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Abstract 

A complete classification for holomorphic 2-spheres with constant Gaussian 
curvature immersed in the complex Grassmann manifold ( )4,2G  is given. 

Preliminary 

It is well-known that, up to a ( ) -1+nU equivalence, constant curved 

holomorphic 2-spheres in the complex projective space nCP  can be 

expressed by -nC valued holomorphic polynomial as follows: 

( ),,,,,,1oo 11
nj

Cn zz
j
n

znfV …… 





π=π=   `(0.1) 

where { } n
n CPCSV →∞= ∪2:  is the Veronese embedding, 
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{ } nn CPC →π + 0\: 1
1  is the natural projective ([1]). It is clear that 

( )nzzf += 12  and the induced metric is 

( )
zdzdfzdzd

zz
nds 2

2
2 ln

1
∂∂=

+
=  (0.2) 

on C, where ., zz ∂∂=∂∂∂=∂  As a generalization of 

( ),1,1 += nGCPn  we may intend to give an analytic expression for 
holomorphic 2-spheres with constant Gaussian curvature in the complex 
Grassmann manifold ( )., nkG  In the simplest situation, we proved the 
following theorem. 

Theorem A. Let ( )4,2: 2 GS →ϕ  be a holomorphic immersion with 

constant (induced) Gaussian curvature K. Set ( ).2 ∞= ∪CS  Then ϕ  is 

U(4)-equivalent to one of the following curves, at most up to an isometry of 
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zz
zzK C  

This theorem is provided by the first author in [8] without proof. In 
this note we will give a complete proof. We think that it may be helpful 
for solving the above problem in general ( )., nkG  All conceptions and 
notations inherit those in [7] and [8]. 
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1. General Results 

Let ( )nkM ,  be the complex vector space consists of all nk ×  
matrices. We consider ( )nkG ,  as the orbit space ( ) ( ),,, CkGLnkM  
where ( )nk,M  is  he set of all complex matrices with rank k and the 
complex general linear group ( )CkGL ,  acts on ( )nk,M  by left 
multiplication. Denote by ( ) ( )nkGnk ,,: →π M  the natural projection. 

If ( )nkGS ,: 2 →ϕ  is a holomorphic isometric immersion with 
constant Gaussian curvature K, then we have a canonical coordinate z on 

{ }∞\2S  such that the induced metric is given by 

( )
.

1
4

2
2 zdzd

zzK
ds

+
=  (1.1) 

Suppose the associated harmonic (bundle) sequence of ϕ  is 

.010  →ϕ → →ϕ →ϕ=ϕ ∂∂∂∂
m"  (1.2) 

According to [7] we have a set of −nC valued holomorphic polynomial 
{ }kff ,,1 …  such that kff ∧∧"1  has no zero and  

( ),,,o 1 kC ffA …π=ϕ  

where ( )kffA ,,1 …  is the ( ) -, nkM valued holomorphic polynomial with 

jf  the j-th row. Since the Plücker embedding ( ) 1,:Pl −→ NCPnkG  

( ( )) ( ) ( ( ))n
kkk NuuuuA =∧∧ππ …6… 111 ,,:  is a holomorphic isometry, 

up to a multiple we may set 

( ) ,12
1

d
k zzff +=∧∧…  (1.3) 

where ( )ϕ= degd  is the degree of ,ϕ  which is equal to the degree of 

−∧ nk C valued holomorphic polynomial ,1 kff ∧∧…  and Kd 4=  by (0.2) 
and (1.1). 

Suppose 
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( ) ( ( )),deg
0
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 (1.4)  

where .n
jl Cu ∈  If we set 

,
0

1
j

j

d

j
k zvff ∑

=

=∧∧…  (1.5) 

then 

jllj j
d

vv δ





=,  (1.6) 

by (0.1), where 

.1
1

1
nk

kll
jll

j Cuuv k
k

∧∈∧∧= ∑
=++

"
"

 

Thus to solve the problem proposed in section 1, is equivalent to solving 
the algebraic equations (1.6). 

