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Abstract

This article reports the main results in the best constant theory for the
classical sharp Sobolev inequality on compact Riemannian manifolds.

Moreover, we prove that the second best constant Bj(p, g) depends

continuously on g in relation to the cO -topology.

1. Introduction

Many works has been devoted to the study of sharp Sobolev-type
inequalities. The main motivation is its connection with geometric
problems as isoperimetric inequalities and the Yamabe problem. Thus, a
theory of best constant has been developed in recent decades. We refer
the reader to the following material for sharp Sobolev-type inequalities:
(3], [9], [10], [11], [13], [14], [18], [19], [20], [21], [22], [23], [25], [26], [30].
In this work, we will focus on the classical sharp Sobolev one.

In order to fix notations, let us make some definitions. Let (M, g) be

a smooth compact Riemannian manifold of dimension n > 2. We denote
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by HYP(M), 1< p < o, the standard first-order Sobolev space defined

as the completion of C*(M) under the norm

=

Ul g1, p(M) = Vupdv-lrj updvj,
el = ([ 1Vl + [ jutao,

where dv, is the Riemannian volume element of g.

The Sobolev embedding theorem ensures that the inclusion H Lp

(M) c ILP" (M), with 1 < p < n, is continuous for p* = % So, there

exist constants A, B € R such that, for any u € Hl’p(M),

1 1
. oF > p
(J.M|u|19 dvg]p < A(J.M|Vgu|pdvng +B(J.M|u| dvg] . (1%)

An equivalent inequality, is that for any u € H? (M),

|-

_p_
ulP” dv p*SAJ‘ v ulPdv +BI ulPdv,, ?
([ v | < af |9l B[ e, ()
where the constants A and B here being distinct than those in (1 g ).
The first Sobolev best constant associated to (I g ) is defined by

a(n, p, g) = inf{A € R : there exists A € R such that (I}) is valid},

and the second Sobolev best constant associated to (I} ) is
B(n, p, g) = inf{B € R : there exists A € R such that (I}) is valid}.

In a parallel manner, the first Sobolev best constant associated to (II})
is
a(n, p, g) = inf{A € R : there exists B eR such that (II}) is valid},

and the second Sobolev best constant associated to (1T g ) is
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B(n, p, g) = inf{B € R :there exists A € R such that (II}) is valid}.

The sharp Sobolev inequality on H? (M) with respect to a(n, p, g)
states that there exists a constant B > 0 such that

1

UMIMIP *dvgjyﬁa(n,p,g)( JM|V gulPdvg j%+B[J‘M|u|pdvgj%- (I2 ot (@)

We say that (I%,,(a)) is valid if there exists a constant B € R such

that (15 ,, ) holds for all ue HY“P(M). Another hand, the sharp

Sobolev inequality on HYP(M) with respect to B(n, p, g) states that

there exists a constant A > 0 such that

1 1 1
(JMlulp*dUgjp SA(IM|Vgu|pdvgjp +B(n,p,g)(J‘M|u|degjp (Ig, opt(B))

and we say that (I ,,;(B)) is valid if there exists a constant A € R such
that (17 ,,;(B)) holds for all u e HYP(M). In a similar way, we define
the sharp Sobolev inequalities with respect to best constants a(n, p, g)
and B(n, p, g).

Here arise the questions about the validity or not of the sharp
Sobolev inequalities and the exact value (or upper and lower bounds) for
the best constants. First, Aubin gives in [1] the exact value of the best

1
e
Rn

o(n, p,g)=  sup -,
DP(R™),u=0 D
ue (R"™),u (J’ |Vu|p dxjp
Rn

constant a(n, p, g):

and d(n, p, g) = a(n, p, g)°,where ’Dl’p(Rn) is the completion of

Cy (Rn) under the norm
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1

P \p
lulgtoan = ([ 17" "

After that, the sharp inequalities (I} ,,,(a)) and (II ,,,(e)) was proved

to be valid by Hebey and Vaugon [28], in the p = 2 case, by Druet [14]
for p =1, by Druet [17], Aubin and Li [4], in the 1 < p < 2 case. In [15],

Druet also proves that sharp inequality (II} ,,,(c)) is not valid when

2<P<n+2

and the scalar curvature is positive in some point
Po e M.
When n>2 and pe[l,n), was showed by Hebey [18] that

B(n, p, g) = Vg(M)_% and the sharp inequality (I% ,,;(B)) is valid.

