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Abstract

A complete classification for holomorphic 2-spheres with constant Gaussian

curvature immersed in the complex Grassmann manifold G(2, 4) is given.
Preliminary

It is well-known that, up to a U(n + 1) -equivalence, constant curved

holomorphic 2-spheres in the complex projective space CP”" can be

expressed by C"-valued holomorphic polynomial as follows:
Vil =mof=m o(1,+nz, ..., [n_jzj, o 2, (0.1)
J

where V, : 82 =CU{w} > CP" is the Veronese embedding,
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m : C"1 N\ {0} - CP™ is the natural projective ([1]). It is clear that

|f|2 = (1 +22z)" and the induced metric is

ds? = ﬁdzdz = 80 In|f*dzdz (0.2)
+ 2z

on C, where 0=0/02,0=0/0z. As a generalization of

CP" = G(1, n+1), we may intend to give an analytic expression for

holomorphic 2-spheres with constant Gaussian curvature in the complex
Grassmann manifold G(k, n). In the simplest situation, we proved the

following theorem.

Theorem A. Let ¢ : S2 — G(2, 4) be a holomorphic immersion with

constant (induced) Gaussian curvature K. Set S = C U (). Then ¢ is

U(4)-equivalent to one of the following curves, at most up to an isometry of
s2,

M

10 0
(1)K:4,(p|czno( c )

0100

2 .
(2)K=2,(P|C=Tco[1 0 cos2t 22 VZsint z

, where t € R;
0 1 v2cost z 0 ]

(3)K:4/3,(p|czno[1 0 V322 0 );

0 1 8/3z1/3z

10 22° J§z2j

4 K=1,9¢ :no(
|C 01 322 2z

This theorem is provided by the first author in [8] without proof. In
this note we will give a complete proof. We think that it may be helpful
for solving the above problem in general G(k, n). All conceptions and

notations inherit those in [7] and [8].
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1. General Results

Let M(k, n) be the complex vector space consists of all kxn
matrices. We consider G(k, n) as the orbit space M(k, n)/ GL(k, C),
where M(k, n) is he set of all complex matrices with rank % and the
complex general linear group GL(k, C) acts on 9M(k, n) by left
multiplication. Denote by = : 9M(k, n) — G(k, n) the natural projection.

If ¢:8% > G(k, n) is a holomorphic isometric immersion with
constant Gaussian curvature K, then we have a canonical coordinate z on

SZN\ {oo} such that the induced metric is given by

4

ds? =
K(1+ 22)

dzdz. (1.1)

Suppose the associated harmonic (bundle) sequence of ¢ is

0=9,——>p —F——2 0 0. (1.2)

—m

According to [7] we have a set of C"— valued holomorphic polynomial

{fi, ..., fr} such that f; A -~ A f; has no zero and

olc =m0 A(fis s fr)s
where A(fi, ..., fr) is the M(k, n)- valued holomorphic polynomial with
f; the j-th row. Since the Pliicker embedding Pl : G(k, n) —» cpN-1
(A, .., up ) m(ug Acoaug ) (N =(3)) is a holomorphic isometry,
up to a multiple we may set
i ncnfi]? = (1 +22)7, (1.3)

where d =deg(p) is the degree of ¢, which is equal to the degree of

AF €™~ valued holomorphic polynomial f; A...Af, and d =4/K by (0.2)
and (1.1).

Suppose
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d
fi(2)=) upz' (d; =deg(f;)), (1.4)

.

I\
=

where uj; € C". If we set

d
flA...Aszzujzf, (1.5)

Jj=0

then
_ d
(vj,07) =( .Jsjl (1.6)
by (0.1), where

k ~n
Uj= Z ulll/\---/\uklke/\ C .
h++lp=j

Thus to solve the problem proposed in section 1, is equivalent to solving
the algebraic equations (1.6).

When rank (¢, )=1 we have

Proposition 1. Suppose ¢ is full and ¢ does not contain any proper
trivial subbundle. If rank (91): 1, then ¢ =y®y, @@y, |, where
y=V,_1 is he Veronese embedding in (0.1), and Y is the j-th member in

the harmonic sequence of V,_;.

