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Abstract

Let M be a Riemannian manifold, which satisfies the doubling volume property.
Let L be a 2m-order differential operator on M and m(X), A € R, a multiplier

satisfying the Mikhlin-H6rmander condition. We also assume that the associated
heat kernel satisfies a certain upper Gaussian estimate, and we prove that the

spectral multiplier m(L) is bounded on L”, p € (1, ©) and from L' to L' week.

1. Introduction and Statement
of the Result

Let m(&) be a bounded measurable function in R" and 7}, be the

operator defined by m(&):m(g)?(é), where f denotes the Fourier

transform of f.
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The classical Mikhlin-Hérmander multiplier theorem [17, 20], asserts
that if the multiplier m(L) satisfies the condition:

sup [M*|0*m(L)| < oo,
LeR”

for any multi-index a, with |of < [%} +1, then T, is bounded on L7,

p e (1, ©) and from I! to L! week. In the present paper, we generalize
this theorem for multipliers of higher order differential operators on
Riemannian manifolds.

1.1.The manifolds of our interest. Let M be a complete and non-
compact Riemannian manifold. We denote by d(.,.) the Riemannian
distance, by dx the Riemannian measure, by B(x, r) the ball centered at
x € M with radius r > 0, and by |B(x, r)| its volume. We assume that M
satisfies the doubling volume property, i.e., there is a constant ¢ > 0,

such that

|B(x, 2r)| < ¢[B(x, r)|, for all x € M, r > 0. (1.1)

From (1.1), it follows that there exist constants ¢, D > 0, such that

B, 7)]

D
r
>
B, 0) _c(tj ,forall x e M, r >t > 0. 1.2)

Note that R? , Lie groups of polynomial volume growth and manifolds

with RicM > 0 are examples of such a manifold.

1.2.The operators. Let us denote by L a formally symmetric and non-

negative higher order differential operator of order 2m, m > 1, i.e.,

L= Z ag (x)0%.

loj<2m

Let p;(x, y),t >0, x, y e M, be the associated heat kernel, i.e., the

kernel of the heat semigroup e, We assume that there is a constant
¢ > 0 such that
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d(x, y)2m/(2m—l)
tl/(Zm—l)

|ps (x, ¥)| < cexp[—c J|B(x, t1/2m )|_1, x,ye M,t>0.

(1.3)

One interesting example of such operatoris L = (- A)", i.e., the m-th

power of the Laplacian on RD , for D < 2m. A large class of homogeneous

operators satisfying our assumptions is in [3]. There is a lot of interest for
higher order differential operators as one can see also in [7, 8, 10, 11, 12,

23] and in their references.

1.3. Statement of the result. We denote by dE, the spectral measure
of L. By the spectral theorem,

L- _[ \dE,.
0

If m: R - R is a bounded Borel function, by the spectral theorem,

we can define the spectral multiplier
m(L) = J. m(L)dE; ,
0

which is a bounded operator on L?(M), with [m(L)]o_ye < [m],-

Let us denote by CA(R) the Lipschitz space of order A > 0, and let
us fix a function 0 < ¢ € C*(R), with ¢() =1, for ¢t € [1, 2], d(t) = 0,
t e (271, 4)°. In the present work, we prove the following:

Theorem 1. Let M be a Riemannian manifold as above and
m(L), A € R, be a multiplier satisfying for some A > D /2, the condition

stug [oC)m(t. )] a < oo (1.4)

Then, the operator m(L) is bounded on LP, p € (1, ») and from L' to L}

week.
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For generalizations of the Mikhlin-Hoérmander multiplier theorem to
abstract contexts, we refer the reader, for example, to [1, 2, 4, 9, 14, 16,
18, 19, 21].

In our case, the wave operator costNL does not have the finite
propagation speed property (cf. [26]). So, our proof is based on very good
kernel estimates and a Calderon-Zygmund decomposition. For our

techniques, see also [6, 14].

Throughout this article, the different constants will always be
denoted by the same letter ¢. When their dependence or independence is

significant, it will be clearly stated.