When rank ( ) 11 =ϕ  we have 

Proposition 1. Suppose ϕ  is full and ϕ  does not contain any proper 

trivial subbundle. If rank ( ) ,11 =ϕ  then ,11 −
γ⊕⊕γ⊕γ=ϕ k"  where 

1−=γ nV  is  he Veronese embedding in (0.1), and jγ  is the j-th member in 

the harmonic sequence of .1−nV  

Proof. Consider the -∂ transformation of 1ϕ  [3]: 

.0 11 ϕ←/←←/=γ← ∂∂∂∂ vvl "  

Then we have an orthogonal decomposition .1 lvv /⊕⊕/⊕α=ϕ "  Since the 

holomorphic subbundle α  of ϕ  is holomorphic in ,nC  and is anti-

holomorphic in nC  by ( ) α∂⊂α ϕ ,Ker  is a trivial subbundle of .ϕ  By 

assumption rank ( ) .0=α  Thus ,11 −
γ⊕⊕γ⊕γ=ϕ k"  where 
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12: −→/=γ n
l CPSv  is holomorphic, and jγ  is the j-th member in the 

harmonic sequence of -∂ transformation of .γ  

Take -nC valued holomorphic polynomial g such that .goπ=γ  Then 

by using Lemma 3 of [6] we get a set of -nC valued holomorphic 
polynomial { }110 ,,, −= kgggg …  such that jγ⊕⊕γ "  is spanned by 

{ }jgg ,,0 …  for 1,,1,0 −= kj …  and 10 −∧∧ kgg "  has no zero. By 

definition of -∂ transformation we have 

( )1,,10110 −=∧∧=∂∧∧∧ −− kjggpggg jjjj …""  

for some holomorphic polynomial .jp  Hence 

( ) ( )
( )dk zz

zz
d

zzK
gg +∂∂=

+
=

+
=∧∧∂∂ − 1ln

11
4ln 22

2
10 " (1.7) 

by (1.1) and (1.3), where ( ).deg ϕ=d  Denote by jd  the degree of 

.0 jgg ∧∧"  (2.7) shows that 
( )d

k

zz
gg

+

∧∧ −

1
ln

2
10 "  is constant on C since 

( )d
k

zz
gg

+

∧∧ −

1

2
10 "  is bounded. Up to a suitable multiple of ,1−kg  we may 

set 

( ) .12
10

d
k zzgg +=∧∧ −"  

Applying Lemma 1 of [6], we get 

( )
2

102 ln
1

−∧∧∂∂=
+

kgg
zz

d "  

.4
10

2
110

2
20

−

−−−

∧∧
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=

k

kkk

gg
ggggg

"

""  

This implies 

( ) 212
2

20 −+=∧∧ −−
kd

kk zzcgg "  
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by irreducibility of the polynomial .1 zz+  One gets ( ) 010
2

0
dzzcg +=  by 

using induction. Hence γ  has constant Gaussian curvature.  

To simplify equation (1.6), the following proposition is useful. 

Proposition 2. Up to a choice of unitary basis of nC  (or equivalently, 

a U(n)-equivalence), for any chosen pole ∞  there exist −nC valued 

holomorphic polynomials kff ,,1 …  with ( )dk zzff +=∧∧ 12
1 "  such 

that ( ),,,o 1 kC ffA …π=ϕ  where ( )kffAA ,,1 …=  is in the form 

( ) ,,,
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1
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
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k

k

k

k
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I

f

f
ffA ##…  (1.8) 

where kI  is the unit matrix of order k and kgg ,,1 …  are holomorphic 

polynomials valued in .knC −  

Proof. Take { }kff ,,1 …  such that (1.3) is satisfied. From (1.4) we get 

.1

1
0101

−

=
∑+∧∧=∧∧ l

l

d

l
kk zvzuuff ""  

