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Abstract 

Soil Vapor Extraction (SVE) is a common remediation technique for 
removing volatile organic compounds (VOCs) from unsaturated 
contaminated soils. A pollution problem is presented to describe the vapor 



R. ABOULAICH et al. 636

transport of a volatile organic contaminant in a porous media with a non-
equilibrium kinetics, during vapor extraction. An inverse problem 
permitting to show that the initial concentration of the pollutant in liquid 
phase, can be identified, since we can compute its concentration in gaseous 
phase at final time, is studied. The existence and uniqueness of the direct 
problem is presented as well as the existence of the inverse problem in 
bidimensional case in non pondered spaces. In addition, the initial 
concentration of the pollutant in liquid phase is constructed by 
reformulating the inverse problem as a problem of optimization in least 
squares sense. 

1. Introduction 

Soil Vapor Extraction (SVE), also known as soil venting, vapor 
stripping, or in situ volatilization, is a widely applied technology for 
removal of volatile organic compounds (VOCs) from unsaturated zone. 
SVE procedures are reviewed by [18], while screening tools for the 
evaluation of SVE suitability are described by [13]. The technique is 
based on simple physical/chemical principles: By applying a vacuum, 
contaminated air in connected soil pores is extracted and replaced by 
clean atmospheric air; this perturbs the local chemical equilibrium, 
causing the transfer of contaminant from the residual phase, dissolved 
phase, and sorbed phase into the soil gas, where it can be removed. In 
theory, this should eventually lead to a complete cleanup, see [5]. The 
rate of removal is often controlled by the interphase mass transfer of 
contaminants from the nonaqueous phase liquids (NAPLs), aqueous, or 
sorbed phases to the gas phase. The gas flow rate and rate of mass 
transfer to the gas phase are the most important factors controlling the 
efficiency of contaminant removal using SVE , see [21]. Moreover, the 
efficiency of this technique depends on various factors including the 
geological settings of the contaminated area, the absolute permeability of 
the soil, the distribution of water saturation within the soil, the organic 
content, and volatility of the compounds to be removed, see, for example, 
[3]. In high permeable, homogenous soils, the efficiency of SVE is 
generally high, although long tailing behavior of the concentration in the 
removed air is often found and attributed to mass transfer limitations, 
see, for example, [9, 10, 25]. Mathematical models describing transport of 
VOCs in the gas phase of the soil have been developed by [5], [6], [11], 
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[12], [16], [20], and [24]. A macroscopic mathematical model is presented 
to describe the vapor transport of a contaminant organic volatile in a 
porous media in bidimensional setting. The proposed model assumes that 
rate-limited vaporization is described with a first-order kinetics. Thus a 
system of 2D reaction-diffusion is presented. An inverse problem is 
presented which permits to identify the liquid concentration of the 
volatile organic contaminant at initial time, since we can compute its 
concentration in gaseous phase at final time. This inverse problem is 
derived from a time-dependent pollution problem, modelling the flow 
vapor and the mass transfer of contaminant between the vapor and liquid 
phases, in unsaturated soils during vapor extraction. This problem was 
studied in [1] and [2] for one dimensional case in pondered spaces. Here, 
we perform the existence and uniqueness of the direct problem by using 
Galerkin method, as well as the existence of the inverse one by using 
FredHolm Alternative in nonpondered spaces, in bidimensional case. In 
addition, the initial concentration of the pollutant is constructed by 
reformulating the inverse problem as a problem of optimization in least 
squares sense. 

2. Mathematical Model 

We are interested here with the flow of the vapor in the unsaturated 
soil zone considered as a rigid non deformable porous media, and the 
mass transfer of contaminant between the gas and liquid phases. We 
neglect infiltration events and assume the soil moisture to be immobile 
and constant in time. Furthermore, we neglect the NAPL and sorped 
phases. Darcy’s law can be used to describe airflow during vapor 
extraction due to the applied vacuum of SVE (see [5], [14], [15], [17]). In 
this article we do not consider the process of advection-diffusion on the 
microscopic scale of a single pore of the soil matrix, but on the 
macroscopic scale appropriate for measurement of phenomena described. 
Under the assumptions of a static moisture distribution and an 
incompressible air phase, the advective-dispersive transport equation in 
Cartesian coordinates is (see, for instance, [5]) 

( ),div aaaa
a

a
w CDCvt

C
t

C
∇ε−ε−=

∂
∂

ε+
∂
∂

θ
G  (1) 
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where the subscripts a, w designate the air and water phases of the 
contaminant, aC  and [ ]3−MLCw  are the corresponding concentrations, 

aε  and θ  are the volumetric air and water contents (dimensionless) 

[ ].33 −LL  The unknowns are the state variables aC  and .wC  The two 
terms on the left-hand side of (1) represent the changes in contaminant 
mass stored in the water phase and the vapor phase, respectively. The 
linear air velocity, [ ],TLvG  is determined from the solution of the air 
continuity equation and the subsequent application of the Darcy equation 
to pressure. The dispersion tensor [ ],12 −TLD  is the standard form (see 
[7]), expressed in terms of longitudinal dispersivity [ ],LLα  transverse 

dispersivity [ ],LTα  and the molecular diffusion [ ].12 −TLDd  Boundary 
conditions for (1) can be of the following types: 

Specified concentration (Type 1) 

.0CCa =  

Specified mass flux (Type 2) 

.00Cv
n

CDCv a
an =

∂
∂

−  

During vapor extraction, the ground surface boundary condition can be 
represented by a zero concentration gradient if sealed, or by a zeros mass 
flux (Type 2 boundary condition) if open. Other inlet boundaries for clean 
air can also be described by a zero mass flux boundary condition, for 
further details, see [5]. Initial conditions with respect to concentrations in 
each phase must be specified. 

