wedge thickness

unity), ¢ is the angle of wedge, and r, 6 are the polar coordinates.

The stress components are derived from Equation (1) as
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By taking ¢ = n/2, the solution for a semi-infinite plate was given,

which has been studied by the method of caustics and photoelasticity
method [8, 9].

3. Experimental Method of Caustics

The divergent light rays, which are reflected from the front face of the

specimen, form wave fronts
S(x, y, z) = const.. (5)

If s(x, y) expresses the optical path of the light ray between two planes

parallel to the middle plane of the loaded plate and lying at the faces of
the plate, then the relation

S(x, y, z) = z — s(x, y) = const. (6)

is valid and

0s .

0s .
gradS(x7 Y, Z) =k _al _5.]7 (7)

where i, j, and k are the unit vectors of the (Ox, y, z) Cartesian

coordinates system. For optically isotropic materials and for the first light
ray reflected from the front (f) face of the specimen, the deviation of the
light rays at a distance z; from the middle plane of the specimen, is

expressed by the vector w on the plane z = z;, and according to the
theory of Econal [3], is given as
zodcy
7"m

wp = grad(c; + o9), (8)

where d is the thickness of the specimen, ¢ is the stress-optical constant,

which is given by the relation
Cf = — E . (9)

where v is the Poisson’s ratio, E is the elastic modulus, and A,, is the

magnification ratio, which is given by the relation
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20 + 2;
=20 = 10
m zi ( )

A

where z( is the distance between reference-plane and specimen and z; is

the distance between specimen and the light beam focus. The sum of the

stresses 67 + o9 is given by

G1 + 09 = G + Cgg = — 1P cos 8 . (11)
¢+ 5 sin 2¢
Then, Equation (8) becomes
1 1 . . .
wr = Crgrad(y ( —cos 0)=Cr— [cos 26i + sin 26j], (12)
r
where
zodcs P
C = - 1f . (13)
A (0 + 3 sin 2¢)
The parametric equations of the caustic are
W, =r+wg,
or
Xf =rcos0+ C}cr_2 cos 20,
Yy =rsin0+ Cfr_2 sin 26. (14)

The initial curve of the caustic, which is placed at the singular region
of concentrated load, is determined by setting the functional determinant
Jacobian J equal to zero according to

_ a(Xt’ Yt) _
S Y

Then, the initial curve is

n=r= (ZCf)l/?’. (15)
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By substituting Equation (15) into Equations (14), it is found that the
parametric equations of the caustic for divergent light beam reflected

from the front face of the plate (caustic (f)), which is compressed, are

1
X =1, (2Cf )§[cos9 +%cos 29}, (16)

1
Yy = (20, )§[sin 0+ sin 29]. (17

The parametric equations of caustics formed from divergent light rays,

which are reflected from the rear face of the plate (caustic (r)), are

1
X, =xr,(2C, )§{cos 0— % cos 26},

1
Y, =1,(2C, )§[Sin 0 - %Sin 26},

with
2zqdc, P

Cr = - 1 ’
A (0 + Esin 2¢)

where c, is the stress-optical constant.

For values of 6 between —¢ and +¢, the initial curve and the
respective caustic are obtained around the point of the concentrated load
P. Figure 2 illustrates the forms of the respective caustics (f) and (r) and

the initial curve for wedge of angle ¢ = n / 4.
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Figure 2. The respective caustics (f) and (r) and the initial curve plotted
at the apex of wedge angle ¢ = n/ 4.

Figure 3 illustrates the forms of the respective caustics (f) and (r) and

the initial curve for wedge of angle ¢ = n /2. In this figure, the maximum
diameter D, and the opening displacement L of the caustic (f) are

appeared.
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Figure 3. The respective caustics (f) and (r) and the initial curve plotted

at the apex of wedge angle ¢ = /2.

Figure 4 illustrates the forms of the respective caustics (f) and (r) and

the initial curve for wedge of angle ¢ = 3n /4.
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Figure 4. The respective caustics (f) and (r) and the initial curve plotted

at the apex of wedge angle ¢ = 3/ 4.
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The maximum diameter of the caustic along the Oy-axis (Figure 3),

can be derived from the condition

Y (18)
0
which gives
eMmax _ gQo. (19)
Relation (16), for 6 = 8™ = 60°, gives
Diyax = 2Y/™™ = 2.5981,,70 = 3.2731.,,C}'°. (20)
By substituting Equation (13) into Equation (20) results
1 .
¢ + = sin 2¢
P =0.0285 —2——— Djj,. @1)
20dNmCr

From Equation (21), the load P can be experimentally estimated from
the diameter of the caustic that is formed at the point of applied the force.