Moreover, from works of Bakry [5] and Hebey-Druet [25], forany p € [1, 2)

if n=2, and pell,2] if n>3, B(n p, g) = Vg(M)7% and the sharp
inequality (115 Opt(ﬁ)) is valid. Conversely, if p > 2, the sharp
inequality (/I Opt(ﬁ)) is false.
So, for 1 < p < 2, consider the second Sobolev best constants
By(p, g) = inf{B € R : (II} ,p; (o)) is valid}
and

Ay(p, g) = inf{A e R :(II% ,,,(B)) is valid}.

Clearly, for any u € H“P(M) one has

P
" dv p*S n,p, pj v ulfdv, +B,(p, I yPdv,, (J? . (@)),
(], 7" doe | <attn . [ 9l dog By (0.0 P dog, (72,30 (@)

and

P
* p* _P =
( IM|u|p dvgj SAO(p,g)IM|Vgu|pdvg+Vg(M) " JM|u|pdvg, (I 0 (B)).
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Note that these inequalities are sharp with respect to both the first and
second constants, in the sense that none of them can be lowered. Also, we
define de best constants

Bi(p,g) = inf{B € R : (I} ,,,(a)) is valid}

and

Ai(p, g) = inf{A e R : (I} ,,,(B)) is valid}.

Ilias [29] showed that when p = 2, n > 3 and Ric, 2 (n - l)kzg,

1 4
an, 2, 8) < A2, 8)< A2, 82 £ [—— .
n(n - 2)kVyn

We point out here that the constants By(p, g) and Ay(p, g) are

connected with spectral studies. On the other hand, the constants a and

B are important for the Yamabe problem, as existence and multiplicity,

and for its relation with the isoperimetric inequality. In the next section,

we will say something on the best constants By(p, g) and B;(p, g).

2. Extremal Functions

A function ug € HP(M),u, #0, is said to be extremal for

(JF ope (@) if
2
p"\p* p
u - K(n, pj vV uolPdv, + Bo(p, J' uo| dv,.
[J.Ml 0| J (n, p) M| g 0| g o(p, 2) Ml 0| g

In a similar way, we define extremal functions for that other sharp
inequalities. Note that the constant functions are extremal functions for

JP and (J2 B)). But this is not true for the other cases, since
g,opt g,opt
1
By(p, g) > Vg(MT% and By(p, g) > V4(M)™» can happen.
Hebey and Druet [18] showed that for all p e (1, n) and n > 2,
(JE opt()) possesses extremal functions. In the case p e (1, \/E) and

p < 2, Druet and Djadli [12] showed that (J% ,,,(@)) always possesses
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extremal functions. In the p =2 case, the situation changes. By
standard elliptic theory, an extremal function for (J ;Opt (o)) is smooth,
and either positive or negative. Up to replacing vy by — g and up to a

positive constant scale factor, an equivalent definition is that

N By (2, g) . — 1 251 . ar

A 0= %)
K(n, 2)* K(n, 2)

glo

and J ug*dvgzl. Taking w=1 in (Jg,opt(a)) gives that Bj(2, g)
u :

2
> Vg n, where V, is the volume of M with respect to g. When n > 4,

see for instance [25], one has that By(2, g) > By(2, g),,, Where
n-—2 2
By(2, 8)pysr = 4(n—_l)K(n, 2) max Sg

and S, is the scalar curvature of g. When (M, g)=(S",gg), the
_2
standard unit n-sphere, By(2, g9) = By(2, 80)pyr = Vo' and the

extremal functions for (J ; (o)) are known. Namely, up to a scale

0,0pt

factor, ug =1 or

ug = (B — cos r)l_%,

where B >1, and r is the distance to a given point in S". See for
instance [24]. Moreover, by Hebey [24], if g € [g(] is a conformal metric

to gg, and n > 4, then By(2, g) = By(2, g),,,. and there exists extremal

extr
functions for (Jg, opt(@)) if and only if, up to a positive constant scale

factor, g and g( are isometric, in which case all the extremal functions

are known. In the general case of arbitrary smooth compact Riemannian
n-manifold, Djadli and Druet, in [12], showed that on smooth compact
Riemannian manifolds of dimension n > 4,at least, one of the following
assertions holds:

