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Abstract 

Let M be a Riemannian manifold, which satisfies the doubling volume property. 
Let L be a 2m-order differential operator on M and ( ) ,, R∈λλm  a multiplier 
satisfying the Mikhlin-Hörmander condition. We also assume that the associated 
heat kernel satisfies a certain upper Gaussian estimate, and we prove that the 

spectral multiplier ( )Lm  is bounded on ( )∞∈ ,1, pLp  and from 1L  to 1L  week. 

1. Introduction and Statement  
of the Result 

Let ( )ξm  be a bounded measurable function in nR  and mT  be the 

operator defined by n ( ) ( ) � ( ) ,mT f m fξ = ξ ξ  where �f  denotes the Fourier 
transform of f. 
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The classical Mikhlin-Hörmander multiplier theorem [17, 20], asserts 
that if the multiplier ( )λm  satisfies the condition: 

( ) ,sup ∞<λ∂λ αα

∈λ
m

nR
 

for any multi-index ,α  with ,12 +



≤α n  then mT  is bounded on ,pL  

( )∞∈ ,1p  and from 1L  to 1L  week. In the present paper, we generalize 
this theorem for multipliers of higher order differential operators on 
Riemannian manifolds. 

1.1. The manifolds of our interest. Let M be a complete and non- 
compact Riemannian manifold. We denote by ( )..,d  the Riemannian 

distance, by dx the Riemannian measure, by ( )rxB ,  the ball centered at 

Mx ∈  with radius ,0>r  and by ( )rxB ,  its volume. We assume that M 

satisfies the doubling volume property, i.e., there is a constant ,0>c  
such that  

( ) ( ) .0,allfor,,2, >∈≤ rMxrxBcrxB   (1.1) 

From (1.1), it follows that there exist constants ,0, >Dc  such that 

( )
( ) .0,allfor,,

,
>≥∈





≤ trMxt

rctxB
rxB D

  (1.2) 

Note that ,DR  Lie groups of polynomial volume growth and manifolds 
with 0≥RicM  are examples of such a manifold. 

1.2. The operators. Let us denote by L a formally symmetric and non-
negative higher order differential operator of order ,1,2 ≥mm  i.e., 

( ) .
2

α
α

≤α

∂= ∑ x
m

xaL  

Let ( ) ,,,0,, Myxtyxpt ∈>  be the associated heat kernel, i.e., the 

kernel of the heat semigroup .tLe−  We assume that there is a constant 
0>c  such that 
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( ) ( ) ( )

( ) ( ) .0,,,,,exp, 121
121

122
>∈










−≤ −

−

−
tMyxtxB

t
yxdccyxp m

m

mm
t  

(1.3) 

One interesting example of such operator is ( ) ,mL ∆−=  i.e., the m-th 

power of the Laplacian on ,DR  for .2mD <  A large class of homogeneous 

operators satisfying our assumptions is in [3]. There is a lot of interest for 
higher order differential operators as one can see also in [7, 8, 10, 11, 12, 
23] and in their references. 

1.3. Statement of the result. We denote by λdE  the spectral measure 

of L. By the spectral theorem, 

.
0

λ
∞
λ= ∫ dEL  

If RR →:m  is a bounded Borel function, by the spectral theorem, 
we can define the spectral multiplier 

( ) ( ) ,
0

λ
∞

λ= ∫ dEmLm  

which is a bounded operator on ( ),2 ML  with ( ) .22 ∞→ ≤ mLm  

Let us denote by ( )RAC  the Lipschitz space of order ,0>A  and let 

us fix a function ( ),0 R∞∈φ≤ C  with ( ) ,1=φ t  for [ ] ( ) ,0,2,1 =φ∈ tt  

( ) .4,2 1 ct −∈  In the present work, we prove the following: 

Theorem 1. Let M be a Riemannian manifold as above and  
( ) ,, R∈λλm  be a multiplier satisfying for some ,2DA >  the condition 

( ) ( ) ...sup
0

∞<φ
>

Atm
t C   (1.4) 

Then, the operator ( )Lm  is bounded on ( )∞∈ ,1, pLp  and from 1L  to 1L  
week. 
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For generalizations of the Mikhlin-Hörmander multiplier theorem to 
abstract contexts, we refer the reader, for example, to [1, 2, 4, 9, 14, 16, 
18, 19, 21]. 