For angles of wedge ¢ < 60°, the diameter of the caustic has not

presented maximum. In these cases, the load P can be calculated from the
opening displacement L of the caustic (Figure 3). The opening

displacement L is given

L =2Y¢g_y = 2hpry(sing +%sin 20) = 2.52kmC}/3(Sinq) + %sin 20).

(22)
By substituting Equation (13) into Equation (22) gives
1 .
I3 ¢+ 3 sin 2¢
P - 5 (23)
16z9dMpcr

1 3
[sin ¢+ 5 sin 2@}

The stress function, the stress, and the load P for various angles of

the wedge are given in Table 1.



68

G. A. PAPADOPOULOS

Table 1. The stress function, the stress, and the load for various wedge

angles
¢ Stress function © Stress o, Load P Load P
m/12 L =-0.977 Or _ _ _1.954 P =0.243
Prosin 6 p cos 0 13
r zodk%nc]c
n/6 -0.523 -1.046 0.073
n/4 -0.389 -0.778 0.046
n/3 -0.338 -0.676 0.042 3P - 0.042
Dmax
ZodK%an
n/2 -0.318 -0.636 0.098 0.045
2n /3 -0.301 —-0.602 1.278 0.047
3n/4 -0.270 —-0.540 4.219 0.053

The relation between opening displacement L and the maximum

diameter D, ., of the caustic is obtaining by comparing the Equations
(21) and (23)

L

max

= 0.77(sin o+ %sin Zcp). (24)

D
The relation (24) is valid for wedge angles ¢ > n /3. The ratio L/ Dy,
for various wedge angles is given in Table 2.

Table 2. The ratio of the opening displacement and the diameter of the
caustic for various wedge angles

Wedge angle ¢ Ratio L/ Dy .y

n/3 1.00
n/2 0.77
2n/3 0.33
3n/4 0.16

T 0
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Figure 5 illustrates the experimental reflected caustics () and (r), for

divergent light beam, in specimen of wedge angle ¢ = /2 made of
Plexiglas of thickness d = 3x107%m. Also, Figure 6 illustrates the
experimental transmitted caustic, for convergent light beam, in specimen

of wedge angle ¢ = 3n /4 made of Plexiglas of thickness d = 3 x 103 m.

Figure 5. Experimental reflected caustics (f ) and (r) for divergent light

beam in specimen of wedge angle ¢ = 7/ 2.
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Figure 6. Experimental transmitted caustics for convergent light beam
in specimen of wedge angle ¢ = 3n /4.

4. Calculation of the Stresses o;;

On the horizontal plane nn at a distance xy from the apex of the

wedge, the stress components at any point M (Figure 1) are calculated
from the polar stress component o,
P cos’ 0 _ P cos* 0

Gyx = Opp COSZ 0 = — - ; (25)
1 . r 1 . xQ
(p+§sm2(p (p+§s1n2(p
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. 9 P cosOsin? @ P cos? 0sin? 0
G,y =0CpSIN° 0 =— = - ,
Yy 1 . r 1 . X0
¢+ —sin 2¢ ¢ + 5 sin 2¢
2 2
(26)
. P sin 0 cos? 0 P sin 0 cos® 0
Tyy = Opp SINOCOSO = — =- )
Y 1. r 1. Xo
¢+ =sin 2¢ ¢+ sin2¢
2 2
27
with
r = xq/cosb. (28)

By substituting Equations (21) and (23) into Equations (25)-(27), the
components of stress are obtained from the diameter and opening
displacement of the caustic

DS 4
Oy = —0.0285 —max 208 0 o
2odhcp X0 192
L3 cos* 0
== 1 3 X0 |for any ¢° (29)
1620dk2,ncf [sin Ry sin 2(p}
6. —_00985 D;?ﬂax cos? 0sin? 0
> 2odA,cy X0 =60
L? cos? 0sin? 0
=~ 1 3 X0 for any ¢ (30)
1620dkz,,lcf[sin Pty sin 2@}
D3 3 .
tyy = - 0.0285 —max_ 087 0snb|
Zodkme X0 =
L3 cos® 0sin 0
== for any ¢* (31)