2. Multipliers with Compact Support

2.1. An approximation lemma

Lemma 1 (cf. [22]). For f € C§(R) and A = n+ a with a € (0, 1],

n e N, we set

1L (n) _ ¢(n)
Iflca = Z"f(m)"w + sup{lf (e +8) = fH() it>0,x e R}.
m=0

t(X

Then, for all A > 0, there is a continuous and integrable function ¥

and a constant ¢ > 0, independent of A and f, such that
182]l, < ¢ supp(dy,) < [- &, 2], and |f = f * 0|, < ¢|fpar2.
2.2. Auxiliary estimates. We set Aq(y):B(y,2(‘I+1)/2m)\ B(y, 29/2m),
qgeZ,ye M.
Lemma 2. There are constants ¢ > 0 and & € (0, 1), such that for all
q, j € Z, with q > j, all x € Ay(y) and |f| < s52(a-4)/2(2m-1)

_eala-i)/2(em-1)
<% : . @.1)
|B(y, 2//%m)

I
e pyi(x, )
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— i)' _9ig i)t il
Proof. We have ' = ano%(e )yt = ano_( n)' e 2L

So

IN

e Py (%, )

|t|n -n2/ L
ZFP pzj(X, )l

n>0

tn
Z %lp(n+l)2j (x’ y)l

ngz(q_j)/2

tn
n>2a=7)/2

= Sl + SQ. (22)

Estimation of S;. Using (1.3), we have for every x € A,(y), n < ola=i/2,

IA

n _ 2m[(2m-1)
S ﬂc ex [ cd(x, y)

((n +1)2/ )/@m-1) J|B(y, ((n + 1)20 /2m )L

n§2(q_j)/2

2(1/(2"1—1) j/2m a 0 |t|n
SCe""[‘c(2.2<q—j>/22j)1/<2m—1)J|B(y’2 ) ;Tz

< cexp (- c2W0~ )/ @m-Ng-(a=)/2@m-1)) p(y, 9i/2m )1l

-j)/2(2m-1 —-j)/2(2m-1
1e_c2(q NI )egz(q 7)/2(2m-1)

IA

dB(y, 272

_eola-i)/2(2m-1)

IA

dB(y, 2//%) e 2.3)

n
Estimation of Sy . Using (1.3) and that % < c(%) , we take

1"
nl

Sy < B(y, 2P Y

n>ola=i)/2
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IA

. B 82(q—j)/2(2m—1) n
c|B(y, 2]/2m)| 1 [e —
n>2(§‘:j)/2 9(g-j)/2

IA

By, 2T Y ()

n>ola=i)/2

IA

c|B(y, 2j/2m )l—l Z e "

n>ola=i)/2

-j)/2(2m-1
1e_02(q J)/2(2m-1)

IA

dB(y, 22 : (2.4)

choosing 6 small enough. Then (2.1) follows from (2.2), (2.3), and (2.4).

O

Lemma 3. Let A >0 and f € C()q(O, ). Then, there is a constant

¢ > 0 such that forall j e Z and y € M, we have
. _oJ ; _
@ (e F)py; (2 < elfloal Bly, 277272,

@) £ 2 )2y 3 (22 < el (2.5)
Proof. (i) Integrating (1.3), we get that
|5 (o )y < el B(y, 2772 )2,
By the spectral theorem, it is
£ )py; (M < WL Py ly < clfleal B 29722,
(ii) By Cauchy-Schwartz and claim (i), we get (2.5). O

Lemma 4. Let A >0 and f € 064(0, w). Then, there is a constant

¢ >0 suchthat forall q, jeZ,q > j, and y € M, we have
- -2/ L ~A(g-j)/2(2m-1 j/2m \-1/2
) (e P by (D2, (39) Slfllea 244 2Em D] B(y, 27212,

(2.6)
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(4-2)(g-j)/2(2m-1)

(i) | e 'L 0,5 (> N2 a5y < Ml 2 2.7)

Proof. (i) We consider the function y; ,, givenby Lemma 1 satisfying
19, qll, < and [f=f*v; qll,, < a2z 2@ 2CmD (28)

and supp(d; 4) < [~ s2la-i/2@m-1) -, 62(q_j)/2(2m_1)]. From (2.8), we
take

I(F = 7=, q)(e_2jL )Py (. ¥) ||L2(Aq(y))
< "f - f * w], (I”oo"pzj (" y)"Z
< df] o4 Z—A(q—j)/Z(Zm—1)|B(y, 9i/2m )|71/2. 2.9

For every x € A,(y) by (2.1) and (2.8), we get

(F #0;,)(F), (@ 9)

dt

. 9L
elte p2j (x’ y)