3. Nonequilibrium Mass Transfer Relationship 

In the absence of pure phase, contaminant will be stored in the 
dissolved and the sorbed phases, in addition to the gas phase. We assume 
that a continuous film of water, being the wetting fluid, coats the soil 
grains so that gas-to-solid mass transfer is possibly only via the water 
phase. The relevant mass transfer process is therefore between the soil 
gas and the dissolved phase, since the sorbed phase is neglected. We 
assume that the process is nonequilibrium. A mass balance equation for 
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the stationary water phase, with mass transfer across the air-water 
interface, can be written as (see [4], [5], [19]): 

( ),awHsa
w CCKkt

C
−ε−=

∂
∂

θ  (2) 

where HK  is Henry’s constant (dimensionless). The right-hand side 
expresses air-water transfer, with sk  being the corresponding first order 

mass transfer coefficient [ ] wCT .1−  represents the average 
concentration in the water, while Ha KC  represents the equilibrium 
concentration at the air-water interface, according to Henry’s law 

.wHa CKC =  

4. Formulation of the Problem 

We combine equations (1) and (2), and using the boundary conditions 
(continuity of the gas phase at the top of the column and chemical 
equilibrium at the bottom of the column) and the initial conditions, we 
obtain the following transport system: 

( ) ( )
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QCCKkvCCD

ww
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a

TawHt
C

TawHsaat
C

w

a G

  (3) 

where Ω
θ
ε

=α ,s
a k   is a bounded polygonal domain in 2R  represents a 

vertical column of an unsaturated zone of a non deformable rigid porous 
media, with Lipschitz boundary Γ  defined as 21 ΓΓ=Γ ∪  and 

,021 /=ΓΓ ∩  and ] [TJ ,0=  is a time interval with JQT T ×Ω=> ,0  

and ∗C  is the saturation concentration in the gaseous phase, 0
aC  and 0

wC  
are the initial concentrations in the gaseous and liquid phases, 
respectively. From the equations ( )23  and ( ) ,3 6  the function wC  writes 

under the form: 
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( ) ( ) ( ) ( ) ( ) .,,,,
0

0
Ta

stKttK
ww QtxdssxCeexCtxC HH ∈∀α+= −α−α− ∫  (4) 

By inserting this formula in equation ( ) ,3 1  we get 

( )vCCDt
C

aa
a G

−∇−
∂
∂ div  

( ) ( ) ( ) .in,
0

0
Tasa

stKt
Hs

tK
wHs QCkdssxCeKkexCKk HH −α+= −α−α− ∫ (5) 

Whence the equation ( )23  is eliminated. Therefore, the inverse problem 

which we shall consider is the following: For each ,0>T  if the 
concentration aC  verifies the equation (5) and conditions ( ) ( ) ,3-3 53  and 

in addition if the concentration ( )TCT .,  is given, does this allow to 

determine uniquely the function ?0
wC  To answer this question, it is very 

important to have a time independent function, to be identified in the 
right-hand side of equation (5), in doing so, we use the following change 
of variables: 

( ) ( ) ( ) ( ) ,in1,in,1, 0
0 Ω== α xCKkxuQtxCeKktxu a

Hs
Ta

tK
Hs

H  

( ) ( ) ( ) .in,in0 JeKk
CtxCxf tK

Hs
w Hα

∗
=γΩ=  

We denote by ( ) .Hs Kkxr α−=  Under these notations, the inverse 
problem (P) writes: 

For 0>T  and 0, uγ  and Th  given functions, find the pair ( )fu,  
verifying: 
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where D is a uniformly positive function in ,J×Ω  and r is the given 
absorption/reaction coefficient. 

5. Direct Problem 

5.1. Variational formulation of problem ( )1P  

We use the standard spaces ( ) ,1, +∞≤≤Ω pLp  together with the 

Sobolev spaces ( ),ΩSH  where S is a nonnegative real number. We 

denote by ( ) { ( ) },0: 1
11 =ΓφΩ∈φ=ΩΓ HH

D
 and ( )Ω−1H  stands for 

the dual space of the standard Sobolev space ( ).1
0 ΩH  For simplicity, we 

denote by ( ).,.  the scalar product on ( )Ω2L  and by .  the associated 
norm. In all that follows, for any ,0, Ttt ≤<  and any Banach space X 

provided with the norm ,. X  we denote by ( ),;,02 XtL  respectively 

( ),;,0 XtL∞  the space of measurable functions φ  from ] [t,0  in X such 

that ( ) ( ) ,.,
2
1

2
2

0;,0 +∞<







φ=φ ∫ dss X

t
XtL  respectively, ( )XtL ;,0∞φ  

( ) ..,sup
0

+∞<φ=
≤≤

Xts
sess  

Finally, we introduce the space ( )Xt;,00C  of continuous functions φ  
from [ ]t,0  in X. We need also in the sequel the following spaces 

{ ( ( )) ( ( )) },;,0;;,0 2212 Ω∈
∂
φ∂Ω∈φ= LTLtHTLW  

and, 

( ( )) ( ( )) .;,0;;,0 2212
0 






 Ω∈

∂
φ∂Ω∈φ= Γ LTLtHTLW

D
 

We define the following bilinear form ( ) ( ) ( ) =/φ→Ω×Ω vaRHHa ,,: 11  
( ) ( ( ) ) ( ).,,div, vrvvvD /φ+/φ+/∇φ∇

G  Let us state the following assumptions, 

( )1A  D is a positive and continuously time-differentiable function 
such that 
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] [ ( ) .,0,,0, maxmin +∞<≤≤<∈∀Ω∈∀ DtxDDTtx  

( ) ( ) ( ) ( ) ( ) ( ) ( ).A;A;A;A 5
2

4
1

03
1

2 Ω∈Ω∈Ω∈ LfHuv dC
G  There 

exists a constant 0≥β  s.th ( ) 2div β≥+ rvG  a.e in .Ω  The problem ( )1P  

admits the following variational formulation: 
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5.2. Existence and uniqueness of problem ( )1P  

5.2.1. Uniqueness 

 

Lemma 5.1. Under the assumptions ( ) ( ),A-A 51  the problem ( )1P  
admits at most one solution. 