2

g, opt (a)) exists, or

(a) an extremal function for (J

(b) BO(2> g) = BO(2’ g)exlr'
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Combining the result of [12] with the solution of Yamabe problem, by
Aubin [2] and Schoen [31], one easily concludes that there exists

2

extremal functions for (Jg .

()) when either S, <0 or S, is
constant.

Conformal metrics to the standard metric on the unit n-sphere
provide examples where (b) is true and (a) is false. Independently,
quotients of the unit n-sphere provide examples where (b) is false and (a)
is true. Finally, the standard unit n-sphere provide an example where
both (a) and (b) are true. Then, the following questions arise:

Q.1. Is there a compact Riemannian manifold (M, g), not
conformally diffeomorphic to the standard unit n-sphere, for which (b) is
true and (a) is false?

Q.2. Is there a compact Riemannian manifold (M, g), not isometric

to the standard unit n-sphere, for which both (a) and (b) are true?

Q.3. Is there a compact Riemannian manifold (M, g), for which
S, > 0 and nonconstant (or changing signal) such that (a) is true?
Positive answer to the questions Q.1 and Q.2, based on the notion of

critical function, was given by Hebey and Vaugon in [27]. Examples of

manifolds with nonconstant positive scalar curvatures such that

(Jéopt(a)) possesses extremal functions was given by Barbosa and

Montenegro in [6], responding the question Q.3.

3. Continuous Dependence of the Best Constants

Aubin [1] and Talenti [32] showed that the first best constant a(n, p, g)

1s given by

K(n, p) = %(n(p - 1))%[ I'(n+1)

n-p F(%)F(n+1—%)wn,1

3|~

for p >1and

S|

K(n, 1) = %(wn j = },1_1?1 K(n, p),

n-1
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where I' i1s the Gamma function. Thus, the first best constants
a(n,p,g) = K(n,p) and a(n,p,g) = K(n,p)’ not depend on the metric g,

and they are continuous with respect to the parameter p. So, the
following questions on the best constants By(p, g) and B;(p, g) arise:

(@) By(p, g) and Byj(p, g) depend continuously on the metric g in

some topology?

() By(p, g) and B;(p, g) depend continuously on the parameter p?

The questions (a) and (b) was studied by Barbosa and Montenegro in

[7] and [8], for By(p, g). Precisely, they proved the following results.

Theorem 3.1. Let M be a compact Riemannian manifold of dimension

n>2 and M the space of smooth Riemannian metrics on M. Assume
1< p < min{2, ¥n}. Then, the map g € M — By(p, g) is continuous in
the C° —topology, i.e., if the components of metric gi(; converges to gj; in
C°(M), then By(p,g*) - By(p, g) as a — +.

Theorem 3.2. Let M be a compact Riemannian manifold of
dimension n and A as in Theorem 3.1. Assume p =2 and n > 4. If (g%)
is a sequence in M such that g* — g in C°(M) and Scalga — Scal,
pointwise in M, where Scalg denotes the scalar curvature of the metric g,
then By(2, g%) — By(2, g) as o — +wo. In particular, the map
g e M — By(2, g) is continuous in the C? -topology. Moreover, the
scalar curvature convergence or C? -convergence assumption is necessary.

Theorem 3.3. Let (M, g) be a smooth compact Riemannian manifold
of dimension n > 4. Then, the map p — By(p, g),1<p<2, is

continuous.

With the following result, we answer the question (a) for B;(p, g).
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Theorem 3.4. Let M be a compact Riemannian manifold of

dimension n > 2 and M the space of smooth Riemannian metrics on M.

