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Abstract

In this article, a posteriori error analysis of a finite volume element method based
on the nonconforming element for the two-dimensional Stokes equations is
investigated. An explicit residual-based computable error indicators are presented

and analyzed in H 1
1. Introduction

The use of a posteriori error estimators for estimating the global error
as well as for obtaining information for adaptive techniques is, nowadays,
a standard component of numerical codes for solving partial differential
equations.

Finite volume method is an important numerical tool for solving
partial differential equations. It has been widely used in several

engineering fields, such as fluid mechanics, heat and mass transfer, and
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petroleum engineering. The method can be formulated in the finite
difference framework or in the Petrov-Galerkin framework. Usually, the
former one is called finite volume method [8, 17, 22], MAC (marker and
cell) method [10] or cell-centered method [9], and the latter one is called
finite volume element method (FVED) [16, 20, 30], covolume method [11]
or vertex-centered method [6, 12]. We refer to the monographs [18, 28] for
general presentations of these methods. The most important property of
FVED is that, it can preserve the conservation laws (mass, momentum,
and heat flux) on each control volume. This important property, combined
with adequate accuracy and ease of implementation, has attracted more
people to do research in this field.

During the last two decades, there has been a rapid development in a
posteriori error estimation and mesh adaptivity problems. In the specific
case of the Stokes problem, the a posteriori error analysis for conforming
finite element methods has now matured to a high level of sophistication,
we refer to the works of Bank and Welfert [4, 5], and Verfrth [26] for the
basic foundations, and to the papers [1, 21, 25, 27] and the references
their for more details. For the nonconforming case, the a posteriori

analysis is at a relatively primitive stage; for the P, triangular finite

element of Crouzeix-Raviart [13], we refer to the important contributions
of Dari et al. [14]; their analysis is based on two arguments: (a) the
Helmholtz decomposition of the piecewise gradient of the velocity error
Ve, and (b) some orthogonality with respect to some conforming finite

element space V,f . They obtained two sided bounds on the error

measured in the energy norm. The a posteriori analysis of nonconforming
quadrilateral elements is rather delicate in the fact that the argument (b)
do not hold for some quadrilateral nonconforming finite elements, e.g.,
NRQ@; element. This is exacerbated by the fact that, for instance, the

NRQ; element does not contain an Hl-conforming subspace with

sufficient approximation properties. In [2], the authors established under
two conditions (Al) and (A2) a unified framework for the a posteriori
error analysis of a large class of nonconforming triangular or
quadrilateral finite element schemes for the Stokes problem.
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However, to the best of our knowledge, a posteriori error analysis of
finite volume element methods for Stokes problem have few results. In
this work, we aim to derive explicit residual-based computable error

indicators for FVE approximation based on the nonconforming Crouzeix-

Raviart element of Stokes problem in Hl-norms, and we prove its
reliability and efficiency without the Helmholtz decomposition of the

error.

The rest of this paper is organized as follows. In the next section, we
give the problem setting and we recall some preliminary results, which
will be very useful in the error estimates. In Section 3, we construct the

finite volume element scheme. Finally, Section 4 is devoted to prove our

main results; the reliability and efficiency of our estimator in H ! norm.

2. The Problem Setting

We consider the steady state Stokes equation
-Au+Vp=1f in Q,
divu= 0 in Q, (1)
u= 0 on 0Q,
in a two-dimensional domain Q with polygonal boundary 6Q, where
u = (uy, ug) is a vector function representing the velocity field, p is a

scalar function representing the pressure, and f e (L3(Q))? is the vector

field of the external forces. Result concerning existence, uniqueness, and
regularity of (1) may be found in [24]. We shall make the assumption that
the data and solution of (1) are regular enough to guarantee the estimates
presented below.

We will use |||, and |-|, (resp.,|-|,, p and|-|, p) to denote the
norm and semi-norm of the Sobolev space (H™(Q))? (resp.,(H™(D))?, if
D is a subset of Q), d=1,2. Let H}(Q) be the standard Sobolev

subspace of H' (Q) of functions vanishing on 6Q. We define
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V= (H(Q) x L§(@),
where L3(Q) = {g e L*(Q): Iqux = 0}. The scalar product and norm

in IZ(Q) are denoted by the usual L*(Q) inner product (,-) and |- lo»
respectively. We introduce a bilinear form £ on V xV by

L((u, p), (v, q)) = a(u, v) + b(v, p)+ b(u, q), V(v,q) eV,

where

2
a(u, v) = ;JQVui(x).Vvi(x)dx, b(u, q) = —ngdiv udx.