) c-[ |t |<52la-/ 2em-) £ ()]9),4 (1)

c"}?"OO2(qfj)/2(2m71)e—cz(q*f)/z(z’"’l) |B(y, 29/2m) 1

IA

_eala-i)/2(zm-1)

IA

Ifleae |B(y, 271%™
Then by (1.2),

_9l
| (f*vjq)(e #h p2j("y)"L2(Aq(y))

< |4, *91) (20,

_eola-i)/2em-1)

A

< (|f|oae | B(y, 2/2™ )| B(y, 2l@+1)/2m )1/

-j)/2(2m- . .
—c2la=/2( 1)2D(q—])/2m|B(y’ 2]/2m )|71/2

IA

Aflcae
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< C"f"CA 2—A(¢I—j)/2(2m—l)|B(y, 2j/2m )|—1/2. (2.10)

The relation (2.6) follows by (2.9) and (2.10).

(11) From (2.6), Cauchy- Schwartz, and (1.2), we have

£ )y (Mt ()

IA

(e 2 py (g2, () Ag 2

Af] o zfA(qu)/2(2mfl)|B(y, 9i/2m )|_1/2|B(y, o(g+1)/2m )|1/2

IA

Ifllca g Ala=) 2(2"1—1)2%(1—;')/ 2m

IA

_(A-D)(g-i m—
C"f"CAZ (A 2)(q 7/2e2 1),

IA

and the proof is complete. O

2.3. L” - boundedness. We are now ready to prove the following:

Proposition 1. Let A > g and m e C{(0, »). Then m(L) is
bounded on LP, forall p € [1, «].
Proof. Let f(s) = m(-logs)s™!. Then, we take m(s) = f(e~*)e .
Because m € C4' (0, ), then so does f. In terms of L, it is
m(L) = fle™F)e™", K(x, y) = m(L)s(y) = f(e™")p(x, 7).

where 3, (y) is the Dirac mass at x and K(x, y) is the kernel of m(L). It

suffices to show that the Kernel K(x, y) is integrable. Then, we have the

L”-boundedness and by interpolation and symmetry the L7,

boundedness for all p € [1, «©].
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1KC )y = 176 D) + 2 M1 9, )
q=0

Using (2.5) and (2.7), we take because A > D/ 2,

~D)q/2(2m-1) e

> (4
| KG9y < clflea +dlflea Y2 (
q=0

and the proof is complete. O

3. Preparation for the Proof

3.1. Calderon-Zygmund decomposition. Following ([5], p. 73-75), we
consider bounded supported 0 < f e I’NL? and a > 0. There are

constants ¢ =c(M) >0,k = k(M) e N, and a sequence of balls
B; = B(x;, r;) such that

(1) f(x) < ca, ae.in M — UBi?
(2) |Bi|7ljB. f(x)dx < ca;

@ B < e/ a)lfly:

(4) each point belongs to at most k balls B;.

Now following [13], we consider the functions

1p,(x)

nix)=<————,x € B;,n;(x)=0,and x € M - B,.
2. 15,®)

n;f and

Also, we set w;

—r2my,

e ! wi,ei :wi_bi’andg:]‘M—UiBi'

b;
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We can write the function f in the form
f:g+Zbi +Zei.
i i
We continue with a lemma, whose analogue in second order one can
see in [6].
Lemma 5. Let b e L' supported in B(z, r),ze M, r< g1/2m. Then,
there is a constant ¢ > 0 independent of b such that for all u e L2,

cf o],

(u, e_tLb> < m

(Mu, 1B(z,r)>’ 3.1)

where Mu(y) = sup,.o| B(y, r)|_1jB(y r)| u(x)| dx, is the Hardy-Littlewood

maximal function.

Proof. Using (1.3), we take

e tp(y) = _[M py(x, y)(y)dy

~ d(x, y)2m/(2m—l) L 2m o1
SCJ B(Z,,)eXp[ ¢ iemD |B(y, t72™)[ | b(y) | dy.