Assume 1< p < n. Then, the map g € M — B;(p, g) is continuous in the

c° -topology, i.e., if the components of metric glf; converges to g; in
C(M), then Bi(p, g*) — Bi(p, ) as o — +w.

The proof of Theorem 3.4 is made by contradiction. In this case, we
find two possible alternatives. One of them is directly eliminated

according to the definition of best constant Bj(p, g). The other

alternative implies the existence of a family of minimizers of certain
functionals which concentrate in some point. The proof then consists in
finding estimates of these minimizes around a concentration point and in

combining them in order to obtain the desired second contradiction.

3.1. Proof of Theorem 3.4

We present a sketch of the proof of Theorem 3.4. Let (g,) be a

sequence of metrics on M such that g, converges to a metric g in the

c° -topology. Suppose, by contradiction, that there exists g3 > 0 such
that | Bi(p, g,) — Bi(p, g)| > g¢ for infinitely many o. Then, at least,
one of the situations holds: Bj(p, g)- Bi(p, &4) > €9 or Bi(p, g,)
-B;(p, g) > g9 for infinitely many a. If the first situation holds,
replacing B;(p, g,) by Bi(p, g) — go in the sharp inequality associated
to the metric g, and letting o — +o, we contradict the definition of

Bl(p’ g)

Suppose then that the second situation holds, 1i.e.,
Bi(p, g)+¢g < Bi(p, g,) for infinitely many o. For each a, consider

the functional

1

J, (1) = UMJuW*duga F - (By(p, 8) + SO)UMlulpdvgaj

|-
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defined on A, = {u e HYP(M): J. |Vg u|pdvg = 1}. From the definition
M o 03

of Bi(p, g,), it follows directly that S, := sup,_ J,(u) > K(n, p). But

this implies the existence of a nonnegative maximizer u, € A, for S,.

The Euler-Lagrange equation for u, is then

Salbpgytha + (Ba(p: 8) + o)l wally Pl ™ = ually”ul"™ (Bo)

. -2 . . .
where Ap g U = —d1Vgoc (|Vgau|p Vgauj is the p-Laplacian of u with
respect to the metric g,. By the standard elliptic theory, u, belongs to
CY(M) and u, >0 on M. We set

-1 -1 1-
g = | ua"p*ua and A, = Sg | ua"p*p'
Then, by the equation (E, ),

1- -1 *—1
Ap’gava +(B]-(p’ g)+80)7\'(l" v(l”p pv(ll) = 7\,“05 > (Fo.)

and I vg*dvga =1. Our goal now is to study the sequence (v, ), as
M

a — +o. From the convergence g, — g, it follows that (v, ), 1is
bounded in HY“P(M) with respect to the metric g. So, there exists

ve HYP(M), v > 0, such that v, — v weakly in HP(M) as o — +x,

up to a subsequence. Moreover, by the Sobolev embedding compactness

theorem, one easily finds
vddv, — I vedv 1)
.[ M e M ¢

for any 1<q < p*. So, if v # 0, letting o — +oo in the equation (F, ),

one concludes that v satisfies

1- B N .
K, p)|[V g0l P 8 g0+ (Bu(p, 8)+ g0l v [ 7o = v L ()
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In this case, by (/% ,,,(c)) and (E), one has

x|

(jMup*dvgj# < K(n, p)UM|VgU|PdugJ}" +(Bi(p, g) + SO)UMUdegJ

*
= I vP dvg.
M

This implies that I vp*dvg >1. But this inequality contradicts
M

j vp*dvg < liminfj vg*dvg =1. We then assume that v=0 on M
M M ¢

and prove also that this assumption leads to a contradiction. We divide
the proof into four stages.

