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Abstract 

In this paper, the effects of temperature distribution at the hottest fuel rod (Hot 
Fuel Pin) in the Bushehr nuclear power plant in Iran has been determined for 
defined thermal conductivities by using different mathematical functions. 
Whereas Hot Fuel Pin is one of the most important fuel rods from the heat 
temperature distribution aspect in the core of nuclear power plant, thus in this 
paper, the values of average temperature ( )aveT  and temperatures of inner and 

outer diameters ( )fofi TT ,  for the Hot Fuel Pin, which is cylindrical shape, has 

been obtained truly. Two methods have been used for calculation of temperature, 
i.e., analytical and numerical methods. In the numerical method, computer 
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programming by MATLAB software has been applied. Moreover, calculation of 
temperatures has been performed for two stages and results have been modified 
than previous stage and have been compared together. In every stage of 
calculations by two cited methods, the values of thermal conductivity (k) have  
been obtained by two methods that are: Lagrange and finite difference methods. 
One of the most important results is equality of k in the second stage of Lagrange 
method with the value of k in the first stage of finite difference method. The 
results show the obtained values of temperatures from analytical and numerical 
methods with defined k from Lagrange method are converged, but the mentioned 
values with defined k from finite difference method are diverged. 

Nomenclature 

:eaT ν  Average temperature of fuel rod. 

:fiT  Temperature of fuel rod inside radius. 

:foT  Temperature of fuel rod outside radius. 

:ir  Inside radius of fuel rod gap. 

:or  Outside radius of fuel rod. 

:q′�  Linear power. 

:q ′′′�  Power density. 

k: Thermal conductivity coefficient. 

:α  Thermal diffusity ( ).sm2  

Hottest fuel rod of reactor core: Hot Fuel Pin. 

1. Introduction 

This study is performed for a nuclear reactor VVER-1000 type, which 
is operating on steady state and the matter of its fuel rod is UO2 (Benítez 
et al. [4]). Also, it is supposed ( )K1800=νeaT  (Final Safety Analysis 

Report [6]) and cited rod is: Hot Fuel Pin and the changes of temperature 
in tension of axial (z) and angle are cancelled. 
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There are following conditions: 

mm,75.0=ir  

mm.785.3=or  

Height of fuel rod = 3.53m; 

cmW448=′q�  (Final Safety Analysis Report [6]). 

Boundary conditions (Safavisohi et al. [15]): 

(1) If ,irr =  then ( ) .0,,, =
∂
ϕ∂

= r
zrTTT fi  

(2) If ,orr =  then .foTT =  

In the following Figures 1 and 2, the lateral and front of fuel rod are 
shown: 

 

Figure 1. Fuel rod lateral surface. 

 

Figure 2. Fuel rod upper surface. 
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By application of above assumptions and initial assumption for ,eaT ν  

and by using the interpolation equations from two methods: Lagrange 
and finite difference, the value of k is calculated and by using it and by 
considering above initial conditions, the function of temperature 
distribution is defined (Sheng et al. [17]; Aguirre and Krause [3]; 
Langeroudi and Aghanajafi [8, 9]). 

By application of temperature function and integrity method, value of 

eaT ν  is determined and compared with initial supposition. In the next 

stage, ,eaT ν  which had been obtained from temperature distribution 

function, puts instead of supposed average temperature in the first, that 
is; 

( ),K18002 =
+

≈ν
fofi

ea
TT

T   (1) 

and the mentioned procedure so is repeated and hereby the accurate 
value of eaT ν  is determined. Moreover, by determination of accurate 

value of ,eaT ν  the values of fofi TT and  are determined. Also, inside and 

outside radii to very slight intervals are throughout divided and then 
values of fofi TT and  by numerical method are truly obtained and finally 

compared with obtained values from analytical method. 

2. Materials and Methods 

2.1. Method of solution 

In cylindrical dimension, heat transfer equation is as follows: 

t
T

k
q

z
TT

rr
T

rr
T

∂
∂

α
=

′′′
+

∂

∂+
ϕ∂

∂+
∂
∂+

∂

∂ 111
2

2

2

2

22

2 � (Wakil [20]). (2) 

Once based on analytical method and the next time from the 
numerical method (Sadooghi and Aghanajafi [14]; Sharbati et al. [16]; 
Aghanajafi and Safavisohi [2]; Mehraban and Aghanajafi [10]; Abbassi 
and Aghanajafi [1]; Khaefinejad and Aghanajafi [7]) Equation (2) is 



THE COMPARATIVE INVESTIGATION FOR … 25

solved and values of ,,, fifoea TTT ν  and temperature distribution function 

are determined and compared together in the Hot Fuel Pin of Bushehr 
atomic power plant in Iran. 