In our case, the wave operator Ltcos  does not have the finite 
propagation speed property (cf. [26]). So, our proof is based on very good 
kernel estimates and a Calderon-Zygmund decomposition. For our 
techniques, see also [6, 14]. 

Throughout this article, the different constants will always be 
denoted by the same letter c. When their dependence or independence is 
significant, it will be clearly stated. 

2. Multipliers with Compact Support 

2.1. An approximation lemma 

Lemma 1 (cf. [22]). For ( )RnCf 0∈  and α+= nA  with ( ],1,0∈α  

,N∈n  we set 

( )
( )( ) ( )( ) .,0;sup

0 











∈>
−+

+=
α∞

=
∑ Rxt

t
xftxfff

nn
m

n

m
AC  

Then, for all ,0>λ  there is a continuous and integrable function λ/v  

and a constant ,0>c  independent of λ  and f, such that 

( ) [ ] .,,ˆsupp,ˆ AAfcvffandvcv −
∞λλ∞λ λ≤/∗−λλ−⊂/≤/ C  

2.2. Auxiliary estimates. We set ( ) ( ( ) ) ( ),2,\2, 221 mqmq
q yByByA +=  

., Myq ∈∈ Z  

Lemma 2. There are constants 0>c  and ( ),1,0∈δ  such that for all 

,, Z∈jq  with ,jq ≥  all ( )yAx q∈  and ( ) ( )1222 −−δ≤ mjqt  

( )
( ) ( )

( )
.

2,
, 2

2

2

122
2

mj

c
ite

yB
ceyxpe

mjq

j
Lj −−

− −
≤   (2.1) 
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Proof. We have ( ) ( ) ( )
!! 0

2
0

2

n
iten

ite
n

n
nL

n

n
ite jLj

∑∑ ≥
−

≥
==

−
 .2 Ln j
e−  

So 

 ( ) ( )yxpen
tyxpe j

j
j

Lj
Ln

n

n

ite ,!, 2
2

0
2

2 −

≥
∑≤

−
 

( )
( ) ( )yxpn

t
j

jq
n

n

n

,! 21
2 2

+
≤
∑

−

=  

( )
( ) ( )yxpn

t
j

jq
n

n

n

,! 21
2 2

+
>
∑

−

+  

.: 21 SS +=  (2.2) 

Estimation of 1S . Using (1.3), we have for every ( ) ( ) .2, 2jq
q nyAx −≤∈  

( )

( ) ( )

(( ) ) ( ) ( (( ) ) ) 121
121

122

2
1 21,

21
,exp!

2

−
−

−

≤

+










+

−
≤ ∑

−

mj
mj

mmn

n

nyB
n

yxcdcn
tS

jq
 

( )

( ( ) ) ( ) ( ) !2,
222

2exp
0

12
1212

12

n
tyBcc

n

n

mj
mjjq

mq

∑
∞

=

−
−−

−












⋅
−≤  

( ( ) ( ) ( ) ( ) ) ( ) tmjmjqmjq eyBcc 1212212 2,22exp −−−−−−−≤  

( )
( ) ( ) ( ) ( )122122 22122,

−−−− δ−−≤
mjqmjq

eeyBc cmj  

( )
( ) ( )

.2,
122212 −−−−≤

mjqcmj eyBc  (2.3) 

Estimation of 2S . Using (1.3) and that ,!
1 n

n
ecn 




≤  we take 

( )
( )

!2,
22

12
2 n

tyBcS
n

n

mj

jq
∑

−>

−≤  
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( )
( )

( ) ( )

( )

n

jq

mjq

n

mj eyBc
jq








 δ≤
−

−−

>

− ∑
−

2

122

2

12
2

22,
2

 

( )
( )

( )n

n

mj eyBc
jq

δ≤ ∑
−>

−

22

122,  

( )
( )

cn

n

mj eyBc
jq

−

>

− ∑
−

≤
22

122,  

( )
( ) ( )

,2,
122212 −−−−≤

mjqcmj eyBc  (2.4) 

choosing δ  small enough. Then (2.1) follows from (2.2), (2.3), and (2.4). 

