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Abstract

An nxn real P is said to be an anti-symmetric orthogonal matrix if

PT - P and P2 = 1. An nxn real Xis said to be an anti-symmetric
orthogonal anti-symmetric matrix with respect to the symmetric
orthogonal-matrix P if PXP =X and xT - -x. By applying the
generalized singular value decomposition (GSVD) of matrices, this paper
provides the necessary and sufficient conditions for the existence and the
expression for the anti-symmetric orthogonal anti-symmetric with a
symmetric orthogonal matrix P solutions of the matrix equation
ATXA:B(AeRnxm,BeRmxm). In addition, in solution set of the

equation, the expression of the optimal approximation solution to the
given matrix and of least-norm solution are derived.
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1. Introduction

We first introduce some symbols to be used. Let R, R*" be the
set of all nxm real matrices and all nxn nonsingular matrices,
respectively. Let OR™", SOR™" be the set of all nxn orthogonal

matrices and symmetric orthogonal matrices, respectively. Denoted by
the superscripts 7 and I,, be the transpose and identity matrix with

order n, respectively. In space R™*™, we define inner product by ( A, B')
=r(BTA) for all A, Be R™™. For a mtarix Ae R™™, | A
represents its Frobenius norm, rank(A) represents its rank. A * B
represents Hadamard product of matrices A and B.

Definition 1.1. Assume X € R™", for given generalized matrix P,
pT = P, pPTp = I,. Matrix X is said to be orthogonal-antisymmetric
with respect to P, if (PX)? = —PX. Matrix X is said to be antisymmetric
orthogonal-antisymmetric with respect to P, if (PX )T =-PX, X' = -X.
The set of all antisymmetric orthogonal antisymmetric matrices is

denoted by ASR"(P). X is also reflexive matrix with respect to
P, X = PXP. The set of all nxn reflexive matrices is denoted by

R (P).

Remark. In the following part, we always consider generalized

matrix P as in Definition 1.1.

In this paper, we considr the following problems.

Problem I. Given A € R™™, Be R™™, find X ¢ ASR™"(P),
such that
ATxA = B. 1)

Problem II. For given X* € R™", find X e Sy, satisfying

|X = X7 = pin | X - X7, )

where S is the set of solutions of problem I.
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The linear matrix equation ATXA = B has been widely discussed.
For instance, Chu [1], Dai [3] and He [5] have studied the solvability
conditions of the common solution, symmetric solution and the symmetric
positive definite solution. Peng [7] has discussed the necessary and
sufficient conditions for the expression of the centrosymmetry solution,
and he has studied the optimal approximation of given matrix equation.
And Peng et al. [9] have obtained orthogonal-symmetric solution and
optimal approximation. Howerver, there is no result of the orthogonal-
antisymmetric solution, optimal approximation, and least-norm solution
of the matrix equation. In this paper, by applying the generalized
singular value decomposition of matrices, this paper provides the
necessary and sufficient conditions for the existence and the expression

for the anti-symmetric orthogonal anti-symmetric with a symmetric
orthogonal matrix P solutions of the matrix equation ATxA =
B(A € R™™, Bx R™"). In addition, in solution set of the equation, the

expression of the optimal approximation solution to the given matrix and

of least-norm solution are derived.
2. The Solution of Problem I

Lemma 1 [8]. The necessary and sufficient conditions of X e

ASR™(P) is
X 0
s D
and
X, € ASR™" | X, e ASR,<0n) xT - x|
T 1
X5 =-Xy, 7= rank[i (I + P)}, 4)

U is exclusively confirmed by P,

I
pP- U( r 0 jUT. (5)
o _In—r
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Set

UTA — (jl), A e Rrxn, A2 = R(n—r)xn.

2

©)

Applying the generalized singular value decomposition (GSVD) on

[Al', AT, we obtain

Al =ws Ut A7 = we VT,

here W € R)™, U, € OR™", V] € OR—"(n=1) 414

I,
X =
k
0y
X9 =
n-r+k—t

t = rank(AfL, AT), k =t — rank(AY), s = rank(AL) + rank(Al) - t, D,

= diag(ay, ag, ..., ag) > 0, Dy = diag(by, by, ..., by) > 0, O;, Og, O are

all null matrices.

Dy

r-k-s

)

S

k
S
01 r—k—s’

m—r

t—k-s

Set partition matrix of WIBW T as

wiBw T -

B4l
k

then we can get the following theorem.