Then, a week formulation of (1) is to find a unique solution (u, p) € V, as

shown in [19], namely,
L((w, p), (v, @) = (£, v), Y(v,q)eV. 2
It is well-known, [19], that £ satisfies the following inf-sup condition:

: L((w, p), (v, q))
inf  sup
. p)eV (v,q)cv ([uly +[ 2llo) (vl +[aly)

> B, > 0.

We focus on the finite volume element discretization (FVED) of (2) based
on the nonconforming Crouzeix-Raviart spaces of the lowest order [13].

Let 7}, be a decomposition of Q into triangles with A = max hg, where

hg is the diameter of the triangle K € 7;,. We denote by Ej; be the
edges of the 75, with E;l” be the edges of the 7, that are not part of
0Q and with E} = Ej, \ E;ln For K e 7, denote by Ej(K) its set of
edges, define E;l” (K) in a similar way, |K]| is the area of the triangle K,
and P,(K) is the space of all polynomials defined on K with degree not

greater than n. For e € Ej;, we denote by K° be the triangle of 7,

which has e as a edge, || be the length e, and m, be the midpoint of e.
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Analogous to [26], we denote by wg be the union of all triangles,
which have a common edge with the triangle K, ®x be the union of all
triangles having a common point with the triangle K, o, be the set of all
triangles, which have the common edge e, and ®, be the union of all

triangles having a common point with the edge e.

The nonconforming Crouzeix-Raviart finite element space, associated
with 7, is defined as [13]

Vi, = (v, e L2(Q): vy € P, VK € Ty;
vy g (me) = vpyr(m,) Ve e E}iLn, K, LeTy,
e=KNL;
vpk(me) =0, Vee Ef,
and V), its vector counterpart. The space of piecewise constant functions
in L3(Q) is denoted by Qy,:
Qn = {gp € L§(Q) : ap € Po(K), VK € Ty}.
We define
Vi, = Vi, x @y,
and we introduce a bilinear form £; on (V@ V,, ) x (V @ V}, ) by
Lp((up, pr)s (Vas an)) = aluy, v )+ b(vy, pp)+b(ap, qp),

Y(Vhs an) € Vi,

where

a(u, v) = Z IKVu :Vvdx, b(u, q) = - Z qu div udx.

KeTy KeTy,

The Crouzeix-Raviart finite element discretization of (1) is to find

(up, pp) € Vy, satisfying (see [13])
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Lyp((ap, pp)s (v, ap)) = (£, vp), (Vi qp) € V. (3)

Because, we consider a nonconforming discretization and introduce

element-wise defined norms and semi-norms for v, € V},

2 \1/2 2 24\1/2
oale = C D Tonli )2 Tonlly = (Qonly + loal3) 2.
KeTy

We shall also make us of the standard conforming finite element space
My ={ve HjQ): g P, VK eT,}
and denote by M, its vector counterpart.

In addition, we need the Clément-type interpolation operator or

any other regularized conforming finite element approximation operator

I, : (H(l)(Q))2 — M, satisfying (see [23], [7])

IA

v~ Ipv] o x < CIK[''2]v] Lag: VK eTp, 4)

IA

Iv = Ipvly, < Clel'"*vl 5., Ve < E}, (5)

A

lv—Invly g < Clvll,FuK’ VK € Ty,

Here and hereafter, the letter C, with or without index, denotes a generic

constant, which depends only on the smallest angle of the triangles.
3. Finite Volume Element Scheme

In order to describe the FVED for solving (1), we construct a dual
mesh 77 in the following way. For any K e 7), we consider an
arbitrary interior point z; of K. We connect z; with line segments to the
vertices of K, thus partitioning K into three subtriangles K,, e € Ej(K).
Then with each side e € Ej;, we associate a quadrilateral b,,so-called
control volume, which consists of the union of the subregions K, (see

Figure 1).
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e,

Figure 1. A box b,.

The set of all control volumes is simply By, = {b, : ¢ € Ej }. Finally, we

obtained a group of control volumes covering the domain €, which is
called the dual partition 7, of the triangulation 7.