Proof. Supposing that 1u  and 2u  are two solutions of problem ( ),1P  
we get 

( ) ( ) ( ) ( ( ) ) ( ),,,,,, 1
1

0
1

1 Ω∈φ∀φδ+φ=φ+φ
∂
∂

Γ∫ D
Hdssufuat

u t
 ( )a  

( ) ( ) ( ) ( ( ) ) ( ).,,,,, 1
2

0
2

2 Ω∈φ∀φδ+φ=φ+φ
∂
∂

Γ∫ D
Hdssufuat

u t
 ( )b  

Denoting by 21 uu −=ω  and subtracting (b) from (a), and by taking 
ω=φ  and integrating over ] [,,0 t  we derive 

( ) ( ) ( )( ) ( ( ) ( ) ) .,,,
0000

dsdwswdsswswawt
w sttt

ττδ=+
∂
∂ ∫∫∫∫  

In view of the definition of ( ),..,a  and the fact that ( ) ,00 =w  we obtain: 

( ) ( ) ( ( ) ( )) ( ) ≤++∇+ ∫∫∫ Ω
dsdxswvxrdsswDtw

tt 2
0

2
0

2 div2
1 2

1 G  

( ( ) ( ) ) ,.,
000

dsdxwwvdsdwsw
tst

∇+ττδ ∫∫∫∫ Ω

G   
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owing to assumptions ( ) ( )51 A-A  and using the Young’s inequality for 
,0>ε  we get 

( ) ( ) ( ) ( ) ( ) .2
1

22
1 2

0
2

0
min

2 dssw
v

Tdssw
v

Dtw
tt

∫∫ ε
+δ≤∇ε−+ ∞∞
GG

 

By taking ( ) ( ) ,2twt =ψ  multiplying by 2 the previous inequation, and 

choosing ,1
min

−
∞=ε vD G  we have 

( ) ( ) ( ) ] ] ( ) .00;,0,
0

21
min =ψ∈∀ψ+δ≤ψ ∫∞
− TtdssvDTt

tG  

Subsequently, by applying the Gronwall’s lemma, we get .0=ψ  
Therefore ,21 uu =  which yields the result. 

5.2.2. Existence 

We shall prove the existence of a weak solution of ( )1P  by using the 
Galerkin method. We first begin by constructing a dense subspace family 

{ } 0>mmV  in ( ),1 ΩΓD
H  following this, we prove the existence of a solution 

sequence { } mmm Vu ∈γ− >0  of problem ( )1P  by replacing the space 

( )ΩΓ
1

D
H  with .mV  Finally, we take the limits as .+∞→m  In fact, from 

( ),PV  we get 
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∂
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∂
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0 tdssufuat
u t
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0
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t

Let { } 0>mmV  be a sequence of the space V with finite dimension, such 

that mmV∪  is dense in V . One defines the following problem, 
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where ( )( ) ( ) ( ) ( ) ( ( ) ),,,,,,
0

φγδ+φγ−φ
∂
γ∂−φ=φ ∫ dssatftF

t
 and mπ  is the 

projection operator of ( )Ω2L  onto (( ) ) ( ),0,, 2 Ω∈/∀=φ/π− LvvIdV mm  
.mV∈φ∀  

Theorem 5.1. Supposing that ([ ] ( )),;,0 20 Ω∈ LTF C  then for all 

0>m  there exists a unique solution ([ ] )mm Vtu ;,01C∈γ−  of problem 

( ).mP  Furthermore, under the assumptions ( ) ( ),A-A 51  there exist two 

nonnegative constants Tc  and Tc′  depending on ( ) ,div, ∞∞ vv GG  

( ) ( )THTH u ,00,0 11 ,γ  and ,f  and not depending on m, such that 

( ( ) ) .1;,0 THTLmTWm cuandcu ′≤≤ Ω∞  

Proof. We split the proof in two steps. 

Step 1: Existence and uniqueness of problem ( )mP  

We have, ( ) ( ) ( ) ,
1

k

m

k
m tgktu ω=γ− ∑

=

 with { } mkk ,,1 …=ω  be a basis of 

.mV  Let us introduce the following notations, ( ) ( ( ) ( )) ;,,1
t

m tgtgtg …=  

( ( ( )) ( ( )) ) ( ) ( ( ) )jj
t

mmm wtFtFuug ,,0,,0 000 =γ−πγ−π= …  and ( ) =tF  

( ( ) ( )) .,,1
t

m tFtF …  We denote by A a square matrix of order mm ×  
whose elements are given by, ( ) ( ) ( ( ) ).,div, ijijij vDA ωω+ω∇ω∇=

G  

Therefore, we rewrite the problem ( )mP  as :  

Find [ ] mTg R→,0:  verifying 

( ) ( ) ( ) ( )

( )





=

>+δ+−= ∫
.0

,0,

0
0

gg

ttdssgtAgdt
tdg t

F  

Then, there exists a unique solution g of class ([ ] )mT R;,01C  (see, for 
instance, [22]), whence the existence and uniqueness of ( )mmu  is proved. 

It remains to prove that the sequence ( )mu  is bounded. 
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Step 2: A priori estimates 

By taking φ  equal to γ−mu   in ( ),mP  and owing to assumption 
( ),A5  we get 

( ) ( ) ( ) ( ) 22 2
1

2
1 tuDtudt

d
mm γ−∇+γ−  

( ) ( ) γ−≤γ−β+ mm uftu 2
2  

( ) ( ) 2
02 dssudt

d
m
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( ) ( ( ) ( ) ( ))tudssu m
t

m γ−γδ+γ−γ− ∫ ,,
0

�  

(( ( ) ) )γ−γ+− murv ,div G  

( ) ( ) .. dxuuv mm γ−γ−∇− ∫Ω
G  

Setting ( ) ( ) ( ) ( ) 22 2
1

2
1 tuDtudt

d
mmm γ−∇+γ−=Λ  ( ) ( ) .2

2tum γ−β+  

Therefore, by applying the Young’s inequality for ,0>ε  we obtain 

( ) 22
1

div22
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

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−
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∞
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By taking ,2
1

∞
−

∞=ε DvG  multiplying by 2 the previous inequation and 

integrating over ] [,,0 t  we derive 
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( ) ( ) ( ) 22
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0 fTudssum
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Gronwall’s lemma, we obtain 
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( ) ( ) ( ) ( ) dssuDtu m
t

m
2

0
2 2

1
γ−∇+γ− ∫  

( ) ( ) ] ].,0;2211
2

0
TteTdssu T

m
t

∈∀µµ+µ≤γ−β+ µ∫  (8) 

As we have, 

( ) ( ) ,1
2

0
2
1

cdssuD m
t

≤γ−∇∫  (9) 

and ( ) ( ) ,2
2

0
csum

t
≤γ−∫  where ( )2211 1 µµ+µ= TeTc  and =2c  

.21
µµ TeT  Then, 
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( ( ) )
,3