3 x
IGZOdX%ncf [sin o+ % sin 2(p} 0
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For a horizontal plane nn close to the apex of the wedge at a distance

equals to the radius of the initial curve of the caustic

Xg =Ty :& >60° = = |f
03 or any ¢’
2.598A, 2(sin @ + %sin 20 X,

the components of stress, Equations (29)-(31), are

DZ
~0.074 —22X_ cos* @, goe

(¢}
xx
20 me

_ L 4
== cos 9| for any ¢>

2
SZOdkmcf[sin ¢+ % sin 2(p}

D2
= —0.074 ——2X__ 662 § sin? 6|q)260°
20 me

o]
|

Yy

L? .
= - cos® 0 sin? @

for any ¢>

2
820d%.mcf[sin o+ % sin 2(p}

D 3
max s
-0.074 W cos” 0 sin 9| ¢>60°

L? .
= - 3 cos® 0 sin 0

1 for any ¢>
Szodkmcf[sin Pty sin 2@}

for values of 6 between —¢ and + ¢.

(32)

(33)

(34)

(35)

Figure 7 illustrates the distribution of the non-dimensional components

of stress (Equations (33)-(35)),
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Figure 7. The stress components variation versus 0 for wedge angles up
to ¢ = 3n/ 4.

2
ojj % = f(0) with B = - 8zod7»mcf[sin 0+ % sin 2@} ,

on the horizontal plane at distance ry (singular region of concentrated

load) from the wedge apex (Figure 1), for wedges of angle up to
¢ =3n/4.

5. Concentration Factor K,

From Equations (25)-(27), the function of components of stress can be

written
3

cos” 0

Oxe = — Ky P
cos 0 sin? 0

Oyy = -K, — (36)
cos® 0 sin 0

Ty = -K,————,

r
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where K,, is the concentration factor of the stresses for the wedge of

angle 2¢. This concentration factor is given by the relation

P

K = (37)

+ 1 sin 2 '
¢ 9 ¢
The variation of the concentration factor for angles ¢ between 0 and = is

illustrated in Figure 8. From Figure 8, it is observed that the concentrated

factor is varied between the value 0.318 (for wedge of angle ¢ = n) and

+ o (for wedge of angle zero degree).

o .
Kw/P
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-
oo e

=
-k
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L6 I

0.4 \
(%)

15 30 45 60 75 20 105 120 135 150 165 180

Figure 8. Variation of concentrated factor for wedge angles between 0

and m.

The concentration factor K,, can be experimentally calculated from

the caustics by the following relation:

3 3
Dmax _ L
— 5 |p=60° =

K& = 0.0285

for any ¢-
zodk%ncf T |

1620dk2,,1cf[sin o+ % sin 20

(38)



STUDY OF CONCENTRATED VERTICAL LOAD ... 75

From relation (37), the theoretical concentration factor, Kfvh, while

ex

w » can be

from relation (38), the experimental concentration factor, K,

calculated. The concentration factor is depended on the load, the angle of

the wedge and the constants of the material. From the ratio

K& | K" = f, a correction factor f for the theoretical concentration

factor KZL can be experimentally calculated, which is depended on the

wedge dimensions and the material constants.
6. Photoelastic Method

The concentration factor can be calculated by the photoelastic method
at points far away of the wedge apex. According to photoelastic method
[4], the difference of principal stresses is obtained from isochromatic
fringes

61 =02 = N% = \/(Gxx ~ Oyy )2 + 4132cya (39)

where N is the fringes order and f, is the stress-optical constant of the

material.
By substituting the Equation (36) into Equation (39), we obtain

Pd 1 |cos 6] _ Kex d |cos 6|

r=— o , (40)
fe o+ % sin 2¢ N fe N
and the concentration factor
ke =Nl T 41
w d |cos 6]’ (1)

where r and 0 are the polar coordinates.

7. Results and Discussion

Figure 9 illustrates the isochromatic fringes in specimen of wedge angle
¢ = n /4. Figure 10 illustrates the isochromatic fringes in specimen of

wedge angle ¢ = /2.
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Figure 9. The isochromatic fringes plotted in specimen of wedge angle
o=m/4.
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Figure 10. The isochromatic fringes plotted in specimen of wedge angle
o=m/2.
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Figure 11 illustrates the isochromatic fringes in specimen of wedge angle
¢ =3n/4.

N=1 (fringe orders)

Figure 11. The isochromatic fringes plotted in specimen of wedge angle
¢ =3n/4.