We formulate the FVED for the problem (1) as follows. Given an edge

e € E;, integrating (1) over the associated control volume b, and using

Green’s formula, we obtain the local conservation property

—J Vun + I pn = f,
ob, ab, ab,

where n denote the unit outer-normal of the domain under consideration.

In addition, we have IKdiV u = 0, for any triangle K e 7. Our finite

volume element approximation of (1) is defined as a solution

(up, pp) € Vy, satisfying the equation

- Vu n+I pn—J‘ div u :I f. (6)
b, " ob, " K® ),
The FVED is viewed as a perturbation of the finite element

approximation with help of an interpolation operator I ht C(Q)2 +V, >

V), defined by
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Iyvp = ) v(me)de,

in
eeEh
where

V= 1{v e I2Q): oy, € Posif e E", oy, = 0, if e e o},

Vh its vector counterpart and the functions {¢, },. EZ" are defined by

1, on b,,
¢e:{ .

0, elsewhere.

Note that the sequence {¢, },. B form a basis of V.

The finite volume element approximation (6) can be rewritten in a

variational form similar to the finite element problem. For v, € V; and

q € @, we multiply the integral in (6) by v;(m,) and sum over all

e e E;ln to obtain
Ln((up, pp)s (Vs ap)) = (f, Tth), (v, qp) € Vi, (7
where
Li((ap, pr)s (Vas an)) = ap(up, v )+ by(vy, pr) +bp(up, ap),
V(Vh, qn) € Vi,

with a; : (HY(Q)+V,)? > R and by, : L2(Q)x (H(Q)+V,,) > R are
defined by

ap(v, w) = — Z w(me)~Jab Vvn,

in
eeEh

bra. v)= Y v(m)- | an.

in
eeEh
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The following Lemma 1, also proved in [15], gives the link between

the finite element approximation (3) and the finite volume element
formulation (7).

Lemma 1 ([15]). The next identities hold,
ap(vp, wp) = alvp, wy ), (v, qn) € Vi x Vg,
bp(Vns an) = bvp, an), (v, an) € Vi x Bo(T3).
According to above lemma, we have
Lyh((vh> an)s (Who 1)) = La((Vas an)s (Wh, 73),

V((Vis an)s (Wh, 1)) € Vi x Yy,

and the problem (7) is transformed into the variational form as follows:
Find (uy, py) € V}, such that

Ly((ap, pp)s (Vi an)) = (€ Twwp),  Y(vi, an) € V. ®
Problem (8) has a unique solution (see [13]). Let

e, =u-—uy, €p = P — Dp,

be the corresponding error.
The interpolation operator I 5, has the following properties [9, 29]:

Lemma 2. Let K € T, e be the edge of K. For any v;, € V},, we have

J (vp = Ipvp) = O,
K
L(vh — Ipvy) =0,

lon = Thonlly o &

: ©)

IN
Q
>
i
c
>
S
Q
P
—
IN
Q
A\
8

IA
Q
=

il
<

=

>

(A ||0,Ke
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We will use the following error equation, which is obtained subtracting
(2) and (8), we obtain

ale,, wp) +ble, wp,) = (£, wj, - Iywy,), Vwy, € My = (H}(Q)? NV,
(10)

4. Error Estimators Based on
the Residual

In this section, we introduce the error estimators and prove their

equivalence with the error.

First, we introduce the jumps associated with the discrete solution
(up,, pp) € Vy. Given an interior edge e, we choose an arbitrary normal
direction n, and denote with K, and K_ be the two triangles sharing

this edge, such that n, pointing out of K .

K,

When e is a boundary edge, n, is the outward normal.
We define
[(Vay, = ppln. ], = (Vuglg_ = pal g Dne = (Vup| g, = palg, D,

where I is the identity matrix, and as in [14], we use the notation
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g, < |(Ven = pDn,l, if e e B,
B if e € 0Q.

Now, we define for any K € 7, the residual-based local a posteriori error

estimator

2 1 2
vk = K+ 5 D lldenl .
ecEy(K)

and the global one,
9 1
n=0Q nk)e,
K
where f;, is a polynomial approximation of f.