2
;,0 12 cu
HTLm ≤γ−

Ω
 (10) 

where .21
1

min3 ccDc += −  This implies that ( )mmu  is bounded in 

( ( )).;,0 12 ΩHTL  It remains to bound t
um
∂
∂  in ( ( )).;,0 22 ΩLTL  By 

taking ( )
t

um
∂

γ−∂
=φ  in ( ),mP  we get 

( ) ( ) (( ) )dxuuDt
u

tmm
m γ−∇γ−∇+
∂

γ−∂ ∫Ω .2  

( ( )) ( ) dxuuv tmm γ−γ−+ ∫Ω .div G  

( ) ( ) ( ) dxuuxr tmm γ−γ−+ ∫Ω  

( ) ( ( ) ( ) ( ) )tmm
t

tm udssudxuf γ−γ−δ+γ−= ∫∫Ω ,
0

 

( ( ) ) ( ( ) )tmtm uaudt
d γ−γ−γ−γ− ,,  

( ( ) ( ) ).,
0 tm
t

udss γ−γδ+ ∫  

Then, using the assumption ( )5A  and setting ( ) ( ) 2
t

ut m
m ∂

γ−∂
=σ 2

1+  

( ) ,2
222

1
γ−β+γ−∇ mm udt

duDdt
d  and using the Young’s inequality, 

this yields, 

( ) ( ) 22 3
2 t

uft m
m ∂

γ−∂
ε

+ε≤σ  

( ) 222
222

0

2 εδ+γε+γ−εδ+ ∫ �dsum
t

 

( ) ( ) +γ+ε+γ ∞∫ 222
0

div2 rvdss
t G  
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( ) ,2
222 2

1
2
1

γ−∇ε
∞

−
∞ muDDvG  

which gives, 

( ) ( ) ( ) 22 2
1312 γ−∇+

∂
γ−∂

ε
− m

m uDdt
d

t
u  

( ) +γε+γ−εδ+ε≤γ−β+ ∫ 22
0

222 �dsufudt
d

m
t

m  

( ) ( ) 222
0

2 div γ+ε+γεδ ∞∫ rvdss
t G  

( ) .222 2
1

2
1

γ−∇ε+ ∞
−

∞ muDDvG  

Setting, ( ) ( ) ( ) ( ) +γ−∇+
∂

γ−∂
ε

−=Σ 22 2
1312 m

m
m uDdt

d
t

ut  ,2γ−β mudt
d  

and ( ) ( ) ( ( ( )) 2
0

0
0~ 2

1
γ−π∇+∑=∑ ∫ uDdsst mm

t
m mπβ+  ( ( )) .0 2

0 γ−u  By 

using ( ( )) ( )00 00 γ−≤γ−π uum  and owing to assumption ( ),A1  this 
yields 

( ) ( )
( )

( ) ( ) dssuTfTuD m
T

Hm
2

0
2222

0max 10~
γ−εδ+ε+γ−β+≤∑ ∫Ω

 

( ( )
( )

2
,0

222
1div1

TH
rvT γ++δ+Ωε+ ∞

G  

( ) ( ) .2
0

22 2
1

2
1

dssuDDv m
t

γ−∇ε+ ∫∞
−

∞
G (11) 

By choosing ,6=ε  we obtain 

( ) ( ) ( )
( )

2
0max

2
0 10

Ω
γ−β+≤

∂
γ−∂∫ H

mt
uDdst

u  

( ) ( ) dssuTfT m
T 2
0

222 66 γ−δ++ ∫  

( ( ) )
( )

2
,0

222
1div16

TH
rvT γ++δ+Ω+ ∞

G  
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( ) ( ) .6 2
0

22 2
1

2
1

dssuDDv m
t

γ−∇+ ∫∞
−

∞
G  

So that 

( )
( ( ) )

,4
2

;,0 22 ct
u

LTL
m ≤
∂

γ−∂
Ω

 (12) 

where from the expressions (7) and (9), we have ( ) −β+= 0max4 uDc  

( )
( )

( ( ) )
( )

+γ++δ+Ω+δ++γ ∞Ω
2

,0
222

2
2222

11 div16660
THH

rvTcTfT G

.6 1
1

min
2 cDv −
∞

G  Therefore, we deduce that 
t

um
∂

∂  is bounded in 

( ( )).;,0 22 ΩLTL  Then ( )mmu  is bounded in W. Subsequently, there 

exists a subsequence denoted by ( )mmu  converges weakly to .Wu ∈  

Since ( )mmu  is bounded in ( ( ))Ω12 ;,0 HTL  and t
um
∂
∂  is bounded in 

( ( )),;,0 22 ΩLTL  then according to the Simon’s theorem (see [23]), this 

implies that mu  converges strongly to u in ( ) ( ).2 ∗TQL  From the 

expressions (10) and (12), we derive ,5
2 cu Wm ≤γ−  where .435 ccc +=  

Accordingly, we can get easily ,TWm cu ≤  where 

( )
.2 2

1

1
2

,05 













 γΩ+=

THT cc  In view of (11), we derive ( ) 2γ−∇ mu  

.4
1

mincD−≤  So 
( )

,6
2

1 cu
Hm ≤γ−

Ω
 where .4

1
min16 2 cDec T −µ +µ=  Whence, 

we can get easily ( ( ) ) ,1;,0 THTLm cu ′≤Ω∞  where +=′ 2
1

6ccT  

( ).,0 TL∞γΩ  This proves the estimates quoted in Theorem 5.1. Let 

( ),mkVV mk <⊂∈φ  one has 

( ( ) ) ( ( ) ).,, φ
∂

γ−∂
→φ

∂
γ−∂

+∞→ t
u

t
u

m
m  

Owing to the definition of a, we have 

( ) ( ( ) ) ( ( ( )) ) ( ( ) ( ) ).,,div,, φγ−+φγ−+φ∇γ−∇=φγ− mmmm uxruvuDua G
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According to ( ),∗  we obtain 