1/2m

Because d(y, z) <r <t , we have that

d(x, y)Zm/(Zm—l) / d(x, Z)Zm/(Zm—l)
°xp {_ T /em D) SCOXP| SO ey )

and by (1.1), we have also | B(y, /2" ! < dB(z, /%" ). So

d(x, Z)Zm/(2m—1)
1/ @m-1)

“thp(y) < (— ]B , ¢1/2m )71 b(y)d
e hb(y) < cexp| ~c O N O

— cd(x, 2m/(2m-1) - B
:cexp( ¢ (:1/(22),71_1) 1Bz, 22 el B D7 e ()
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< c||b||1 expl — " d(x, y)2m/(2m—1)
|B(z, )| J Bz, r) 1/ @m-1)

J | B(y, /%™ ) g0, () dy.

We set D, (y,t)= B(y, o(g+1)41/2m )-B(y, 94 1/2m ), then

M =B (y, {'/?")U U,s0Da . 0.

We take that

d(x, yym/Cm ) 1/2m -1
J.B(y, tl/Zm)eXp (— ¢ /@) |u(x)||B(y, ¢ / ) dx < Mu(y).

d(x, 2m/(2m-1)
P (_c . tly/)(2m—1) |ux)]
d

I Dy(3.1) |B(y, 11/2m),

X

_¢992m/(2m-1)
ce c2

|B(y, /2| J (o,

IA

|ee(x) | dox
t)

2m/(2m-1
Ce—ch /( )IB(y, 2(q+1)t1/2m )l

|B(y, t1/2m )| Mu(y)

_0q2m/(2m-1)
< ce c2

D
29" Mu(y)

_¢942m/(2m-1)
< ce c2

Mu(y).

So, we take

_dlx, y)2m/@m-1) 1/2m -1
jMexp[ ¢ /) |u(x)||B(y, t )| dx

_¢992m/(2m-1)
e c2

< Mu(y) + CZ Mu(y) < cMu(y),

q=>0

and finally,

(u, e’tLb) < C"b”l

< e Mu(y)l d,
|B(Z, r)l Blz.r) u(y) B(z,r)(y) Y
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< WU‘@(Q’) 1B(z,r))-

Corollary 1. There is a constant ¢ > 0 independent of f such that

< cd|fl;- (3.2)

2m

Proof. Let u e 2. We recall that b, = e ' Lwi and supp(w;) <
B(x;, ;). Then by (3.1) and part (2) of Calderon-Zygmund decomposition,

we have

(u, Zbi) < Z(u, e i w; )

i
Z|B(xz,lz>|<M“ L8(im))

IA

ca(Mu, ZIB(xiJi)>

IA

caltly > Ly )l (33)
i

Now by parts (3) and (4) of Calderon-Zygmund decomposition,

2

ZlB(xi,'“i)
i 2

The relation (3.2) follows from (3.3) and (3.4) by setting u = zibi'

<c) Byl < ZIfly- (3.4)

3.2. Kernel estimates. Following [4], since by (1.3) tlim||e_th||2 =0, we
—>0

1/t
conclude that tlim|| jdE;L (f)ll; = 0. So, the point A = 0 may be neglected
—o
0

in the spectral resolution of L and we can consider m()) defined in
(0, ).
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Following [17, 14], we consider a C™ function ¢, satisfying

supp (¢) = (271, 2) and Z¢(2jt) =1,t>0.
Jjez

We divide the multiplier m into pieces m;, j € Z, by setting
mj(s) = m(s)9(27s), j e Z (3.5)
We have

supp (m;) (27771, 277*1) and m(s) = ij(s). (3.6)

Jjez
We denote by K(x, y) and K;(x, y) the kernels of the m and mj,
respectively. Then K(x, y) = szZKj(x, y). We set hj(s) = m;( - 27/

log s)s_l, j € Z. Then, the functions h; are compactly supported and
|7jllca < c. Note that
_9J _9J _9J .
mj(L) = hj(e*F)e™ " and Kj(x, y) = hj(e > *)p,;(x, ¥), j € Z. (3.7)

Lemma 6. There is a ¢ >0 such that for every q, jeZ,q > j,
yeM,

(4-D)(g—i)/2(2m—
(4-2)a-i)/22m-1) 3.9

G 9N ay (r)) €2
Proof. By (3.7) and (2.7) follows (3.8). O
We consider the functions g; .(s) = hj(s)SQT_J, T2 j. Let S ;(x, y)

be the kernel of m; (L)ei2TL. Then, we obtain that

2™

_ j _oJ
lgj -llca < ce and S; .(x, y) = gj (e 2 L)pzj (x, ). (3.9

Lemma 7. There is a ¢ >0 such that for every T, jeZ, 12 ],

ye M,
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1S4 (o )y < ce . (3.10)

o™

Proof. By (2.5) and (3.9), it is [S; (. ¥l (p(y,2i/2my) < ce

Also by (2.7), we take because A > g,

T—J —A-L)(q-j m-— T—J
15,76 i (B, 2312m gy < ce™ 122 (a-3)a-s)/2m-n <ce 2,

qzj

Let now Aj .(x, y) be the kernels of (I — e 2L )m;i(L).