Proof. Consider the 0 - transformation of 9, [3]:

Q(——a z:?l\ 0 R 0 gl 0

Then we have an orthogonal decomposition ¢ =0 ®y, @---®@y,. Since the
holomorphic subbundle o of ¢ is holomorphic in C", and is anti-

holomorphic in C" by a < Ker(,), a is a trivial subbundle of ¢. By

assumption rank (a)=0. Thus ¢@=7® v, ®®y, ., where
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Y=v;: S? — CP™ is holomorphic, and Y5 is the j-th member in the

harmonic sequence of 0 - transformation of y.

Take C"-valued holomorphic polynomial g such that y=nog. Then

by using Lemma 3 of [6] we get a set of C"-valued holomorphic

polynomial {g=g¢, g1,..., 8,1} such that X@'"@Xj is spanned by
g0,..,8;4 for j=0,1,....,k—-1 and ggA---Agp1 has no zero. By
0 j 0 k-1
definition of 0 - transformation we have
80N AEjanDgj1=Dj8o~ng; (J=1,....k-1)
for some holomorphic polynomial p ;- Hence

00 1n|gg A A g = 4 -4 . 6o 1n(1 + 22)% (1.7)

K(1+22)> (1+zz)

by (1.1) and (1.3), where d=deg(p). Denote by d; the degree of

lgo A A gl

— is constant on C since
(1+22)

8o A--Agj. (2.7) shows that In

|go /\"'/\gk—1|2

y is bounded. Up to a suitable multiple of g;_;, we may
(1+22)

set

2 —
g0 A ngpal” =(1+22)".
Applying Lemma 1 of [6], we get

d

= 2
Q2] =001In|gg A+ A g1
+ 2z

_lgonn r—2l’|go A A g1 A dgpa | '
lgo /\"’/\gk—ll4

This implies

|80 A A 8posg |2 = cpg(1 +22) -2
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by irreducibility of the polynomial 1+ zz. One gets |g |2 =co(l+2z )dO by

using induction. Hence y has constant Gaussian curvature.
To simplify equation (1.6), the following proposition is useful.

Proposition 2. Up to a choice of unitary basis of C" (or equivalently,

a Ul(n)-equivalence), for any chosen pole o« there exist C"— valued

holomorphic polynomials fi, ..., f with |f /\---/\fk|2 :(1+z§)d such
that ¢|, = no A(fy, ..., f), where A = A(fy,..., f) is in the form

h 281
A(f17'°°7fk): = Ik

, (1.8)
fr 28}

where 1, is the unit matrix of order k and g1, ..., 8, are holomorphic
polynomials valued in crr,

Proof. Take {fi, ..., f3} such that (1.3) is satisfied. From (1.4) we get

d
AN Afp =t A Al +zZvlzl_1.
=1
Then by (1.6),

lurg A+ Aupol? =1, (uig A+ Ao, 07) =0

for [ = ]., ey d. Thus (fl ANBRRIVAN fk, ﬂlo AN /\ﬂko)

=1. By a suitable

choice of basis of C" we can assume ujy A - A Upy = €] A A €, here

{e1, -, e} is a part of the

f] - Z;lzlfjlgl = (fjl’ T f]n), le.,

natural basis of C". Set

f fir o Ak fAra o hn
A=l =l o

. N = (4, Ay).
fr fu = ek Tekar o Ten

Then 1=(f; A~ A fp, &1 A~ Agp) = det A;. This means A7! is still
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a M(k, k)-valued  holomorphic  polynomial and  therefore
A = A7'A = (I),, Ay) is a holomorphic polynomial valued in M(k, n). If
A=A(R, ), then fin-nfp=det(A7") fia-Afr=finnfy
=g A AEL + 227:7010121. Thus |]71 A A ]7k|2 =(1+2z2)% For j>k,

the j-th component of 7k is

d
7 7 11
frij =(A A Afpser A Agpy /\ej>:zz<vl,81 A AERg AEj)ZT
=1

So fk =g +2g; for some C" % valued holomorphic polynomial gj.

Similarly f; = +2g; for j=1,--, k1.

To prove Theorem A, we need the following well-known lemma.

Lemma 3. Let Ae M(k, k). Then there are Uy,Uy € U(k) such that
U, AU, is diagonal and the elements on the diagonal are nonnegative

real.
2. Proof of Theorem A

Now we focus our attention on holomorphic immersion

0:8%2 5G(2,4).
A. Some special cases.