( ( ) ( ) ) ( ( ) ( ) ).,, φγ−→φγ−
+∞→

uxruxr
mm  

Using that mu  is bounded in ( ( )),;,0 12 ΩHTL  we get 

( ( ) ) ( ( ) ).,, φ∇γ−∇→φ∇γ−∇
+∞→

uDuD
mm  

Since we have 

( ( ( )) ) ( ( ) ( ) ) ( ( ) ),,.,div,div φγ−∇+φγ−=φγ− mmm uvuvuv GGG  

whence, using ( ),∗  we obtain ( ( ) ( ) ) ( ( ) ( ) ),,div,div φγ−→φγ−
+∞→

uvuv
mm

GG  

and using that mu  is bounded in ( ( )),;,0 12 ΩHTL  we get ( ( ),. γ−∇ muvG  
) ( ( ) ).,. φγ−∇→φ

+∞→
uv

m
G  Finally, we have 

( ) ( ).,, φγ−→φγ−
+∞→

uaua
mm  

Using ( ),∗  we get 

( ( ) ( ) ) ( ( ) ( ) ).,,
00

φγ−→φγ− ∫∫ +∞→
susu

t

mm
t

 

To sum up, combining all these limits, we obtain the following equation 

( ( ) ) ( ) ( ) ( ( ) ( ) )φγ−+φ=φγ−+φ
∂

γ−∂ ∫ ,,,,
0

sufuat
u t

 

( ) ( ) ( ( ) ) .,,,,
0

k
t

Vdssat ∈φ∀φγδ+φγ−φ
∂
γ∂− ∫  ( )E  

It remains to prove that ( ) ( ) ,0, 0 Ω∈∀= xxuxu  for this reason, we 
prove that the sequence ( )nnu  is a Cauchy’s sequence in 

([ ] ( )).;,0 20 ΩLTC  In Fact, by taking φ  equal to nm uu −  in ( ),mP  we 
derive 

( ( ) ) ( ) ( ) +−=−γ−+−
∂

γ−∂
nmnmmnm

m uufuuuauut
u ,,,  
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( ( ) ( ) ) ( )nmnmm
t

uutuusu −
∂
γ∂−−γ−∫ ,,

0
 

( ) ( ( ) ),,,
0

nm
t

nm uudssuua −γδ+−γ− ∫  (13) 

likewise, we get 

( ( ) ) ( )nmnnm
n uuuauut

u
−γ−+−

∂
γ−∂ ,,  

( ) ( ) ( ) 







−γ−δ+−= ∫ nmn

t
nm uusuuuf ,,

0  

( ) ( ) ( ) .,,,
0 








−γδ+−γ−−

∂
γ∂− ∫ nm

t
nmnm uudssuuauut  (14) 

By subtracting (14) from (13), we have 

( ( ) ) ( )nmnmnm
nm uuuuauut

uu
−−+−

∂
−∂ ,,  

( ) ( ) .,
0 








−−δ= ∫ nmnm

t
uudssuu  

Then, owing to assumption ( )5A  and by applying Young’s inequality, we 
get 

( ) ≤−β+−∇+− 222
22

1 2
1

nmnmnm uuuuDuudt
d  

( ) ( ) ( ) ,22
1

2
2

22
22

0

2
1

2
1

nmnmnm
t

uu
Dv

uuDdssuudt
d −+−∇+−δ ∞

−
∞∫

G
 

by integrating the previous inequation on the interval ] [,,0 t  we derive 

( ) ( ) ( ) ( ) dssuuDtuu nm
t

nm
2

0
2 2

1

2
1

2
1 −∇+− ∫  

( ) ( ) ( )222 2
1

2
102

1
∞

−
∞+δ+−≤ DvTuu nm

G  
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( ) ( ) .2
0

dssuu nm
t

−∫  

Whence, ( ) ( ) ( ) ( ) ( )2222 2
1

0 ∞
−

∞+δ+−≤− DvTuutuu nmnm
G

∫
t

0
 

( ) ( ) .2dssuu nm −  Owing to assumption ( ),A1  we obtain ( )nm uu −  

( ) ( ) ( ) ( ) ( ) ,2
0

21
2 dsstuutt nm

t
−µ+µ≤ ∫  where ( ) ( ) ,0 2

1 nm uu −=µ  

and .1
min

2
2

−
∞+δ=µ DvT G  Therefore by applying Gronwall’s lemma, we 

get ( ) ( ) ( ) [ ].,021
2 Ttettuu T

nm ∈∀µ≤− µ  Whence, 

[ ]
( ) ( ) ( ) ,,sup 71

,0
2 cmntuu Lmn

T
µ≤−  

where .27
µ= Tec  Since ( ) 0,1 →µ mn  as ,, +∞→mn  then ( )nnu  is a 

Cauchy’s sequence in ([ ] ( )).;,0 20 ΩLTC  Whence, uu
mn +∞→
→  in 

([ ] ( ))Ω20 ;,0 LTC  and ( ) ( )00 uu
mn +∞→
→  in ( ).2 ΩL  Since, we have 

( ) ( ) ( ( )),00 0 γ−π=γ− uu mm  then, for ,+∞→m  we deduce ( ) .0 0uu =  

Moreover, we have proved that ([ ] ( )).,,0 20 Ω∈ LTu C  By density we 

deduce that (E) is satisfied for all φ  in ( ).1 ΩΓD
H  To conclude, combining 

between all previous results, this leads to the following theorem. 

Theorem 5.2. Under the assumptions ( ) ( ),A-A 51  problem ( )1P  has 

a unique solution ([ ] ( ))Ω∈ 20 ;,0 LTWu C∩  such that 2Lu ∈γ−  

( ( )),;,0 1 ΩΓD
HT  in the following sense: 

( ) ( ) ( ) ( ( ) ) ( ) ] [,,0..,,,,,, 1
0

TteaforHdssufuat
u

D

t
∈Ω∈φ∀φδ+φ=φ+φ

∂
∂

Γ∫  

( ) ...0., 0 Ω= ineauu  

Furthermore, we have the following estimates 

( ( ) ) ,1;,0 THTLTW cuandcu ′≤≤ Ω∞  
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where the constants Tc  and Tc′  are specified in Theorem 5.1. As the right-

hand side of the first equation of problem ( )1P  in (] ] ( )),:,0 21 ΩLTC  then 

we have (] ] ( )).;,0 21 Ω∈ LTu C  

Remark 1. The a priori estimates are directly deduced from ones 
quoted in Theorem 5.1, by passing to limits. 