 

Lemma 3. Let 0>A  and ( ).,00 ∞∈ Af C  Then, there is a constant 

0>c  such that for all Z∈j  and ,My ∈  we have 

(i)  ( ) ( ) ( ) .2,., 212
22

2 −− ≤ mjL yBfcypef Aj
j

C  

(ii) ( ) ( ) ( ( ) ) .., 21 2,2
2 Amjj

j
fcypef yBL

L
C≤−  (2.5) 

Proof. (i) Integrating (1.3), we get that  

( ) ( ) .2,., 212
22

−≤ mjyBcyp j  

By the spectral theorem, it is 

( ) ( ) ( ) .2,., 212
2222

2 −
∞

− ≤≤ mjL yBfcpfypef Ajj
j

C  

(ii) By Cauchy-Schwartz and claim (i), we get (2.5).   

Lemma 4. Let 0>A  and ( ).,00 ∞∈ Af C  Then, there is a constant 

0>c  such that for all ,,, jqjq ≥∈ Z  and ,My ∈  we have 

(i) ( ) ( ) ( ( ) )
( ) ( ) ( ) .2,2., 212122

2
2 2

−−−−− ≤ mjmjqA
yAL

L yBfcypef A
qj

j
C  

(2.6) 
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(ii) ( ) ( ) ( ( ) )
( )( ) ( )

.2.,
122

2
2 21

−−−−− ≤
mjqA

yAL
L

D
A

qj
j

fcypef C   (2.7) 

Proof. (i) We consider the function ,, qjv/  given by Lemma 1 satisfying 

( ) ( ),2andˆ 122
,,

−−−
∞∞ ≤/∗−</ mjqA

qjqj Afcvffcv C   (2.8) 

and ( ) [ ( ) ( ) ( ) ( ) ].2,2ˆsupp 122122
,

−−−− δ+δ−⊆/ mjqmjq
qjv  From (2.8), we 

take 

( ) ( ) ( ) ( ( ) )yAL
L

qj qj
j

ypevff 2.,2
2

,
−/∗−  

( ) 22, ., ypvff jqj ∞/∗−≤  

( ) ( ) ( ) .2,2 212122 −−−−≤ mjmjqA yBfc AC  (2.9) 

For every ( )yAx q∈  by (2.1) and (2.8), we get 

( ) ( ) ( )yxevf
j

j
p

L
qj ,

2

2
,

−/∗  

( ) ( ) ( ) n ( ) ( )
2

2 2 1 , 22
ˆ ,

j L
jq j m

ite
j q

t
c f t v t e p x y dt

−

− −≤δ
≤ /∫  

( ) ( ) ( ) ( )
( ) 122122 2,2ˆ 122 −−−−

∞
−−

≤ mjcmjq yBefc
mjq

 

( ) ( )
( ) .2, 122 122 −− −−

≤ mjc yBefc
mjq

AC  

Then by (1.2), 

( ) ( ) ( ) ( ( ) )yALp
L

qj qj

j
yevf 2

2
.,2

,
−/∗  

( ) ( ) ( ) ( ) ∞
−/∗≤ yevfyA

j

j
p

L
qjq .,

2
2
1 2

,  

( ) ( )
( ) ( ( ) ) 2121122 2,2,

122 mqmjc yByBefc
mjq

A +−− −−
≤ C  

( ) ( ) ( ) ( ) 21222 2,2
122 −−− −−

≤ mjmjqDc yBefc
mjq

AC  
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( ) ( ) ( ) .2,2 212122 −−−−≤ mjmjqA yBfc AC  (2.10) 

The relation (2.6) follows by (2.9) and (2.10). 