If ¢ contains a trivial subbundle Ql, then we have orthogonal

decomposition 9 =Q1 Dy with v: S? 5 CcP%. Just as in proof of
Proposition 1 we see y=V; or V5 according to deg (¢) =1 or 2. Then ¢ is
U(4)-equivalent to (1) in Theorem A, or to (2) in Theorem A when

t=m/2.
If ¢ is not full, then ¢ is into G(2,3)=G(1,3)=CP2% Thus
deg(p) =1 or 2. This is in the case of (1), or (2) in Theorem A when ¢ =0.

Excluding the above cases, if the hypothesis in Proposition 1 holds for
¢, then
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(P|C=TEO[1 \/§2 x/§22 zSJ
0 3 2V3z 322)

This is equivalent to (4) of Theorem A by being left multiplied with

-1 =z
and changing {€{,€9,€3,&4} Into { — €1, €9, €4, €3 }.
(O 1/J§j ging {e1, 69,83, 84} {—e1, 89,84, 83}

B. In case rank 9, = 2.

From now on we set ¢ is full and rank (91)22. According to

Proposition 2, we may set ¢|c = no A(f;, fo ), where

(A _ (10 28 289
A(fl’fQ)_(fzj_(O 1 zg3 ng @1)

and |fi A f2|2 =(1+2z)%. Note that d<5 since Plog is into

(A2 C*)=CPP.

We take a Dbasis {§ =g Agg, €9 = —€9 A €3, 3 = —€9 A &4,
~ ~ ~ 2 4 6
€4 = €] ANE3, 85 =& A&y, 8¢ = €3 Ay} Tor A® C* = C°, where {g,...,e4}
4 =81 NEY, &5 T8 NEy, &g TE3NEY 1 4

is the natural basis of C*. Then finfo can be expressed by its

components as
fi A fo = (L 281, 289, 283, 284, 2°h), (2.2)
where
h=g184—-8283- (2.3)

Thus deg(g;) < d -1, deg(h) < d -2 if non-vanishing. (2.1) can also be

written as
A(f, f2) = (Ig, Crz + -+ Cgz?), (2.4)

where C; e M(2,2) for j=1,...,5. According to Lemma 3 we may

assume one of C ;'s 1s diagonal with nonnegative real diagonal elements.
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We have C*-valued holomorphic polynomials f3,f; such that

fi A+ A f4 has no zero and

{6}‘1 = pifs (mod f1, f2), (2.5)

af2 p2f4 (mOd f19 f29 f3)’

where p;, ps are holomorphic polynomials. Then by the orthogonalizing

process we have a unitary frame {e;, ..., e, } with

N

61 /\"'/\ej :m

, j=1,2,34. (2.6)

(see Lemma 3 and Lemma 4 of [6]).

Write down the generalized Frenet formula for ¢ [7]:

de; = ipie + Moeg + ajmeg,
dey = M e +1pgey + agwes + agwey 9.7
d€3 = —a16e1 - 62682 + ip3e3 + 7\,20)84’ ( ’ )
d€4 = —a36€2 - X2683 +1 p4€4’
where ® = 155 dz. By definition of induced metric we have
2z
2 2 2
|ar|” +ag|” +|ag|” =1. (2.8)

Since fi A=A fy =(detB(fi,..., f1))e1 A=~ Aeq has no zero, det B is
constant. We may set fi A---Afy =€ A--Agy by a suitable multiple of

fs. From (2.5)-(2.7) we get

P1P2

aqag = —————.
d-(1+22)%2

(2.9)

From (2.5) we have also

fi Afa AOfy AOfg = P1Dafi A A fa = D1DoEL At AEY. (2.10)
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a1

It is clear that F = ‘det[ j‘ = |a1|2|(13|2 is dependent neither

az as
on the frame {e;,...,e,} nor on o, so is a global function on S2. The
number of zeros of F is known as ramification index of ¢, which are
isolated by (2.9), and denoted by r(¢) (cf. [7]). From (2.9) we see the zeros
of F coincide with that of p;py if © is not a ramification point. In
contrast if deg(p;ps) < r(p), then o is a ramification. The order of a
zero 2z of pypy is called the order of ramification point zy. From (2.9)
we know r(p)=2(d-2) in this case, since |ay, a3|2 is bounded by (2.8).
Thus d > 2.