6. Inverse Problem 

In [1] the authors proved the existence result by using FredHolm 
alternative in pondered spaces. In this work we prove the existence result 
by using FredHolm alternative in nonpondered spaces, moreover, we 
propose to reformulate the inverse problem like an optimization problem 
in least squares sense, and we prove the existence result in some 
admissible space. This method is very easy for the computation of the 
initial concentration f.  

6.1. Existence of a solution of the inverse problem by FredHolm 
alternative 

In order to prove the existence of a solution of the inverse problem 
(P), we decompose the solution of the problem ( )1P  by the following 

manner. Let 0u  be the solution of the problem ( )1P  with 0=f  and its 
initial and boundary conditions are different to zero 
( ).0,0,thatso 0 ≠γ≠u  A part of the Theorem 5.2 gives directly the 

existence and uniqueness of the solution .0u  Then we write the weak 
solution of the problem ( )1P  with general data, ,, γf  and ,0u  as 

( ) ( ),.,., 00 fuufu +=  (15) 

where ( )fu .,0  is the solution of the problem ( )1P  with 0≠f  and its 
initial and boundary conditions are equal to zero 
( ).0,0,thatso 0 =γ=u  Henceforth, we shall write ( )fu .,  instead of 

( )fu .,0  and Th  instead of ( ).0 TuhT −  We define the following 
differential operator 0A  on 0W  by ( ) ..div0 ukuvuDu s+∇+∇−=

G
A  Next, 
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we introduce the functional spaces IH  and 0IH  defined as =IH  

{ ( ) } ( ).;on0,on0.: 2
012

2 Ω=Γ=φΓ=φ∇Ω∈φ LIHnDH G  Let us 
define also the following operator ,: 00 IHIHG →  as 

( ) ( )
+

∂
∂

=→ t
fTufGf ,  ( ( ) ) ( ) ( ) .,,div

0
dsfsuKkfTuKv

T
HsH ∫α−α−

G  By 

taking t equals to T in the first equation of problem ( ),1P  and taking into 
account the condition at the final time T, we obtain the equation that the 
function f has to satisfy 

( ) .on 00 IHhfGf TA=−  (16) 

Lemma 6.1. Assuming that the hypotheses ( ) ( )41 A-A  are satisfied, 

and let ,IHhT ∈  then the problem (P) and the equation (16) are 

equivalent. 

Proof. We have from the Theorem 5.2 that ([ ] ( ))Ω∈ 200 ;,0 HTu C  

then ( ) IHTuhT ∈− 0  if ( ) .IHThT ∈γ−  Let 0IHf ∈  be a solution of 
the equation (16), then in view of the definition of G, we have 

( ) ( ) ( ( ) ) ( ) ( ) ,,,div,
0 








α−α−+

∂
∂

−=− ∫ dsfsuKkfTuKvt
fTuffGf

T
HsH

G  

(17) 

where ( )fu .,  is a solution of problem ( ).1P  Theorem 5.2 affirms that 

( ) ([ ] ( )),;,0., 20 Ω∈ HTfu C  hence ( )fTu ,0A  is in ( ).2 ΩL  We deduce 
from (16) that 

( ) ( )fTufGf ,0A=−  (18) 

We combine (16), (17) and (18), we obtain 

( ( )) .in0,0 Ω=− fTuhTA  (19) 

The boundary conditions of the function ( )fTuhT ,−  are equal to zero, 
namely, ( ) 0, =− fTuhT  on ( ( )) 0.,;1 =−∇Γ nfTuhD T

G  on .2Γ  By 
multiplying (19) by ( )fTuhT ,−  and integrating over ,Ω  we derive 
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( ( )) ( ( ))dxfTuhfTuhD TT ,., −∇−∇∫Ω  

( ( )) =−+ ∫Ω dxfTuhk Ts
2,  

( ( )) ( ( )) .,,. dxfTuhfTuhv TT −−∇− ∫Ω
G  

Then, owing to assumption ( )1A  and applying the Young’s inequality for 
,0>ε  we get 

( ( )) ( ) .0,2
1,2

22
2

min ≤−







ε
−+−∇













ε− ∞ fTuhkfTuh

v
D TsT

G
 

Therefore, if the following condition min
2 4 Dkv s≤∞

G  is satisfied, we 

obtain ( )., fTuhT =  This proves that if 0IHf ∈  satisfies the equation 
(16), then ( )( )ffu ,.,  is solution of problem (P). The reverse implication is 
obvious. 

Lemma 6.2. Assuming that the hypotheses ( ) ( )51 A-A  are satisfied, 
then the operator G is compact. 

Proof. Let ,0IHf ∈  then by virtue of Theorem 5.2, we obtain ( )fu .,  

([ ] ( )).;,0 21 Ω∈ LTC  We denote by ( ),., fudt
d=ω  a direct calculation 

gives that ω  verifies 

( )

( )

( )

( ) ( )












Ω=ω
×Γ=ω∇
×Γ=ω

ωα=+ ∫∂
ω∂

,in0,
,on0.
,on0,

,in

2

1
0

2

xfx
JnD
Jtx

QdssKkw

P

T
t

Hst

G

A

 

where the differential operator ,A  is defined as ( )ω−ω∇−=ω vD GdivA  
( ) .ω+ xr  For a given f in ,0IH  the existence of a weak solution of problem 

( )2P  is directly deduced from Theorem 5.2. By replacing γ−mu  with 

( )fu .,  in (6), we derive ( ) ( ) .;; 2
0

21
2 dsfsuftu

t

∫µ+µ≤  The Gronwall’s 

lemma leads to 
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( ) .; 21
2

0
µµ≤∫ Tt

eTdsfsu  (20) 

Owing to assumption )( 5A  we derive also, 

( ) ( ) ( ) .;;; 22
1

211
2

0
2

0
2 µµµ+µ≤β+∇+ ∫∫ Ttt

eTdsfsudsfsuDftu  (21) 