(ii) From (2.6), Cauchy- Schwartz, and (1.2), we have 

( ) ( ) ( ( ) )yAL
L

qj
j

ypef 1.,2
2−  

( ) ( ) ( ( ) ) ( ) 21
2

2 2., yAypef qyAL
L

qj
j−≤  

( ) ( ) ( ) ( ( ) ) 2121212122 2,2,2 mqmjmjqA yByBfc A +−−−−≤ C  

( ) ( ) ( ) mjqmjqA
D

Afc
2122 222

−−−−≤ C  

( )( ) ( )
,2

1222 −−−−
≤

mjqA D
Afc C  

and the proof is complete.  

2.3. -pL boundedness. We are now ready to prove the following: 

Proposition 1. Let 2
DA >  and ( ).,00 ∞∈ Am C  Then ( )Lm  is 

bounded on ,pL  for all [ ].,1 ∞∈p  

Proof. Let ( ) ( ) .log 1−−= ssmsf  Then, we take ( ) ( ) .ss eefsm −−=  

Because ( ),,00 ∞∈ Am C  then so does f. In terms of L, it is 

( ) ( ) ( ) ( ) ( ) ( ) ( ),,,, 1 yxpefyLmyxKeefLm L
x

LL −−− =δ==  

where ( )yxδ  is the Dirac mass at x and ( )yxK ,  is the kernel of ( ).Lm  It 

suffices to show that the Kernel ( )yxK ,  is integrable. Then, we have the 

-∞L boundedness and by interpolation and symmetry the ,pL  

boundedness for all [ ].,1 ∞∈p  
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( ) ( ) ( ) ( )( ) ( ) ( ) ( ( ) )..,.,., 11 1
0

1,11 yAL
L

q
yBL

L
q

ypefypefyK −
∞

=

− ∑+=  

Using (2.5) and (2.7), we take because ,2DA >  

( )
( ) ( )

,2.,
122

0
1

2 cfcfcyK
mqA

q

D
AA <+≤

−−−
∞

=
∑CC  

and the proof is complete.  

3. Preparation for the Proof 

3.1. Calderon-Zygmund decomposition. Following ([5], p. 73-75), we 

consider bounded supported 210 LLf ∩∈≤  and .0>a  There are 

constants ( ) ( ) ,,0 ∗∈=>= NMkkMcc  and a sequence of balls        

=iB  ( )ii rxB ,  such that 

(1)   ( ) ,caxf ≤  a.e. in ;i
i

BM ∪−  

(2)   ( ) ;1 cadxxfB
iBi ≤∫−  

(3)   ( ) ;1facBi
i

≤∑  

(4)   each point belongs to at most k balls .iB  

Now following [13], we consider the functions 

( )
( )

( )
( ) .and,0,, iii

Bj

B
i BMxxBx

x

x
x

j

i −∈=η∈=η
∑ 1

1
 

Also, we set fw ii η=  and 

.and,,
2

iMiiii
Lr

i Bgbwweb i

m
i ∪−

−
=−=θ= 1  
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We can write the function f in the form 

.i
i

i
i

bgf θ++= ∑∑  

We continue with a lemma, whose analogue in second order one can 
see in [6]. 

Lemma 5. Let 1Lb ∈  supported in ( ) .,,, 21 mtrMzrzB ≤∈  Then, 

there is a constant 0>c  independent of b such that for all ,2Lu ∈  

( ) ( ) ,,,, ,
1

rzB
tL MurzB

bcbeu 1≤−   (3.1) 

where ( ) ( )
( )

( ) ,,sup
,

1
0 dxxuryByMu

ryBr ∫−
>=  is the Hardy-Littlewood 

maximal function. 