Figure 12 illustrates the experimental isochromatic fringes in

specimen of wedge angle ¢ = 3n/4 made of epoxy resin of thickness

d=5%x10"2m. It is appeared that the fringes density at the point of
concentrated vertical load (singular point) is high and so, it is difficult to
calculate the concentration factor at the singular point (apex of the
wedge). The concentration factor can be calculated far away from the
singular point (point of concentrated load). The photoelastic method is an
experimental method of field and it is not applied exactly at the singular
point, i.e., at the crack-tip. The stress intensity factor at the crack-tip or
another singular point, is experimentally calculated with accuracy by the
caustic, while far from the singular point it can be calculated by the

isochromatic fringes.
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Figure 12. Experimental isochromatic fringes in specimen of wedge

angle ¢ = 3n/ 4.

The caustics at the singular point can be plotted by the parametric
equations (relations (16) and (17)). The plots were illustrated in Figures
2-4. These plots are corresponded to reflected and transmitted caustics,
respectively. The respective experimental caustics are illustrated in
Figures 5 and 6. From these experimental caustics, the load and the
concentration factor can be calculated. The experimental caustics were
formed at the singular point (apex of the wedge). At this point, the
isochromatic fringes (Figure 12) can not counted and so the concentration
factor can not calculated. Figures 9-11 illustrate the isochromatic fringes
plots for five fringe-order, while the Figure 12 illustrates the
experimental isochromatic fringes for a highest load. In this figure, the
high density of the isochromatic fringes is appeared at the apex of the
wedge.

The analysis of the stresses close to apex of the wedge is presented in
Figure 7 for various wedge angles. The theoretical variation of the non-
dimensional concentration factor is presented in Figure 8 for various

wedge angles. The load and the concentration factor can experimentally
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calculated by the caustic characteristics, maximum diameter or opening
displacement (Table 1). The relation between maximum diameter and the

opening displacement was presented in Table 2.

An application of the concentration factor experimentally calculation
for a bearing model was given. Figure 13 illustrates the transmitted
caustics at the contact points between rings and rollers of a bearing for a
concentration load P = 44.06KN and for two loaded rollers. The contact

points were taken as wedge of angle ¢ = 90°. The load for each roller,

which were symmetrically placed, was about P = 22.03KN. The
theoretical and the experimental concentration factors at the contact
points A, B, and C were calculated from the maximum diameters of the
transmitted caustics by the Equations (37) and (38), with z7 = 3.44m,

d = 0.0093m, %,, = 5.3704, and ¢, = 1.21 x10"'m?/KN.

Figure 13. Caustics at the contact points A, B, and C of bearing rollers
for an applied load of 44.06 KN.

The calculated concentration factors and the correction factor f, for
the contact points A, B, and C, were presented in Table 3. The differences
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between theoretical and experimental results are about 32% and 45.8% at
points A and B and 12% at point C. These differences were depended on
experimental arrangement (bearing model). From the results, it is
concluded that a divergence is observed (Table 3), which is indebted to
the accurate calculations and to the fact that there was not used
separators (retainers) between rollers, thus the rollers were not been in
symmetric places, as it appears in photographs.

Table 3. The concentration factors and the correction factors at the
contact points A, B, and C of the bearing

Cont. points | P (KN) | K K& K& K = f
A 22.03 | 14.03 | 20.76 1.48
B 2203 | 14.03 | 25.92 1.85
c 4406 | 28.06 | 31.90 1.14

8. Conclusion

In the present work, the theoretical and experimental analysis of the
caustics and photoelastic method were developed for the contact problem
of concentrated vertical load applied at the apex of a wedge. These
methods were applied to determine the stress distribution on the
horizontal plane far away from the apex of the wedge. Also, the
concentration factor at the apex of the wedge theoretically was
determined. The concentration factor at the contact points between rings
and rollers of a bearing model was experimentally determined by the
experimental method of caustics. The results of the load distribution, the
concentration factor, and the correction factor of the roller bearing model
were presented in Table 3. The load at the wedge apex relative to the
caustic characteristics were presented in Table 1.

The experimental method of caustics, which is a powerful tool for
discussing fields around a crack, is also a powerful method for the contact
problems and wedges with concentrated loads. Using this experimental
method, the existing wedge theory may be reviewed with measurements
and taking into consideration other influential parameters such as the
wedge angles.
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