Then ( ) .; 2
2

2222 µ
µ+≤ TefTfTftu  Whence, 

( ) ,; 2
8

2 fcftu ≤  (22) 

with .22
2

8
µµ+= TeTTc  Owing to (20), we get 

( ) ,; 2
9

2
0

fcdsfsu
t

≤∫  (23) 

where .22
9

µ= TeTc  Therefore, we obtain, 

( ) ,; 2
10

2
0

fcdsfsu
T

≤∫  (24) 

where .910 Tcc =  By multiplying the first equation of problem ( )2P  by 
,ω  and integrating over ,Ω  we derive 

( ) ( ) ( ( ) ) dxrvtDtdt
d 222 div2

1 2
1

ω++ω∇+ω ∫Ω
G  

( ) .2. 2
0

dssdt
ddxv

t
ωδ=ω∇ω+ ∫∫Ω

G  

Owing to assumption ( ),A5  and integrating over ] [t,0  and using 
Young’s inequality, we obtain 

( ) ( ) 22
1

2
1 2

0
2 2

1 β+ω∇+ω ∫ dssDt
t

 

( ) ( Tfdss
t

δ+≤ω∫ 2
1

2
1 22

0
 

) ( ) .222 2
1

dssDv
t
ω+ ∫∞

−
∞

G  (25) 
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Therefore, we derive ( ) ( ) .2
0

2222 2
1

dssDvTft
t
ω








+δ+≤ω ∫∞

−
∞

G  By 

applying the Gronwall’s lemma, we obtain 

( ) ,2
11

2 fct ≤ω  (26) 

where ( ).
1

min
2

11
−

∞+δ= DvTTec
G

 Since, we have ( ) ( ) +ω≤ tfG ( ( ) ∞vGdiv  

) ( ) ( ) ,;,
0

dsfsuKkfTuK
T

HsH ∫α+α+  combining (22), (24) and (26), 

we derive ( ) ,12 fcfG ≤  where ( div2
1

1112 += cc  ( ) ) .2
1

2
1

108 ccKv H +α+∞
G  

On the other hand, we have ( ) 2
0

, dsfsu
T
∇∫  ( ) ., 2

0
dsfsuT

T
∇≤ ∫  In 

virtue of (21), we get 

( ) .; 22
1

211
2

0
µµµ+µ≤∇∫ Tt

eTdsfsuD  (27) 

Then, owing to assumption ( ),A1  we obtain ( ) ,; 2
13

2
0

fcdsftu
t

≤∇∫  

with ( ).1 22
1

min13
µ− µ+= TeTTDc  This yields, 

( ) ,, 2
14

2
0

fcdsftu
T

≤∇∫  (28) 

where .1314 Tcc =  By multiplying the first equation of problem ( )1P  by 

( )
t

fu
∂

∂ .,  and using same techniques quoted in order to bound ,t
um
∂
∂  we 

deduce from (11) for ,6=ε  

( ) ( ) dsfsuTfTfsuD
T 2
0

2222 ;66;2
1

∫δ+≤∇  

( ) .;6 2
0

22 2
1

2
1

dsfsuDDv
T

∇+ ∫∞
−

∞
G  
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Then, owing to inequalities (23), (27) and assumption ( )1A  we obtain 

( ) ,, 2
15

2 fcfsu ≤∇  (29) 

where ( ).67 229
21

min15
µ− µ+δ+= TeTTcTDc  From (25), we deduce 

( ) ,2
17

2
0

fcdss
T

≤ω∇∫  with ( 21
min

1
min17 vTDDc G

+δ+= −−  ).11
1

min TcD−  

This implies that, ( ) 18cT ≤ω∇  a.e. This yields that ( ) ( )Ω∈ω 1HT  and 
we get ( ) ( ) .191 cT H ≤ω Ω  Finally, we obtain 

( ) ( ) .201 cfG H ≤Ω  (30) 

Since the injection of ( )Ω1H  in ( )Ω2L  is compact, then by virtue of (30), 
there exists a subsequence still denoted by ( )nfG  which converges in 

( ),2 ΩL  therefore this yields the compacity of G in .0IH  Subsequently, 
from the Lemma 6.1, we have the equivalence between problem (P) and 
equation (16) in 0IH  for each .IHhT ∈  Lemma 6.2 affirms that G is a 

compact operator from 0IH  onto 0IH  and we clearly have .00 IHhT ∈A  
The fredHolm alternative (see [8]) is valid and the uniqueness of the 
solution implies the existence of ( )fu,  solution of problem ( ).P  

6.2. Solution for the inverse problem by optimization method 

In order to compute the initial concentration f solution of the inverse 
problem, we consider the minimization problem 

( ) ( ) ( )( ),,min: fufJf
adf

=
∈

JP
�U

 (31) 

where ( )( ) ( ) ( ) ,;,2
1, 2dxxhfTxufufJ T−= ∫Ω  and ( )fu  is the solution 

of the problem ( )1P  and adU  is given by { ( ) ccfLfad ;:2 ≤Ω∈=U  is 
a nonnegative constant}. 

Theorem 6.1. Under the Assumptions ( ) ( ),A-A 31  the minimization 

problem ( )P  has at least one solution .adf U∈  
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Proof. Let ( )nnf  be a minimizing sequence of the energy ( ) 2
1=nfJ  

( ) ( ) ,;, 2dxxhfTxu Tnn −∫Ω  where ( )nnu  is a solution of problem ( )1P  

and .adnf U∈  Since ( )nnu  is a solution of problem ( ),1P  then we have 

( ( ) ) ( ) ( ) .,div
0

dssuKfuxruvuuxDt
u

n
t

Hnnnnn
n ∫α+=+−∇∇−

∂
∂ G  

As ,adnf U∈  then ( )nnf  is bounded in ( ),2 ΩL  so there exists a 

subsequence still denoted ( )nnf  converges weakly to .∗f  From Theorem 

5.2, we have the following estimate ( ) .;, TWnn cfTxu ≤  Then 

( ) ( ) ( ).in;,;, 2 Ω→ ∗
+∞→

LfTxufTxu
nnn  

According to the Lebesgue’s theorem, we deduce 

( ) ( ) ( ) ( ) ,;,2
1;,2

1 22 dxxhfTxudxxhfTxu TnTnn −→− ∗
Ω+∞→Ω ∫∫  

then ∗f  minimizes ( )fJ  on the set .adU  Thus, we can use the gradient 

method to compute the initial concentration .∗f  

7. Conclusion 

In this paper we have studied an inverse problem permitting to 
compute an initial concentration of some pollution problem in porous 
media. We have proved the existence and uniqueness of the direct 
problem by using the Galerkin method in nonpondered spaces. 
Furthermore, we have proved the existence result for the inverse problem 
(P) by using FredHom alternative in nonponderd spaces and we have also 
reformulated the inverse problem (P) like an optimization problem which 
permits to compute the initial concentration f.  