Then by (1.6), 

0,,1 010
2

010 =∧∧=∧∧ lkk vuuuu ""  

for .,,1 dl …=  Thus .1, 0101 =∧∧∧∧ kk uuff ""  By a suitable 

choice of basis of nC  we can assume ,1010 kkuu ε∧∧ε=∧∧ ""  here 

{ }kεε ,,1 "  is a part of the natural basis of .nC  Set 

( ),,,11 jnjljl
n

lj ffff "=ε= ∑ =
 i.e., 

( ).,: 21

11

1111111
AA

ffff

ffff

f

f
A

knkkkkk

nkk

k

=

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






=


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










=

+

+

""
""""""

""
#  

Then .det,1 111 Aff kk =ε∧∧ε∧∧= ""  This means 1
1
−A  is still 



CONSTANT CURVED HOLOMORPHIC 2S  IN ( )4,2G  553 

a ( ) -, kkM valued holomorphic polynomial and therefore 

( )2
1

1
~,~ AIAAA k== −  is a holomorphic polynomial valued in ( )., nkM  If 

( ),~,,~~~
1 kffAA "=  then ( )1

11 det~~ −=∧∧ Aff k"  kk ffff ∧∧=∧∧ "" 11   

.1
01

l
l

d
lk zvz∑ −
=

+ε∧∧ε= "  Thus 2
1

~~
kff ∧∧"  ( ) .1 dzz+=  For ,kj >  

the j-th component of kf
~  is 

.,,~~~ 1
11

1
111

−
−

=
− ε∧ε∧∧ε=ε∧ε∧∧ε∧∧= ∑ l

jkl

d

l
jkkkj zvzfff """  

So kkk zgf +ε=
~  for some -knC − valued holomorphic polynomial .kg  

Similarly jjj zgf +ε=
~  for .1,,1 −= kj "  

To prove Theorem A, we need the following well-known lemma. 

Lemma 3. Let ( )., kkMA ∈  Then there are ( )kUUU ∈21,  such that 

21AUU  is diagonal and the elements on the diagonal are nonnegative 

real. 

 2. Proof of Theorem A 

Now we focus our attention on holomorphic immersion 

( ).4,2: 2 GS →ϕ  

A.  Some special cases. 

If ϕ  contains a trivial subbundle ,1C  then we have orthogonal 

decomposition γ⊕=ϕ 1C  with .: 22 CPS →γ  Just as in proof of 

Proposition 1 we see 1V=γ  or 2V  according to deg ( ) 1=ϕ  or 2. Then ϕ  is 
U(4)-equivalent to (1) in Theorem A, or to (2) in Theorem A when 

.2π=t  

If ϕ  is not full, then ϕ  is into ( ) ( ) .3,13,2 2CPGG =≅  Thus  
( ) 1deg =ϕ  or 2. This is in the case of (1), or (2) in Theorem A when .0=t   

Excluding the above cases, if the hypothesis in Proposition 1 holds for  
,ϕ  then  
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.
33230

331o 2

32








π=ϕ

zz
zzz

C  

This is equivalent to (4) of Theorem A by being left multiplied with 







 −

310
1 z

 and changing { }4321 ,,, εεεε  into { }.,,, 3421 εεεε−  

B.  In case rank .21 =ϕ  

From now on we set ϕ  is full and rank ( ) .21 =ϕ  According to 

Proposition 2, we may set ( ),,o 21 ffAC π=ϕ  where 

( ) 






=





=

43

21

2

1
21 10

01
,

zgzg
zgzg

f
f

ffA  (2.1) 

and ( ) .12
21

dzzff +=∧  Note that 5≤d  since ϕoPl  is into 

( ) .542
1 CPC =∧π  

We take a basis { ,~,~,~
423322211 ε∧ε−=εε∧ε−=εε∧ε=ε  

}436415314
~,~,~ ε∧ε=εε∧ε=εε∧ε=ε  for ,642 CC ≅∧  where { }41 ,, εε …  

is the natural basis of .4C  Then 21 ff ∧  can be expressed by its 

components as 

( ),,,,,,1 2
432121 hzzgzgzgzgff =∧  (2.2) 

where 

.3241 ggggh −=  (2.3) 