Byo
S

k
s
I slt—-k-s
m-—t

By k
B24 S

B34 t—k— S,
B44 m-—t
m—t

(M

®)

Theorem 1. Given P e SOR™", A ¢ R™™, B e R™™, if UTA
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and WIBWT could be as (6) and (9), respectively, and the generalized
singular value decomposition of matrix [AlT, A2T] be (7). The Eq. (1) has

anti-symmetric orthogonal anti-symmetric solutions if and only if

BY =-Bj;; (i,j=1,234), By =0, By =0,

.334 = O, B13 = O, B44 = O (10)

In this case, it has common expression of anti-symmetric orthogonal anti-

symmetric solution

By, ByD;t X3
Uy|-Di'Bly Xy Xog U] 0
X=U 7X1% 7X2T?) X33 UT,
Yy Yy Y3
0 Vi|-Yih  Dy'(Byy—DiXpeDi)Dy' Dy'Byy [V
Y -B,Dy! By
(11)

and Xi3, Xo3, Y19, Y13 are arbitrary matrix, X99, X33, Y11 are arbitrary

corresponding anti-symmetric matrix.

Proof. We first prove the necessity of (10). If matrix equation ATxA
= B is consistent, where X € ASR*"(P), by Lemma 1, expression of X

is (3). Because X is solution of ATxA = B, and xT = -X, we have that

BT - —-B, and

B =-B;; (i, j=1,2 3, 4). (12)

Put (3) in ATXA = B, we can get

X o)
Ul 4T 1 ula =B, 13
R 3)
then
AT'X. A, + ATX, A, = B
1 X1A4g + Ay X9A; = (14)

from (7) and (14), we have



538

LAN YAN and PENG XIANGYANG

we, (UL X)) =IwT + we, (Vi XUy )sTw? = B.

Because Wis nonsingular, so we get

> (T X))l + 5,V X, V)38 = wiBw T, (15)
Let
Xi1 X9 Xi3 k
Ul x,U; = |- Xk X99 Xo3 s (16)
— 1753 — XZTB X33 r — k )
k s r—-k-s
Yll Y12 Y13 n-r+ k -1
Vi X,V = —Yé Y22T Yo3 s , 17
- Y3 - Y53 Ys3) t—k-s
n—-r+k-t s t—k—s
here X =-X;, YT =-v;,(i=1,2 3),
then we obtain
- D, x% D, X0 D 0 o s
= OF xX,0))=] = (1) 12 ! 52 ! 0 ol n_s
0] 0 O O) m-r
k s r-k—s m-r
Xy X150, o 0\ &k
|- D xd D XD, O O] s 18)
B 0 0 0 Olr-k-s’
O O O O) m-r
k s t—k-—s m—t
and
0 0 0 0 k
0 DoYooD DyY- O s
LX) = |0 Ul v olale 9
— Y93y 33 t—k-s
0 O O O) m-t
k s t—k-s m—t

By (18) and (19) to (15),
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T
- Dy Xiy Dy X99 Dy + DYoo Dy DyYs3 o s
O — YZTSDZ Y33 O t— k — S
O O O O) m-t
k s t—k—s m—t

— (20)
Bs; Bss Bss B3y
By By Bys By

comparing both sides of (20) and by (12), we get (10) and
X1y = BiysDi?, Yo3 = D3'Byg, Xy = By, Ya3 = Bag, (21)
Yoy = Dy'(Bgy — Dy X99Dy ) D3 (22)

From (21), (22), (16), (17) and (3), we get (11).

Now we prove the sufficient (11). Let

B Byt 0]
Xy0 = Uy| - D{'BE 0] o\uf,
O O O
0 0] O
B 1 1 -1 T
X909 = V1| O Dy~ By Dy Dy Byg | V1
o) - BED;! o)
and
X 0
X, =0"1 u?,
0 X0

By Lemma 1, we know that X, € ASR*"*(P), and

X
ATX,A = ATU[ ijTA = Al X104y + AT X0 A

X20
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_wl ~Ba By Bz Olpr _ g
o - Bsy Bss o
0 0 0 0]

Hence X, is solution of matrix equation ATXA = B.
3. The Expression of Solution of Problem II

Lemma 2. If we supposed E = (e;) € R™", then we could get a
unique solution G that satisfies hWG)=|G-E ||2 + ||GT + F||2 = min

and G = %(E - FT),

Lemma 3. If we supposed E = (e;j) € R™", then we could get a

exclusively anti-symmetric matrix G(g;;) € ASR™" that satisfies g(G) =
||G—E||2 = min and G = %(E—ET).