2.2. Calculations of temperature distribution by analytical method 

By assumption of negligible temperature changes in axial tension (z) 
and also in angular tension ( ),ϕ  one can write 

.02

2

2

2
≅

∂
∂=

ϕ∂

∂=
∂

∂
t
TT

z
T  (3) 

Thus, 

.1
2

2

k
q

r
T

rr
T ′′′

−=
∂
∂+

∂

∂ �  (4) 

So, by using the above condition, equation of T is produced 

.ln4 21
2

CrCk
rqT ++
′′′

−=
�  (5) 

By using the mentioned boundary conditions in introduction section, 
values of 21 and CC  can be produced and then the Equation (5) as 

definite equation is determined. According to boundary condition (1) 

,2
2

1 k
rqC ′′′

=
�  (6) 

( ) .10164335.2 6
2 k

qTC fi
′′′

×+= − �  (7) 

For determination of numerical values of 1C  and ,2C  values of ,, fiTq ′′′�  

and k are required. Whereas linear heat rate in Hot Fuel Pin was 
cmW448=′q�  and heat flux for Hot Fuel Pin will be 

.mKW6.103 3=′′′q�   (8) 

Also, for calculation of fiT  according to conduction heat transfer, one can 

write 
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Vqr
TkA ′′′=
∂
∂− �  (Neil and Kazimi [12]),  (9) 

where A is lateral surface of fuel rod. According to boundary condition (2); 

( ) .:so:ln 22 Lrrqrr
TT

kATTrr io
io

fofi
foo −π′′′=

−
−

== �  (10) 

Thus by using this supposition, ,2
0ffi

ea
TT

T
+

≈ν  one can write 

( )
( )

( ) .
2

2 22 Lrrqrr
TT

Lrk io
io

eafi
o −π′′′=

−
−

π ν �  (11) 

Now value of eaT ν  by using both temperature distribution function 
and related integrity (Formula (12)) is obtained and with ,eaT ν  which had 
been supposed in first is compared, so 

( ) ν
ν

= ∫∫ν drTT ea
1  (Olander [13]),  (12) 

( )
( ) .21 22

21
22 rdrdzrT

Lrr
T

o

i

L

L

r

r

Z

zio
ea π

−π
= ∫∫

=

−=
ν  (13) 

Therefore, for obtaining k by interpolation with various temperatures, 
Table 1 is used. 

Table 1. The changes of thermal conductivity coefficient of Hot Fuel Pin 
[2] 

Temperature (K) Thermal conductivity coefficient (k) in 
(W/m⋅K) 

300 8.15 

1100 3.75 

1700 2.50 

2700 2.65 

3100 3.50 
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Supposed eaT ν  is 1800K as initial assumption. Also, in the further 

stages, new k through recent eaT ν  according to existing data of Table 1 is 

obtained. 

2.3. Calculation of k by Lagrange method 

The interpolation via Lagrange method for calculating the k by 
application either the information of Table 1 or Formulas (14) and (15) 
are performed 

 ( ) ( ) ( ) nmxLxfxP mnm

n

m
n ,,1,0,,

0
…== ∑

=

 (Dusinberre [5]),  (14) 

( ) ( ) ( ) ( ) ( ) ( )
( ) ( ) ( ) ( ) .

110
1110

,
nmmmmm

nmm
mn xxxxxxxx

xxxxxxxxxxxL
−−−−

−−−−−
=

−

+−
""

""" (15) 

Now, in this part, 1eaT ν  instead of conjectural value of eaT ν  is replaced 

and by considering ,1eaT ν  recent values of ,,, 222 fiea TTk ν  and 2foT  are 

determined again according to carried out methods in the last stage. 

2.4. Calculation of k by finite difference method 

In this stage, value of k via finite difference method and by using both 
information of Table 1 and supposed eaT ν  is obtained. The interpolation 

via finite difference method based on Formula (16) is performed 

( ) ( ) ( ) ( )bacbaabaajcba xxxxfxxffxP −−+−+= ,,,,,,, …  

( ) ( ) ( ) ( )1,,,, −−−−−++ jcbajcba xxxxxxxxf "" …  

( )

aj

jcbajcb
jcba xx

ff
f

−
−

= −1,,,,,,,
,,,,

……
…  (Dusinberre [5]).  (16) 

So by having ,1eaT ν′  the values of 2k′  and ,, 22 fiea TT ′′ν  and 2foT ′  according 

to performed methods in the last stage are determined. 
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2.5. Calculation of temperature distribution by numerical method 

In this stage, by using the numerical solving for 2

2
,

r
T

r
T

∂
∂

∂
∂  can write 

,2
11

r
TT

r
T nn

∆
−

=
∂
∂ −+  (17) 

and  

( )2
11

2

2 2
r

TTT
r
T nnn

∆

+−
=

∂

∂ −+  (Mitchell and Griffiths [11]; Smith [19]).  (18) 

Thus Equation (2) changes to this form 

(
( )

) ( ( ) ) ,02
12 11

2
11 =

′′′
+

∆
−

+
∆

+− −+−+
k
q

r
TT

rr
TTT nnnnn �  (19) 

where  

.1 nn rrr −=∆ +   (20) 

The between distance of inside and outside diameters of fuel rod to small 

intervals is divided, that is, m10 5−=∆r  and via computer programming 
by MATLAB software, the values of temperature are produced in the 
following points: 

rrr i ∆== 75  and rrr o ∆== 3785  (Shoichiro [18]).  