In the following we proceed separately according to deg(e).

C.When d=2.

If Cy#0 in (2.4), we may set Cy=diag(a,0) with a>0 a real
number. Because 4 is constant in (2.2) and deg(g;) =1, we have g, =0

by (2.3). (2.2) becomes
fi A fo = (1, apz +az?, byz, ¢pz, 0, bycyz?)
=(1,0,0,0,0,0)+(0, ag, by, ¢y, 0, 0)z + (0, @, 0, 0, 0, byco )22
From (1.6) we know ay=0 by (v;,09)=0. By assumption we see
bocy # 0 otherwise ¢ is not full or rank (9 ) )< 2. By a suitable multiple

of f5 and appropriate rotations of &5 and &4, we may set by, cy € R.

Then bg +c(2) =2 by (1.6). Thus by = V2 sint, co = V2 cost for some
teR. Again by (1.6) we get a=zxcos2t. This is essentially
U(4)- equivalent to (2) of Theorem A by replacing f; with —f; if

necessary.

If C =0 in (2.4), we may set C; =diag(a,b). Then a®+b% =2 and
ab =1 by (1.6). Therefore a =b=1 and ¢ is equivalent to (2) of Theorem
Awhen t=n/4.
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D. When d > 3.

Since r(¢)=2(d-2), up to an isometry of S%, we may take z=0 to
be a ramification point in this case. By Lemma 3 and (2.10) we may set
C; =diag(a,0). Then fi Afy = &1 A &g + azes A g +22g(z) for some
A2 C*-valued holomorphic polynomial g by (2.1). In the same way as in
proof of Proposition 1 we get a=+d and zg; = (f; A fa, 83 Agg) =Vdz.
Thus g; = Vd.

(2.1) and (2.2) can be rewritten as

(ﬁj:[l 0 Vdz 22g2 J’ 2.11)
fo 01 z%g3 2%gy

fiAfe =1, Vdz, 228y, 2285, 2284, 2°h), (2.12)
respectively, where
h=+dg, -2g:83. (2.13)
Thus deg(gj) < d -2 for j=2,3,4 whenever g; #0 and deg(h) < d -3
if h#0.
(1) When d =3 we get h =0, aconstant, and zg9g3 = «/§g4 —og by
(2.13).
If go83+0, then v3g, = ag + 28983 # 0. Thus deg(g,) <1 and
89 =Qg, 83 =by by (2.13). From (1.6) and (2.12) we get oy =0 since
apgby #0. Therefore |aobo|2 =3 and |ao|2+|b0|2 =3 by (1.6). This is
impossible. So g9g83 = 0.

If g4 =0, then g4 :(x_g) by (2.13) and o # 0 otherwise ¢ is not full.

73

We can assume o > 0 by a rotation of ¢4. The right hand side of (2.12)

becomes (1,+/3z, 0, b022 +b123,a—J%22,a023 ). Then by (1.6) byb, =0.b;

has to be 0, otherwise by = 0, which forces ag = 3, ad +|b;|* =1 by (1.6),
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a contradiction. Thus oy =1, |by|=+/8/3 by (1.6). Up to a multiple of fy

and a U(4)-equivalence, we may set by =+/8/3. We then get (3) of
Theorem A by U(4)-equivalence

0 10 0

1 00 O
T=00§16U(4).

L s

1 8

0 0 3%

Similarly, if g5 =0, we get

(fl):(1 0 3z w/8/322J
f) o1 o J1/322)

By a holomorphic isometry z > w = 27! of S2, ¢ can be expressed as

:n(lo@z «/8/322]:7{1 V8 3z 0 J
? 01 0 41/32% 0 1 0 1/32%

:n(w ~J8w 3 0 ]:n[— 1/3w 8/3w -1 0 j
0 w? 0 J1/3 0 Vaw? o 1 )

This is in the case (3) of Theorem A by rechoosing basis of C*.
Evidently g9 = g5 =0 is impossible.