Proof. Using (1.3), we take 

( ) ( ) ( )dyybyxpybe t
M

tL ,∫=−  

( )

( ) ( )

( ) ( ) ( ) .,,exp 121
121

122

,
dyybtyB

t
yxdcc m

m

mm

rzB
−

−

−











−≤ ∫  

Because ( ) ,, 21 mtrzyd ≤<  we have that 

( ) ( )

( )
( ) ( )

( ) ,,exp,exp 121

122

121

122











′−≤










−

−

−

−

−

m

mm

m

mm

t
zxdcc

t
yxdc  

and by (1.1), we have also ( ) ( ) .,, 121121 −− ≤ mm tzBctyB  So 

( ) ( ) ( )

( ) ( )
( )

( ) dyybtzB
t
zxdccybe

rzB
m

m

mm
tL ∫−

−

−
−











−≤

,
121

121

122
,,exp  

( ) ( )

( ) ( ) ( ) ( )( )dyyrzBbtzB
t

zxdcc rzB
M

m
m

mm
,

1
1

121
121

122
,,,exp 1∫−−

−

−










 ′−
=  
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( ) ( )

( ) ( )

( ) ( ) ( )( ) .,,exp, ,
121

121

122

,
1 dyytyB

t
yxdcrzB

bc
rzB

m
m

mm

rzB
1−

−

−











′′−≤ ∫  

We set ( ) ( ( ) ) ( ),2,2,, 21211 mqmq
q tyBtyBtyD −= +  then 

 BM = ( )mty 21, ( ).,0 tyDqq∪∪ ≥
  

We take that 

( )

( ) ( )

( ) ( ) ( ) ( ).,,exp 121
121

122

, 21 yMudxtyBxu
t
yxdc m

m

mm

tyB m ≤









− −

−

−

∫  

( )

( ) ( )

( ) ( )

( )
dx

tyB

xu
t
yxdc

m

m

mm

tyDq
21

121

122

, ,

,exp 









−

−

−

∫  

( )

( ) ( )
( ) dxxu

tyB
ce

tyDm

c

q

mmq

∫
−−

≤
,21

2

,

122

 

( )
( ( ) )

( )
( )yMu

tyB
tyBce

m

mqc mmq

21

2112

,
2,

122 +− −

≤  

( )
( )yMuce

Dmmq qc 2
1222 −−≤  

( )
( ).

1222 yMuce
mmqc −−≤  

So, we take 

( ) ( )

( ) ( ) ( ) dxtyBxu
t
yxdc m

m

mm

M
121

121

122
,,exp −

−

−











−∫  

( )
( )

( ) ( ),
1222

0
ycMuyMuecyMu

mmqc

q
≤+≤

−−

≥
∑  

and finally, 

( ) ( )
( ) ( )( )dyyyMurzB

bc
beu rzB

rzB
tL

,
,

1
,, 1∫≤−  
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( ) ( ) ( ) .,, ,
1

rzByMurzB
bc

1≤  

 

Corollary 1. There is a constant 0>c  independent of f such that 

.1

2

2
fcabi

i
≤∑  (3.2) 

Proof. Let .2Lu ∈  We recall that i
Lr

i web
m

i
2−

=  and ( ) ⊆iwsupp  
( )., ii rxB  Then by (3.1) and part (2) of Calderon-Zygmund decomposition, 

we have 

i
Lr

i
i

i
weubu

m
i
2

,, −∑∑ ≤  

( ) ( )ii rxB
ii

i

i
MurxB

w
c ,

1 ,, 1∑≤  

( )ii rxB
i

Muca ,, 1∑≤  

( ) .2,2 ii rxB
i

uca 1∑≤  (3.3) 

Now by parts (3) and (4) of Calderon-Zygmund decomposition, 

( ) .1

2

2
, fa

cBc i
i

rxB
i

ii ≤≤ ∑∑1   (3.4) 