Therefore, the values of ,, fofi TT  and eaT ν  for numerical method, the 

same of analytical method for two stages are determinable. 

3. Result and Discussion 

With comparison of all the produced parameters for Hot Fuel Pin, 
Tables 2-5 are produced as following: 
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Table 2. The obtained results in the first stage of computation by 
numerical and analytical methods 

The first stage of calculation by 
numerical method (defined k  
by finite difference method) 

( )mKW475.21 =′k  

The first stage of calculation 
by analytical method (defined 

k by Lagrange method)  
( )mKW564.21 =k  

Percent of 
error 

( )K5.18221 =νeaT  ( )K0.18801 =νeaT  3.05% 

   ( )K6.20481 =fiT  ( )K7.20231 =fiT   − 1.23% 

( )K3.17081 =foT  ( )K3.17361 =foT  1.61% 

                                    1952ln8.202024.10101 22
1 ++−= rrrT  

Table 3. The obtained results in the first stage of computation by 
numerical and analytical methods 

The first stage of calculation 
by numerical method (defined 

k by Lagrange method) 
( )mKW564.21 =k  

The first stage of calculation by 
analytical method (defined k by 

finite difference method) 
( )mKW475.21 =′k  

Percent of error 

( )K2.18021 =′νeaT  ( )K2.19121 =′νeaT  5.75% 

( )K7.20231 =′fiT  ( )K0.20981 =′fiT  3.54% 

( )K0.17011 =′foT  ( )K4.17261 =′foT  1.47% 

                           2098ln6.210826.10464 22
1 ++−=′ rrrT  
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Table 4. The obtained results in the second stage of computation by 
numerical and analytical methods 

The second stage of calculation 
by numerical method (defined 
k by finite difference method) 

( )mKW489.22 =′k  

The second stage of calculation by 
analytical method (defined k by 

Lagrange method) 
( )mKW475.22 =k  

Percent of 
error 

( )K4.18072 =νeaT  ( )K2.19122 =νeaT  5.48% 

( )K0.20362 =fiT  ( )K0.20982 =fiT  2.95% 

( )K0.17032 =foT  ( )K4.17262 =foT  1.35% 

                            2098ln6.210826.10464 22
2 ++−= rrrT  

Table 5. The obtained results in the second stage of computation by 
numerical and analytical methods 

The second stage of calculation by 
numerical method (defined k by 

Lagrange method) 
( )mKW475.22 =k  

The second stage of calculation by 
analytical method (defined k by 

finite difference method) 
( )mKW489.22 =′k  

Percent of 
error 

( )K5.18222 =′νeaT  ( )K8.18982 =′νeaT  4.01% 

( )K6.20482 =′fiT  ( )K4.20362 =′fiT  − 0.59% 

( )K3.17082 =′foT  ( )K2.17612 =′foT  3.00% 

                                          4.2036ln208118.10405 22
2 ++−=′ rrrT  

Tables 2-5 show results by two methods: Lagrange and finite 
difference. The values of ,, fiea TT ν  and foT  in each stage of computation 

are converged to the last stage and are modified in every stage than 
previous stage. One of the most important results is equality of obtained k 
in the second stage of Lagrange method with the value of obtained k in 
the first stage of finite difference method, that means .21 kk =′  
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In Figures 3-6, the related graphs for comparison of obtained 
temperatures by analytical and numerical methods with defined k from 
Lagrange and finite difference methods in the every stage are shown. The 
Figures 3-6 are following: 

 

Figure 3. The obtained temperatures by analytical and numerical 
methods in the first stage with defined k from Lagrange method. 

 

Figure 4. The obtained temperatures by analytical and numerical 
methods in the second stage with defined k from Lagrange method. 
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Figure 5. The obtained temperatures by numerical and analytical 
methods in the first stage with defined k with finite difference method. 

 

Figure 6. The obtained temperatures by numerical and analytical 
methods in the second stage with defined k from finite difference method. 
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In Figures 7-10, the curves of temperatures equations, namely; 
2211 and,,, TTTT ′′  are shown: 

 

Figure 7. The curve of equation .1T  

 

Figure 8. The overlapped curves of both equations .and 21 TT ′  
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Figure 9. The curve of equation .2T ′  

 

Figure 10. The curves of four equations ,,, 211 TTT ′  and .2T ′  
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4. Conclusion 

The results show the values of temperatures ( )fofiea TTT and,,ν  in 

the Hot Fuel Pin truly. The results show that by application, the defined 
k from Lagrange method in the first and second stages of computation, 
the obtained values of temperatures from analytical and numerical 
methods are converged together. But by application, the defined k from 
finite difference method in both stages the obtained values of 
temperatures from analytical and numerical methods than the previous 
stage are diverged. Also, it is observed that both curves 21 and TT ′  are 
overlapped. Therefore, one can say the appropriate determined values for 

,, fiea TT ν  and foT  of Hot Fuel Pin are values in which the second stage of 

computation with defined k from Lagrange method and in which the first 
stage with defined k from finite difference method, that means; 

( ) ( ) ( ).K4.1726and,K0.2098,K2.1912 212121 ==′==′==′ν fofofifiaveea TTTTTT  
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