Lemma 4. If we supposed E = (e;;) € R™", F(f;j) € R*", D = diag
(61, 69, .y 6) > 0, and G(g;j) € ASR™™(GT = -G), then we could get

an exclusively anti-symmetric matrix G(g;j)e ASR™™ that satisfies h(G)

= |G-E|*+|DGD - F | = min, and G=d*(E-ET + D(F - FT)D),
1
2(1+Gi20'? .

where ® = q)(d)L]) € Rnxn, ¢L] =
Proof. For G(gl]) € ASR,’LLXn, 8 = 0, gl] = _gji’ we have that
WG)=|G-E|*+|DGD - F |’
= Trace(GT - ET)(G - E)+ (DGTD - FT)(DGD - F))

= —Trace((G + ET)(G - E)+ (DGD + FT)(DGD - F))
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n
= =) ((gf —ef) + (oFel — £7))
i=1
+ Z((gij - eij)2 +(gij + eji)2 +(o;g;0; - fij)2 +(o;8;0; + fji)2)-

1<i<j<n

When calculate the derivative of above expression with g;; and set

M = 0, we can get
08;j
1 . .
gi=————\(e;i —ej; +o;(fii —fi;)0:), A <i<j<n).
124 2(1 + G?g?) i Jt Ly Jt J
® = d(p;;) € R™", ;5 = ﬁ, it is clear that G = @ * (E — ET +
2(1+Gi0j)
D(F - FT)D).

Theorem 2. Suppose X* € R™", matrix equation ATXA = B(A e
R™™ B e R™™) is consistent in ASR""(P), it is solution in Sg, then
| X — X*|| = min has exclusively solution X in Sg, X the same symbols

as Theorem 1,

Let
uTX'U = (K}} K}EJ ’ @23)
Koy Koy )n—r1
, X1 X7o X713 k

Ui KUy = | X5 X3 X33 s,

X33 X329 Xas|r—k-s
k s r—k—s

Yl*l Y1*2 Y1*3 n-r+k-t

VK3V, = | Y5 Yoo Yo3 s . (24)
Y31 Y3 Y33 ) t—k-s

n-r+k—t s t—k-s
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We can get
,1 il
Bi1 ’ BioDi™ Xi3 ,
,1 ol ol
Uy *DlAgm X2% X23 (U1 o
N -X; -X. X
LU 13 23 X33 ) ) ) o,
Y11T Y12 Y13 ’
5 1 5 1 1
0 %1 _Yl% D, (322—1;1X22D1)D2 Dy Bag |Vp
1
Y13 —Ba3Dy Bss

(25)

here
I 1 * *T % * *T Y 1 * T
X3 = §(X13 - X31), Xo3 = (Xo3 - X33 ), Y13 = §(Y13 ~ Y1),
Y, 1 T\ Ly Ty y Ly va
1o = §(Y12 - Y51 ), X33 = §(X33 -X33), Yy; = §(Y11 -Y1 ),

X9 = D(X59 — X35 + Dy' Dy (Yay — Y53 )D3'Dy)— 20 % Dy? Dy By D32 Dy
b7b?

and ® = O(¢;;) € R¥S, ¢j; = ——FL——,
Y 2(bi2b]2 + a;?a]z)

i (G Jj=12..53).

Proof. For (9), (10), (24), (25) and invariance of Frobenius norm of
orghogonal transposition, we have that problem |X — X*| = min and

X e Sg is equivalent to

||X13 - X135 ||2 + ||X17;3 + X3 ||2 = min, ||Y12 - Ypo ||2 + ||?1€ +Yqy ||2 = min,

| Xo5 = Xo3 | +[ X35 + X32|? = min, |[Vi3 - Yi3|* + |V + Y3, |* = min,

(26)
| X35 — X557 = min, |¥1; - ¥4 |* = min, 27
| X99 — X52|* + D3 (Byy — D1 X99Dy) D3 — Yoo |* = min, (28)

by (26) and Lemma 2

N 1 T N 1 T
X3 = §(X1*3 -X31), Xo3 = §(X§3 - X3 ),



THE ANTI-SYMMETRIC ORTHOGONAL ANTI-SYMMETRIC ...543
N 1 * T A 1 * =T
Yip = §(Y12 -Yy1 ), Yiz = §(Y13 - Y3i ),
by (27) and Lemma 3
> 1 % =T % 1 * *T'
X3z = §(X33 -X33), Y1 = §(Y11 -Yii ),
by (28) nd Lemma 4
Xgg = @ % (X35 — X535 + D3'Dy(Ysg — Yay +2D3"ByyD5')D3'Dy),

b7b?

here ® = ®(¢;;) € R¥®, ¢;; = ———"———.
Y Y 2(bi2b}2 + aizajz-)

We can get the following corollary if we supposed the X* to be null
matrix in Theorem 1:

Corollary 1. If matrix equation AT XA = B(A € R¥™, B € R™™)

is consistent in ASR}”"(P), then it’s least-norm solution X exists and

exclusively, X can be denoted as

By  BpsDit 0

Uy|-Dr'Bly Xy oO|UF 0
X_U O O (0] UT,
(0] (0] O
o Vi| O D3}(Bog—DyXg9Dy) D3t D3'Byg Vi
0 -BJ3D5? Bos

here
CLiCtj

bizbj2 + aizajz

Xogg = ¥ * Byy, ¥ = ¥(g;j) € R, ¢;; = (tj=1 2 ..5).