First, we recall the following lemma:
Lemma 3 ([25]). The following estimate holds

1

lenly,n +lenlly <€ sup (Ven, Vup )g = (V- vp, &)k

ve(H} )Q@Vh |v|17 h KeT,,

Theorem 1. Given a shape regular triangulation T; and a fixed
polynomial degree of the approximation f;, of f, then there are two
constants C; and Cy, which only depend on Q and on the smallest angle

in Ty, such that the global upper bound

lenly +lenll < C1( D (k +IKIIF - fiulls )2, (11)
KeTy,

and the local lower bound
/ /
Nk < CoIVerly, +lexlo, +IKI2IF - Ful2, )'%). VK € Ty (12
hold.

Proof. Let v e (H§(Q))? NV, and ¢ € @, we have

Ly((epn, ep), (v, q)) = Z {(Ven, VV)g —(en, VV)g + (g, Veep )i |-
KeTy,
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Recalling the error equation (10) with wj, = I v, and using the fact that

V.e;, = 0, we obtain

Lrllens en)s v @) = S ((Ven, (Vv - VIpv))g
KeTy,

—(en, (Vv =VIv))g + (£, Ipv = Ipv)g .

Using, partial integration over each element K and the fact that
(Vu - pI) € H(div, Q) = {w e (I2(Q))?, div w € L?(Q)}, the relation

above yields

Lallen o). o) = D A[ £ (v=Ip)

KeTy,

- I (Vuy, —pp)n - (v - Ijv)
oK
S RN AR
K
- Y vk -5 > [ den (v L)
KeTy, ecEp(K)"™ ¢
+ (f, IhV — jh(IhV))}

Applying Cauchy-Schwartz inequality, (5), (4), and (9), we conclude that

Ly((epn, en), (v, )

IA

Z {”fh ||0,K||V - IhV"o,K + "f —fp ”O,K”V - IhV"o,K
KeTy,

+Enllo. g1 T2 = Tn (L )lg & +IE = £allo &l Tav = In(Inv)lo

1
+ =

Z [Je,nlllv = Ihv"o,e}

ecEy(K)

IA

1/2 1/2
S CURE 284l ¥l o, + KT/ 21E ~ £l gI¥hy
KeTy,
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1/2 1/2
+ K lo, &Vl & + KT 7IE = allo, kVh, o

—

1/2
v 2 e Te IV g
eEEh(K)

Thus,

Lollens en) (v @) < Y. Clng + € = £l )" (Wl 55, )-
KeTy,

The First estimate (11) follows from the Lemma 3. In order to prove the

second estimate (12), let K € 7, we define
wi = K" 2bgfy,
where by is the standard bubble function of the element K. We have
K216 i = Cf A
Using (2) and the fact that (Vuy,, Vwg ) = 0, we have
CIKP 218n 5 & < (5 — £ Wi ) + (Ven, VWi )g = (5, div wi g
< £ = £lo, xIwk lo, & + IVerlo & +lenllo, & VW llo, x
<A{lfx - f||o,K|K|1/2 +[Venllo, & +llenlo, & }EEn o, & -
We obtain
B[ 2o, < CUKT I8 — £l i +1Venlo & +llenlo, ) (13)

Next, let e € Ej,(K). We define

We = |ebo P, 1,

where b, € Hy(w,) is the standard bubble function of e, and P, :

L*(e) »> L”(w,) is the prolongation operator introduced in [26].
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Using scaling argument, partial integration and the fact that
(Vu - pI) € H(div, Q), we get

IA

Cll 9,0 < | [(Vay = pD) -, L w,

[ (Ve -0y,

—I Ve, .Vw, +j gpdiv w, — Z I (Aey, — Vey, )w,.
[0 we K

Kco,

We also have, using scaling arguments:

- Ve, .Vw, +I gpdiv w,

®e We

< C1Venly o, *lenl,o, ) IVWelo,o,

1/2
< ClIVenllo,w, + lerllo,w, Vel “IIe,nlo,e- (14)

Furthermore, it holds

- KZ [ (ae, ~vey)w,
Z Iwae

Kco,

IA

Z UEn = £lo, kWelo & + 1€ llo, kIWelo, & }

Kco,

A

1/2 1/2 1/2
< CC D K[ 26— £l g + KT 218l & )lel* 19, nlo, - (15)

Kco,

Combining inequality (13), (14), and (16), we obtain

1/2 1/2
6 2o nll e < CUVeRly 0, +lonlloe, + 3 1K 218, ~ £y 5} (16

Kco,

This completes the proof of the Theorem 1.
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