We next only mention each one of them.
First stage: We say that x € M is a point of concentration for (v, ) if

for any & > 0,

. *
lim supJ. vy dvg > 0.
oL—>+00 Bga(x,S)

It follows from standard development that, up to a subsequence, (v, )
possesses only one concentration point x, € M. In particular,
lim vPidv, =1
8a ’
oL—>+00 Bga(x(),s)
for all 6 > 0. By Moser’s iterative scheme, we also get that
v, = 0 in Cp (M \ {xg }). 2)
Second stage: Let x, € M be a maximum point of v,, ie.,

Vo (%y ) =| vy, Let xoeM be such that x, > xy, up to a

subsequence. Thus, for each R > 0, we have

*
lim vl dv, =1-¢ 3)
g R
A+ Bgu(xu,Rpa) *

*

D
where p, =| uy|, » and & = &(R) - 0as R — +owo.
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Third stage: There exist constants ¢,8 > 0, independent of a, such
that dg (6,204 )P Uy (x) < ¢ for all x e ]E_?ga (¥q, 8), where d, stands

for the distance with respect to the metric g, .

Fourth stage: We now argue with the third stage in order to obtain
a contradiction. Some possibly different positive constants independent of
o will be denoted by c¢. Now, let & >0 small enough and consider a

smooth cutoff function n, € CF(Bg, (xy,43)) such that 0<mn, <1,

ng =1 in Bg (x4, 28) and |Vgana| < c¢. By definition of K(n, p),

P
U (N Vo )P * dx} < K(n, p)pj. [V(Nava ) |P dx.
By, (x4,43)

o (%, 48)
Then, it easily follows, as in Druet [17], that for o large enough

-,

P
* p*
vy )P dx J‘ v, |V, [Pt du
1 ga(xa,flﬁ)( «) ] M\B,_(x0.5) | Voa | £a
5(31(17, g)+gp)< tc T

UM%VMF UM%V“F

2
-[B nglvva |pdga(x(x’x) dvga 11
+e 9o (%, 43) " C( Mvgdvga] P. (4)

Uﬁ%ymf

By the first stage and v =0,

v, |V, [P dv

. JM\Bga(xO,B) al Vol fa
lim ]

o —>+0 -

(j (va)pdxjp
M

and

1-1
lim ([ vfdv,, | 7 -0
ain:oo ( M Ya vg“ j
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Also, if p <2, see Druet [17], it follows from the stages above that

s
* p*
1—j v, P dx £cj vPdv
[ Bgu(xa,ZS)( o) J M * e

and

p p 2 p
n?|vu, |Pd, (x,,x)'dv, < cI vidvu, .
I ga(xw%) al onl ga( o 8o a“Ygy

When p > 2, see again Druet [17], one obtain

p

_ p* o p
1 (JBga (xw%)(va) dx} < C[J.Mva dvgaj

< o

and

2
j‘ n8|Vu, [Pd, (xa,x)2dvg < C(j‘ vhdvg jp.
By, (tg,4) o o M o

Hence, the right hand-side of (4) goes to zero as o — +w, a contradiction.

Acknowledgment
The author was partially supported by Fapemig.

References

[1] T. Aubin, Problémes isopérimétriques et espaces de Sobolev, J. Differential Geom.
11(4) (1976), 573-598.

[2] T. Aubin, Equations différentielles non linéaires et probléme de Yamabe concernant
la courbure scalaire, J. Math. Pure Appl. 55 (1976), 269-296.

[3] T. Aubin, Some Nonlinear Problems in Riemannian Geometry, Springer Monogr.
Math., Springer-Verlag, Berlin, 1998.

[4] T. Aubin and Y.Y Li, On the best Sobolev inequality, J. Math. Pures Appl. 78 (1999),
353-387.

[6] D. Bakry, L’hypercontractivité et son utilisation en théorie des semigroupes,
Lectures on probability theory (Saint-Flour, 1992), pp. 1-114, Lectures Notes in
Mathematics, 1581, Springer, Berlin, 1994.



180

(6]

(7

(8]

(9]

(10]

(11]

(12]

(13]

(14]

(15]

(16]

(17]

(18]

(19]

(20]

(21]

(22]

(23]

EZEQUIEL R. BARBOSA

E. Barbosa and M. Montenegro, A note on extremal functions for sharp Sobolev
inequalities, Electronic Journal of Differential Equations 87 (2007), 1-5.

E. Barbosa and M. Montenegro, On the continuity of the second best constant, C. R.
Acad. Sci. Paris Ser. I 345 (2007), 579-582.