The relation (3.2) follows from (3.3) and (3.4) by setting .iibu ∑=  

3.2. Kernel estimates. Following [4], since by (1.3) ,0lim 2 =−
∞→

fe tL
t

 we 

conclude that ( ) .0lim 2

1

0
=λ∞→ ∫ fdE

t

t
 So, the point 0=λ  may be neglected 

in the spectral resolution of L and we can consider ( )λm  defined in 
( ).,0 ∞  
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Following [17, 14], we consider a ∞C  function ,φ  satisfying 

( ) ( ) ( ) .0,12and2,2supp 1 >=φ⊂φ ∑
∈

− ttj
j Z

 

We divide the multiplier m into pieces ,, Z∈jmj  by setting 

( ) ( ) ( ) .,2 Z∈φ= jssmsm j
j   (3.5) 

We have 

( ) ( ) ( ) ( ).and2,2supp 11 smsmm j
j

jj
j ∑

∈

+−−− =⊂
Z

  (3.6) 

We denote by ( )yxK ,  and ( )yxK j ,  the kernels of the m and ,jm  

respectively. Then ( ) ( ).,, yxKyxK jj∑ ∈
= Z  We set ( ) ( j

jj msh −−= 2  

) .,log 1 Z∈− jss  Then, the functions jh  are compactly supported and 

.ch Aj ≤C  Note that 

( ) ( ) ( ) ( ) ( ) .,,,and 2
222 Z∈== −−− jyxpehyxKeehLm j

jjj L
jj

LL
jj  (3.7) 

Lemma 6. There is a 0>c  such that for every ,,, jqjq ≥∈ Z  
,My ∈  

( ) ( ( ) )
( )( ) ( )

.2.,
12221
−−−−

≤
mjqA

yALj
D

q
cyK   (3.8) 

Proof. By (3.7) and (2.7) follows (3.8).   

We consider the functions ( ) ( ) .,2
, jsshsg

j
jj ≥=

−
τ

τ
τ  Let ( )yxS j ,, τ  

be the kernel of ( ) .2 L
j eLm

τ−  Then, we obtain that 

( ) ( ) ( ).,,and 2
2

,,
2

, yxpegyxSceg j
jj

A L
jj

c
j

−− =≤
−

τττ
τ

C   (3.9) 

Lemma 7. There is a 0>c  such that for every ,,, jj ≥∈ ττ Z  
,My ∈  
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( ) .., 2
1,

jc
j ceyS

−−≤
τ

τ   (3.10) 

Proof. By (2.5) and (3.9), it is ( ) ( ( ) ) .., 2
2,, 21

j
mj c

yBLj ceyS
−−≤

τ
τ  

Also by (2.7), we take because ,2
DA >  

( ) ( ( ) )
( )( ) ( )

.2., 21222
2,, 221

jDj
cmj cmjqA

jq

c
yBLj ceceyS

−− −−−−−

≥

− ≤≤ ∑ ττ
τ  

 

Let now ( )yxj ,, τΛ  be the kernels of ( ) ( ).2 LmeI j
Lτ−−  

Lemma 8. There is a 0>c  such that for every ,,, jj ≥∈ ττ Z  

,My ∈  

( ) ( ( ) )
( )( ) ( )

.2.,
122

2,, 221
−−−−

≤Λ
mjA

yBLj
D

cm cy
τ

τ τ   (3.11) 

Proof. We have that 

( ) ( ) ( ) ( ) ( ) ( ).,,, ,
2

, yxSyxKyLmeIyx jjxj
L

j ττ
τ

−=δ−=Λ −   (3.12) 

By (3.8), we have because ,2
DA >  

( ) ( ( ) ( ) ( ( ) )yALj
q

yBLj q
cm yKyK 121 .,., 2, ∑

≥

=
τ

τ  

( )( ) ( )12222
−−−−

≥
∑≤

mjqA

q

D
c

τ
 

( )( ) ( )
.2

1222 −−−−
≤

mjA D
c

τ
 (3.13) 

Now (3.11) follows from (3.13), (3.12), and (3.10).  