Thus ( ) ,1deg −≤ dg j  ( ) 2deg −≤ dh  if non-vanishing. (2.1) can also be 

written as 

( ) ( ),,, 1221
d

dzCzCIffA ++= "  (2.4) 

where ( )2,2MCj ∈  for .5,,1 …=j  According to Lemma 3 we may 

assume one of 'jC s is diagonal with nonnegative real diagonal elements. 
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We have -4C valued holomorphic polynomials 43, ff  such that 

41 ff ∧∧"  has no zero and  

( )
( )




≡∂
≡∂

,,,mod
,,mod

321422

21311
ffffpf

fffpf
 (2.5) 

where 21, pp  are holomorphic polynomials. Then by the orthogonalizing 

process we have a unitary frame { }41 ,, ee …  with 

.4,3,2,1,
1

1
1 =

∧∧
∧∧

=∧∧ jff
ff

ee
j

j
j "

"
"  (2.6) 

(see Lemma 3 and Lemma 4 of [6]). 

Write down the generalized Frenet formula for ϕ  [7]: 










ρ+ωλ−ω−=
ωλ+ρ+ω−ω−=
ω+ω+ρ+ωλ−=

ω+ωλ+ρ=

,4432234

,423322113
,433222112

3121111 ,

eieeade
eeieaeade
eaeaeiede

eaeeide

 (2.7) 

where .1 dzzz
d

+
=ω  By definition of induced metric we have 

.12
3

2
2

2
1 =++ aaa  (2.8) 

Since ( ( )) 414141 ,,det ε∧∧ε=∧∧ "…" ffBff  has no zero, det B is 

constant. We may set 4141 ε∧∧ε=∧∧ "" ff  by a suitable multiple of 

.4f  From (2.5)-(2.7) we get 

( )
.

1 2
21

31 −+⋅
= dzzd

ppaa  (2.9) 

From (2.5) we have also 

.412141212121 ε∧∧ε=∧∧=∂∧∂∧∧ "" ppffppffff  (2.10) 
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It is clear that 2
3

2
1

2

32

1 0
det aa

aa
a

F =






=  is dependent neither 

on the frame { }41 ,, ee …  nor on ,ω  so is a global function on .2S  The 

number of zeros of F is known as ramification index of ,ϕ  which are 

isolated by (2.9), and denoted by ( )ϕr  (cf. [7]). From (2.9) we see the zeros 

of F coincide with that of 21pp  if ∞  is not a ramification point. In 

contrast if ( ) ( ),deg 21 ϕ< rpp  then ∞  is a ramification. The order of a 

zero 0z  of 21pp  is called the order of ramification point .0z  From (2.9) 

we know ( ) ( )22 −=ϕ dr  in this case, since 2
31, aa  is bounded by (2.8). 

Thus .2≥d  

In the following we proceed separately according to ( ).deg ϕ  

C. When .2=d  

If 02 ≠C  in (2.4), we may set ( )0,diag2 aC =  with 0>a  a real 
number. Because h is constant in (2.2) and ( ) ,1deg 1 =g  we have 04 =g  
by (2.3). (2.2) becomes 

( )2
0000

2
021 ,0,,,,1 zcbzczbazzaff +=∧  

( ) ( ) ( ) .,0,0,0,,00,0,,,,00,0,0,0,0,1 2
00000 zcbazcba ++=  

From (1.6) we know 00 =a  by .0, 21 =vv  By assumption we see 
000 ≠cb  otherwise ϕ  is not full or rank ( ) .21 <ϕ  By a suitable multiple 

of 2f  and appropriate rotations of 2ε  and ,4ε  we may set ., 00 Rcb ∈  

Then 22
0

2
0 =+ cb  by (1.6). Thus ,sin20 tb =  tc cos20 =  for some 

.Rt∈  Again by (1.6) we get .2cos ta ±=  This is essentially 
( ) -4U equivalent to (2) of Theorem A by replacing 1f  with 1f−  if 

necessary. 