Acknowledgment 

  This work has been supported by CNRST–MOROCCO, Volkswagen 
Foundation Grant number I/79315 and Hydro 3+3 Mediterranean project 
and the French-Moroccan project AI/05/115. 



A STUDY OF A POLLUTION PROBLEM IN POROUS … 661

References 

 [1] R. Aboulaich, S. Afilal and J. Pousin, Sur un modéle de pollution en mileux poreux, 
Maths recherche et application 2 (2000), 108-120. 

 [2] R. Aboulaich, S. Afilal and J. Pousin, Numerical approximation of an identification 
problem in porous media, Moroccan Journal of Condensed Matter 4(1) (2001), 100-
104. 

 [3] J. T. Albergaria, M. da Conceição, M. Alvim-Ferraz and C. Delerue-Matos, 
Remediation efficiency of vapour extraction of sandy soils contaminated with 
cyclohexane: Influence of air flow rate, water and natural organic matter content, 
Environmental Pollution 143(1) (2006), 146-152. 

 [4] R. Arands, T. Lam, I. Massry, D. H. Berler, F. J. Muzzio and D. S. Kosson, Modeling 
and experimental validation of volatile organic contaminant diffusion through an 
unsaturated soil, Water Resources Research 33(2) (1997), 599-609. 

 [5] J. E. Armstrong, T. Lam, I. Massry, D. H. Berler, F. J. Muzzio and D. S. Kosson, 
Numerical approximation of an identification problem in porous media diffusion 
through an unsaturated soil, Water Resources Research 33(2) (1997), 599-609. 

 [6] A. L. Baehr, G. E. Hoag and M. C. Marley, Removing volatile contaminants from the 
unsaturated zone by inducing advective air-phase transport, Journal of Contaminant 
Hydrology 4(1) (1989), 1-26.  

 [7] J. Bear, Dynamics of Fluids in Porous Media, American Elsevier Environmental 
Science Series 1972. 

 [8] H. Brezis, Analyse Fonctionnelle, Masson, Paris 1987. 

 [9] J. C. Chai and N. Miura, Field vapor extraction test and long-term monitoring at 
PCE contaminated site, Journal of Hazardous Materials 110(1-3) (2004), 85-92. 

 [10] D. C. DiGiulio, Evaluation of soil venting, U.S, EPA, EPA/540/s-92/004, 1992. 

 [11] R. W. Falta, I. Javandel, K. Pruess and P. A. Witherspoon, Density-driven flow of gas 
in the unsaturated zone due to the evaporation of volatile organic compounds, Water 
Resour. Res. 25(10) (1989), 2159-2169. 

 [12] J. S. Gierke, N. J. Hutzler and D. B. McKenzie, Vapor transport in columns of 
unsaturated soil and implications for vapor extraction, Water Resour. Res. 28(2) 
(1992), 323-335. 

 [13] P. C. Johnson, M. W. Kemblowski and J. D. Colthart, Practical screening models for 
soil venting application, paper presented at Conference on Petroleum Hydrocarbons 
and Organic Chemicals in Groundwater: Prevention, Detection and Restoration, 
Natl. Water Well Assoc./Am.Pet.Inst,Houston,Tex. 1988. 

 [14] J. W. Massmann, Applying groundwater flow models in vapor extraction system 
design, Journal of environmental engineering 115(1) (1989), 129-149. 

 [15] D. B. McWhorter, unsteady radial flow of gas in the vadoze zone, Journal of 
Contaminant Hydrology 5(3) (1990), 297-314.  



R. ABOULAICH et al. 662

 [16] C. A. Mendoza and E. O. Frind, Advective-dispersive transport of volatile organic 
vapors in the unsaturated zone, I, Model development, Water Resour. Res. 26(3) 
(1990), 379-387. 

 [17] D. H. Mohr and P. H. Merz, Application of a 2D air flow model to soil vapor 
extraction and bioventing case studies, Ground Water 33(3) (1995), 433-444. 

 [18] T. A. Pederson and J. T. Curtis, Soil vapour extraction technology reference 
handbook, report, U.S. Environ. Prot. Agency, Washington, D. C. 1991. 

 [19] M. E. Rahbeh and R. H. Mohtar, Application of multiphase transport models to field 
remediation by air sparging and soil vapor extraction, Journal of Hazardous 
Materials 143(1-2) (2007), 156-170. 

 [20] K. Rathfelder, W. W-G. Yeh and D. Mackay, Mathematical simulation of soil vapour 
extraction systems: model development and numerical examples, Journal of 
Contaminant Hydrology 8(3-4) (1991), 263-297. 

 [21] K. M. Rathfelder, J. R. Lang and L. M. Abriola, A numerical model (MISER) for the 
simulation of coupled physical, chemical and biological processes in soil vapor 
extraction and bioventing systems, Journal of Contaminant Hydrology 43(3-4) 
(2000), 239-270. 

 [22] H. Robert JR. Martin, Nonlinear Operators and Differential Equations in Banach 
Spaces, John Wiley, New York 1976. 

 [23] J. Simon, Compact sets in the space ( ) ,;,0 BTLp Ann. Mat. Pura Appl. 146(4) 
(1987), 65-96. 

 [24] B. E. Sleep and J. F. Sykes, Modeling the transport of volatile organics in variably 
saturated soils, Water Resour. Res. 25(1) (1989), 81-92. 

 [25] N. R. Thomson and D. J. Flynn, Soil vacuum extration of perchloroethylene from the 
Borden aquifer, Ground Water 38(5) (2000), 673-688. 

 [26] D. E. Wilson, R. E. Montgomery and M. R. Sheller, A mathematical model for 
removing volatile subsurface hydrocarbons by miscible displacement, Water Air Soil 
Pollut. 33(1-3) (1987), 231-255. 

g 