Lemma 8. There is a ¢ >0 such that for every T, jeZ, 12 ],

ye M,

(4-D)(r—)/2(2m—
1A+ G By am/2m ey < €2 (a-B)er—yatem-) (3.11)

Proof. We have that

Ajr(x, 3) = (1= P )mj(L)o, () = Kj(x, y) - Sj-(x, 3).  (3.12)
D
By (3.8), we have because A > 5

1B 2 yrtzm e = DK G g3, o)

Q=T

IA

5 o (4-2)a-i)/2em-1)

Q=T

027(A7§)(Tf j)/2(2m-1)

IA

(3.13)

Now (3.11) follows from (3.13), (3.12), and (3.10). O

We consider the functions f; .(s)= (1~ s )hj(s), T < j. We

observe that
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_ _9J .
Ifjcllea <2777, Aj o (x, ) = fj (e L)pzj(x, y), T < J. (3.14)
Lemma 9. Thereis a ¢ > 0 such that forevery v, jeZ, 7< j ye M,

1A (o)) < e2™ (3.15)

Proof. By (2.5), (2.7), and (3.14), we have because A > g,

18- Cl < 18-y, giremy + Z||Aj,7(-,y)||L1(Aq(y))
qzj

. . (A_D)(y_; _ .
<c2™ 12N 2 (4~ )a-iyztem-1) <27,

qzj

Let A.(x, ¥) be the kernel of (I — e 2L )ym(L).
Lemma 10. Thereis a ¢ > 0 such that for every T € Z, y € M,

||AT("y)"L1(B(y,2T/2m )C) <ec (316)

Proof. It is A, (x, y) = ngTAj,T(% y) + j>TA]~7T(x, y). By (3.11)

and (3.15), we take by using that A > g,

—A-L)(r-j)/2(2m-1 ,
I A S el P P

J<T j>T

4. Proof of Theorem 1

We will prove that there is a constant ¢ >0, such that for every

fell,

mof] > alf <« . @)
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We recall that f = g + D .b; + > .0;, so
[{{m(L)f| > a}|
a a Qa
<[{m(L)gl > 5l +[Im(L)Y bil > S H+ [{mE)Y 0i] > Tl - (42)
l 1
By the property (1) of Calderon-Zygmund decomposition, we take
a 9 2 c 2 ¢, 8 c
mel > 1 < S Im(Lel; <SS 1el} < S Ly < . @)
By (3.2), we take
Qa C Cc
{m(@)Y bl > 53 < -F1D billy < <1l (4.49)
i a7

By (3.16), it is ||m(L)6; ||L1(B(xi, )< c|w;|;, and then by the property

er; )

(3) of Calderon-Zygmund decomposition, we take
a a c
|{|m(L)Zei| >l <lixe M- UBi : |m(L)Zei| >33+ |UBi| < Ik
l l 1 1
(4.5)
The theorem follows from (4.1), (4.2), (4.3), (4.4), and (4.5). O

5. Final Remarks

It is also interesting the problem of HP?-boundedness for the
multipliers m(L). One has to suppose that M has bounded geometry. Also
that the estimate

d(x, y)m/GmD) J (d(y, Z)T,

C
|pi(x, ¥) = pi(x, Z)ISWQXP[ T em) 1/2m

(5.1)

holds for every x,y,ze M,t>0 with d(y, z) < t1/2m, for some
y € (0, 1].
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Then by using the strategy of [14] follows that if m()) satisfies the

condition (1.4) for A > D(%—%), then m(L) is bounded on H?, for

ever e( D 1
y p D+y |

(1]

(2]

(3]

(4]

(5]

(6]

(7]

(8]

(9]

(10]

(11]

(12]

(13]
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