(i1) When d =4 we may set

h=ag+012, 84 =Co+C12+ c222 (2.14)

by (2.12). If ¢c9 =0, then g3 =agy, 83 =56y by (2.13) and consequently
ag = 2¢o, agby =2¢1 —oq. Using (2.6) we get ag =2co =0,]oq]|=1,]c;|=2
2
|

and |0t0|2 +|bg|* =6. From

1
3:§(|ao|2+|b0|2)2|a0||bo|:|261 —aq|22¢|~foq]|=3

we know |a0|=|b0|=«/§. By rotating f; and &9,e4 we may set
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bo =J3_,cl =2. The above inequality implies «o; =1 and therefore
ag =(2¢; —01)/bg =v3. This is just (4) of Theorem A, although it

contradicts to rank 9, = 2.

Suppose c9 #0 in (2.14). Then g983#0 by (2.13) and therefore
deg(g9g5) = 1. Without loss of generality we may set

82 =ag, 83=0bp+bz, apb #0.
Also we have
og =2¢cy, oq =2c1 —agby, 2c9 =agb;
by (2.13). Similarly, from (1.6) one gets
co=ag=cy=ay=by =0, |eg|=1, |b]=2, [ag|=+6,
contradicts to 2¢c9 = agb;.
(i11)) When d =5 the mapping Ploe : 82 & CP? is full, and hence

neither g; nor h vanishes by (2.12). Since deg(h) < 2 and deg(g4) < 3,
we have deg(gsg3) < 2 by (2.13). Keep it in mind.

Now
p1py = V50(2%gy) - 0(2%g9)0(2%g3) (2.15)

by (2.10). Thus deg(p;ps) < 4. Because r(p)=6 when d=5, (2.15)

means that for any chosen ramification point x € S 2, the antipodal point
of x is a ramification point with order > 2. Consequently there is only a
pair of ramification point with order >2. We may assume the

ramification point z =0 is of minimum order. Thus
_ 52 R
PPy = €2, Or pipg =cCzZ (2.16)
for some constant ¢. Combine it with (2.13) gives

h=oaz+ a222, 84 =12+ 0222 + c323.
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We will prove the case d = 5 does not occur.

If deg(gy) =2, we may set g =ag+a1z +agz>, g3 = by, agby # 0.
Then \/503 =agsby by (2.13), and 5\/503 =8agby by (2.15), a
contradiction. Similarly deg(gs) =2 is impossible. If

deg(gy) = deg(gs) = 1, there is still a contradiction between (2.13) and
(2.15) by setting g9 = qp + @12, 83 = by + bjz with a1b; # 0.

Suppose deg(gsg3) =1. Without loss of generality we set
89 = Qp, 83 = bo + blz. Then C3 = 0, ] = \/gcl —aobO, Qg = \/302 —aobl
by (2.13). (2.12) is now

fi A fo =, 5z, a022, boz? + blzg, 122 + oz, agzt + 0y2”).

Using (1.6) we get

|02| = 1, o = 0, |C2| = '\/g, = 0, |b1| = '\/ﬁ, bo = O, |(10| = \/ﬁ
Thus we have a contradiction:

10 = |aghy| = |[VBey — ag| < [VBeg| +|ag| = 6.

It is easy to see that the case deg(g9g5) = 0 can not occur by (2.13)
and (1.6).
E. Notes on Theorem A.

(1) For K =2 there is a classification in [4]. The reader should
compare (2) of Theorem A with (4.13) and (4.15) in [4]. Note that the two
expressions in [4] are equivalent to each other by parameter

transformation ¥ — —y and coordinate transformation w — —uw.

(2) For constant curved holomorphic curves M 2 in G(2, 4) there are

threelocal expressionsin [5,p. 89, p. 95 and p. 100] which are correspondent

to (2) when ¢ = 0, (4) and (2) when ¢ = % of Theorem A, respectively.
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(3) In contrast to E. Calabi’s result [2], (2) of Theorem A shows that,
in general, the rigidity theorem does not hold in G(k, n) when k& > 1. To

see this one can compute the global function 4F = 4|a1|2|a3|2 = sin?(2t)
by means of (2.9) and (2.10). Obviously F'is invariant under holomorphic
isometric of G(2, 4). Hence for ¢t # ¢' the corresponding ¢, and ¢, are

not congruent to each other.
(4) The embedding ¢ in (3) of Theorem A has two ramification points.

This is a distinguished phenomenon different from holomorphic S? in

CP".
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