We consider the functions ( ) ( ) ( ) .,1 2
, jshssf jj

j
≤−=

−
τ

τ
τ  We 

observe that 
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( ) ( ) ( ) .,,,,2 2
2

,,, jyxpefyxcf j
j

A L
jj

j
j ≤=Λ≤ −− τττ

τ
τ C   (3.14) 

Lemma 9. There is a 0>c  such that for every ,,,, Myjj ∈≤∈ ττ Z  

( ) .2., 1,
j

j cy −≤Λ τ
τ   (3.15) 

Proof. By (2.5), (2.7), and (3.14), we have because ,2
DA >  

( ) ( ) ( ) ( ) ( ( ) )yALj
jq

yBjj q
mj yyy 12 .,.,., ,2,,1, τττ Λ+Λ≤Λ ∑

≥

 

( )( ) ( )
.2222

1222 jmjqA

jq

jj ccc
D

−−−−−

≥

−− ≤+≤ ∑ τττ  

 

Let ( )yx,τΛ  be the kernel of ( ) ( ).2 LmeI Lτ−−  

Lemma 10. There is a 0>c  such that for every ,, My ∈∈ Zτ  

( ) ( ( ) ) .., 21 2, cy cmyBL ≤Λ ττ   (3.16) 

Proof. It is ( ) ( ) ( ).,,, ,, yxyxyx jjjj τττττ Λ+Λ=Λ ∑∑ >≤
 By (3.11) 

and (3.15), we take by using that ,2
DA >  

( ) ( ( ) )
( )( ) ( )

.22.,
122

2,
221 cccy j

j

mjA

j
yBL

D
cm ≤+≤Λ −

>

−−−−

≤
∑∑ τ

τ

τ

τ
τ τ  

 

4. Proof of Theorem 1 

We will prove that there is a constant ,0>c  such that for every 

,1Lf ∈  

( ){ } .1
a
fc

afLm ≤>   (4.1) 
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We recall that ,iiiibgf θ++= ∑∑  so 

( ){ }afLm >  

{ ( ) } { ( ) } { ( ) } .333
aLmabLmagLm i

i
i

i
>θ+>+>≤ ∑∑  (4.2) 

By the property (1) of Calderon-Zygmund decomposition, we take 

{ ( ) } ( ) .9
3 11

2
22

2
22 fa

cga
g

a
cg

a
cgLm

a
agLm ≤≤≤≤>   (4.3) 

By (3.2), we take 

{ ( ) } .3 1
2
22 fa

cb
a
cabLm i

i
i

i
≤≤> ∑∑   (4.4) 

By (3.16), it is ( ) ( ( ) ) ,1,1 icrxBLi wcLm c
ii

≤θ  and then by the property 

(3) of Calderon-Zygmund decomposition, we take 

{ ( ) } { ( ) } .3:3 1fa
cBaLmBMxaLm i

i
i

i
i

i
i

i
≤+>θ−∈≤>θ ∑∑ ∪∪  

(4.5) 

The theorem follows from (4.1), (4.2), (4.3), (4.4), and (4.5).  

5. Final Remarks 

It is also interesting the problem of -pH boundedness for the 

multipliers ( ).Lm  One has to suppose that M has bounded geometry. Also 

that the estimate 

( ) ( )
( )

( ) ( )

( )
( ) ,,,exp

,
,, 21121

122

21

γ

−

−


















−≤− mm

mm

mtt
t

zyd
t
yxdc

txB
czxpyxp  

(5.1) 

holds for every 0,,, >∈ tMzyx  with ( ) ,, 21 mtzyd ≤  for some 

∈γ ( ].1,0  
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Then by using the strategy of [14] follows that if ( )λm  satisfies the 

condition (1.4) for ,2
11





 −> pDA  then ( )Lm  is bounded on ,pH  for 

every .1, 






γ+
∈ D

Dp  
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