If 02 =C  in (2.4), we may set ( ).,diag1 baC =  Then 222 =+ ba  and 
1=ab  by (1.6). Therefore 1== ba  and ϕ  is equivalent to (2) of Theorem 

A when .4π=t  
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D. When .3≥d  

Since ( ) ( ),22 −=ϕ dr  up to an isometry of ,2S  we may take 0=z  to 
be a ramification point in this case. By Lemma 3 and (2.10) we may set 

( ).0,diag1 aC =  Then ( )zgzazff 2
232121 +ε∧ε+ε∧ε=∧  for some 

-42 C∧ valued holomorphic polynomial g by (2.1). In the same way as in 

proof of Proposition 1 we get da =  and ., 23211 zdffzg =ε∧ε∧=  

Thus .1 dg =  

(2.1) and (2.2) can be rewritten as 

,
10
01

4
2

3
2

2
2

2

1








=








gzgz
gzzd

f
f

 (2.11) 

( ),,,,,,1 3
4

2
3

2
2

2
21 hzgzgzgzzdff =∧  (2.12) 

respectively, where 

.324 gzggdh −=  (2.13) 

Thus ( ) 2deg −≤ dg j  for 4,3,2=j  whenever 0≠jg  and ( ) 3deg −≤ dh  

if .0≠h  

(i) When 3=d  we get ,0α=h  a constant, and 0432 3 α−= ggzg  by 
(2.13).  

If ,032 ≠gg  then .03 3204 ≠+α= gzgg  Thus ( ) 1deg 4 ≤g  and 

0302 , bgag ==  by (2.13). From (1.6) and (2.12) we get 00 =α  since 

.000 ≠ba  Therefore 32
00 =ba  and 32

0
2

0 =+ ba  by (1.6). This is 

impossible. So .032 =gg  

If ,02 =g  then 
3
0

4
α

=g  by (2.13) and 00 ≠α  otherwise ϕ  is not full. 

We can assume 00 >α  by a rotation of .4ε  The right hand side of (2.12) 

becomes ( ).,
3

,,0,3,1 3
0

203
1

2
0 zzzbzbz α

α
+  Then by (1.6) 110 .0 bbb =  

has to be 0, otherwise ,00 =b  which forces 1,3 2
1

2
00 =+α=α b  by (1.6), 



LI ZHENQI and JIN MIAOMIAO 558 

a contradiction. Thus 38,1 00 ==α b  by (1.6). Up to a multiple of 2f  

and a U(4)-equivalence, we may set .380 =b  We then get (3) of 
Theorem A by U(4)-equivalence 

( ).4

3
8

3
100

3
1

3
800

0001
0010

UT ∈























−

=  

Similarly, if ,03 =g  we get 

.
31010
38301

2

2

2
1









=







z
zz

f
f  

By a holomorphic isometry 1−= zwz 6  of ϕ,2S  can be expressed as 








 −
π=








π=ϕ 22

2

31010
0381

31010
38301

z
z

z
zz  

.
1030

013831
3100

038
22 







 −−π=






 −π=
w

ww
w

ww  

This is in the case (3) of Theorem A by rechoosing basis of .4C  

Evidently 032 == gg  is impossible. 

(ii) When 4=d  we may set 

2
210410 , zczccgzh ++=α+α=  (2.14) 

by (2.12). If ,02 =c  then 0302 , bgag ==  by (2.13) and consequently 
.2,2 110000 α−==α cbac  Using (2.6) we get 2,1,02 1100 ==α==α cc  

and .62
0

2
0 =+ ba  From 

( ) 3222
13 111100

2
0

2
0 =α−≥α−=≥+= ccbaba  

we know .300 == ba  By rotating 2f  and 42, εε  we may set 
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.2,3 10 == cb  The above inequality implies 11 =α  and therefore 