E. Barbosa and M. Montenegro, Second Sobolev best constant: continuity with
respect to parameter, preprint.

C. Brouttelande, On the second best constant in logarithmic Sobolev inequalities on
complete Riemannian manifolds, Bull. Sci. Math. 127(4) (2003), 292-312.

C. Brouttelande, The best constant problem for a family of Gagliardo-Nirenberg
inequalities on compact Riemannian manifold, Proc. of the Edinburgh Math. Soc. (2)
46(1) (2003), 117-146.

S. Collion, E. Hebey and M. Vaugon, Sharp Sobolev inequalities in the presence of a
twist, Trans. Amer. Math. Soc. 359 (2007), 2531-2537.

Z. Djadli and O. Druet, Extremal functions for optimal Sobolev inequalities on
compact manifolds, Calc. Var. 12 (2001), 59-84.

0. Druet, Generalized scalar curvature type equations on compact Riemannian
manifolds, Proc. Roy. Soc. Edinburgh 130A (2000), 767-788.

0. Druet, Isoperimetric inequalities on compact manifolds, Geometriae Dedicata 90
(2002), 217-236.

0. Druet, Optimal Sobolev inequalities of arbitrary order on compact Riemannian
manifolds, J. Funct. Anal. 159 (1998), 217-242.

0. Druet, Sharp local isoperimetric inequalities involving the scalar curvature, Proc.
A.M.S. 130 (2002), 2351-2361.

0. Druet, The best constants problem in Sobolev inequalities, Math. Ann. 314
(1999), 327-346.

O. Druet and E. Hebey, The AB program in geometric analysis: sharp Sobolev
inequalities and related problems, Mem. Amer. Math. Soc. 160 (761) (2002).

O. Druet, E. Hebey and M. Vaugon, Optimal Nash’s inequalities on Riemannian
manifolds: the influence of geometry, Internat. Math. Re. Notices 14 (1999),
735-779.

0. Druet, E. Hebey and M. Vaugon, Sharp Sobolev inequalities with lower order
remainder terms, Trans. Amer. M ath. Soc. 353 (2000), 269-289.

S. Gallot, Inégalités isopérimetriques et analytiques sur les variéties
Riemanniennes, Société Mathématique de France, Astérisque 163-164 (1988), 31-91.

S. Gallot, Isoperimetric inequalities based on integral norms of Ricci curvture,
Société Mathematique de France, Astérisque 157-158 (1988), 191-216.

E. Hebey, Courbure Scalaire et géometrie conforme, Journal of Geometry and
Physics 10 (1993), 345-380.



(24]

(25]

(26]

[27]

(28]

(29]

(30]

(31]

(32]

ON THE CLASSICAL SHARP SOBOLEV INEQUALITY ... 181
E. Hebey, Fonctions extrémales pour une inégalité de Sobolev optimale dans la
classe conforme de la sphére, J. Math. Pures Appl. 77 (1998), 721-733.

E. Hebey, Nonlinear analysis on manifolds: Sobolev spaces and inequalities,
Courant Lect. Notes Math., Vol. 5, Courant Institute of Mathematical Sciences,
New York University, New York, 1999.

E. Hebey, Sharp Sobolev inequalities for vector valued maps, Math. Z. 253 (2006),
681-708.

E. Hebey and M. Vaugon, From best constants to critical functions, Math. Z. 237
(2001), 737-767.

E. Hebey and M. Vaugon, Meilleures constantes dans le théoréme d’inclusion de
Sobolev, Ann. Inst. H. Poincaré. 13 (1996), 57-93.

S. Ilias, Constantes explicites pour les inégalités de Sobolev sur les variétés
Riemanniennes compactes, Annales de 'Institut Fourier 33 (1983), 151-165.

Y. Y Li and T. Ricciardi, A sharp Sobolev inequality on Riemannian manifolds,
Commun. Pure Appl. Anal. 2(1) (2003), 1-31.

R. Schoen, Conformal deformation of a riemannian metric to constant scalar
curvature, J. Differential Geom. 20 (1984), 479-495.

G. Talenti, Best constant in Sobolev inequality, Ann. Mat. Pura Appl. (iv) 110
(1976), 353-372.