( ) .32 0110 =α−= bca  This is just (4) of Theorem A, although it 
contradicts to rank .21 =ϕ  

Suppose 02 ≠c  in (2.14). Then 032 ≠gg  by (2.13) and therefore 
( ) .1deg 32 =gg  Without loss of generality we may set 

.0,, 1010302 ≠+== bazbbgag  

Also we have 

102001100 2,2,2 bacbacc =−=α=α  

by (2.13). Similarly, from (1.6) one gets 

,6,2,1,0 01201100 =====α==α= abcbcc  

contradicts to .2 102 bac =  

(iii) When 5=d  the mapping 52:oPl CPS →ϕ  is full, and hence 
neither jg  nor h vanishes by (2.12). Since ( ) 2deg ≤h  and ( ) ,3deg 4 ≤g  

we have ( ) 2deg 32 ≤gg  by (2.13). Keep it in mind. 

Now 

( ) ( ) ( )3
2

2
2

4
2

21 5 gzgzgzpp ∂∂−∂=  (2.15) 

by (2.10). Thus ( ) .4deg 21 ≤pp  Because ( ) 6=ϕr  when ,5=d  (2.15) 

means that for any chosen ramification point ,2Sx ∈  the antipodal point 
of x is a ramification point with order .2≥  Consequently there is only a 
pair of ramification point with order .2≥  We may assume the 
ramification point 0=z  is of minimum order. Thus 

3
21

2
21 or, czppczpp ==  (2.16) 

for some constant c. Combine it with (2.13) gives 

., 3
3

2
214

2
21 zczczcgzzh ++=α+α=  
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We will prove the case 5=d  does not occur. 

If ( ) ,2deg 2 =g  we may set .0,, 0203
2

2102 ≠=++= babgzazaag  

Then 0235 bac =  by (2.13), and 023 855 bac =  by (2.15), a 

contradiction. Similarly ( ) 2deg 3 =g  is impossible. If 

( ) ( ) ,1degdeg 32 == gg  there is still a contradiction between (2.13) and 

(2.15) by setting zbbgzaag 103102 , +=+=  with .011 ≠ba  

Suppose ( ) .1deg 32 =gg  Without loss of generality we set 

., 10302 zbbgag +==  Then 102200113 5,5,0 bacbacc −=α−=α=  

by (2.13). (2.12) is now 

( ).,,,,5,1 5
2

4
1

4
2

3
1

3
1

2
0

2
021 zzzczczbzbzazff α+α++=∧  

Using (1.6) we get 

.10,0,10,0,5,0,1 0011212 ======α=α abbcc  

Thus we have a contradiction: 

.65510 222210 =α+≤α−== ccba  

It is easy to see that the case ( ) 0deg 32 =gg  can not occur by (2.13) 

and (1.6). 

E. Notes on Theorem A. 

(1) For 2=K  there is a classification in [4]. The reader should 
compare (2) of Theorem A with (4.13) and (4.15) in [4]. Note that the two 
expressions in [4] are equivalent to each other by parameter 
transformation vv /−→/  and coordinate transformation .ww −→  

(2) For constant curved holomorphic curves 2M  in ( )4,2G  there are 

three local expressions in [5, p. 89, p. 95 and p. 100] which are correspondent 

to (2) when ,0=t  (4) and (2) when 4
π=t  of Theorem A, respectively. 
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(3) In contrast to E. Calabi’s result [2], (2) of Theorem A shows that, 
in general, the rigidity theorem does not hold in ( )nkG ,  when .1>k  To 

see this one can compute the global function ( )taaF 2sin44 22
3

2
1 ==  

by means of (2.9) and (2.10). Obviously F is invariant under holomorphic 
isometric of ( ).4,2G  Hence for tt ′≠  the corresponding tϕ  and t′ϕ  are 
not congruent to each other. 

(4) The embedding ϕ  in (3) of Theorem A has two ramification points. 

This is a distinguished phenomenon different from holomorphic 2S  in 

.nCP  
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