According to Theorem 1 and Theorem 2, we give the optimal
approximation algorithm for solving Problem II as following:

Step 1: Given A € R™™, B e R™™ P € SOR™", arbitrary matrix
X* c Rnxn,

Step 2: Compute orthogonal matrix U by (5);
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Step 3: Compute A;, Ay, W, 2, 5, U; and V; by (6) and GSVD;

Step 4: Compute unblocking matrix B;; (i, j = 1, 2, 3, 4) by (9), if it

satisfied condition of (10), otherwise stop.

Step5: Compute (25) by (23) and (24), then compute X YU by (25),

i
compute optimal approximation X atlast.

Example : Given symmetric orthogonal symmetric matrix P and

coefficient matrix of A and B as following,

-0.0035 0.1995 0.3172 0.6947 -0.0354 -0.4997 -0.2209 0.2533 0.1144

0.1995 —0.0470 0.7622 -0.1889 0.4493 0.0242 0.0999 -0.2929 0.2076
0.3172 0.7622 0.2050 -0.2095 —0.3718 0.1159 0.1741 0.1322 —0.1817
0.6947 —0.1889 —-0.2095 0.4631 0.0118 0.1662 0.4105 -0.1645 0.0056

P=|-0.0354 0.4493 -0.3718 0.0118 0.7816 —0.1000 0.1347 0.1305 —-0.0491
0.4997 0.0242 0.1159 0.1662 -0.1000 0.1661 0.7334 0.1840 0.3154
-0.2209 0.0999 0.1741 0.4105 0.1347 0.7334 —-0.2669 —0.0408 —0.3369
0.2533 —0.2929 0.1322 -0.1645 0.1305 0.1840 -0.0408 0.8677 —0.0050
0.1144 0.2076 -0.1817 0.0056 -0.0491 0.3154 -0.3369 —0.0050 0.8339
0.77 0.80 0.25 0.40 1.10 0.50 0.45 0.89
0.32 0.60 0.23 0.43 0.96 0.66 0.09 0.36
0.46 -0.48  -0.02 0.32 -027  -0.08  0.04 0.22
-0.04  -0.08  -0.08 0.01 -029 -015 001  -029

A=| 0.14 0.55 0.19 0.30 0.82 0.57 0.04 0.21
0.56 0.46 0.20 0.44 0.80 0.48 0.22 0.54
0.36 0.54 0.08 0.04 0.48 0.08 0.35 0.42
0.13 0.61 0.12 0 0.65 0.26 0.20 0.34
0.05 -0.13  -001 -011  -0.06 -011  0.02 0.22

0 0.28 -0.03  -0.27 0.26 -0.01  -001  0.30
-0.28 0 -029 -068 -024 -033 -036  0.05
0.03 0.29 0 -0.13 0.20 -0.01 0.10 0.14

p_| 027 0.68 0.13 0 0.70 0.22 0.31 0.49
-0.26 0.24 -0.12  -0.70 0 -028  -017 020
0.01 0.33 0.01 -0.22 0.28 0 0.08 0.26
0.01 0.36 -0.10  -0.31 0.17 -0.08 0 0.16
-030 -0.05 -014 -049 -020 -026  -0.16 0
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if

X*=]0.77 0.88 0.58 0.97 0.48 0.79 0.13 0.68 0.06

0.58 0.31 0.56 0.95 0.37 0.55 0.72 0.19 0.51
0.26 0.86 0.86 0.62 0.84 0.13 0.99 0.67 0.89
0.78 0.43 0.21 0.45 0.54 0.42 0.10 0.38 0.64
0.14 0.05 0.30 0.64 0.81 0.05 0.45 0.07 0.20

0.51 0.25 0.90 0.42 0.11 0.55 0.70 0.85 0.80
0.58 0.28 0.52 0.97 0.14 0.77 0.30 0.09 0.42
0.51 0.22 0.66 0.51 0.78 0.99 0.06 0.39 0.89
0.14 0.59 0.67 0.54 0.26 0.08 0.17 0.37 0.99

then we can get the anti-symmetric orthogonal anti-symmetric optimal

approximation solution of X* as:

(1]

(2]

(3]

(4]

(5]

(6]

(7

-0.0000 -0.4103 0.3426 0.1140 0.2606 0.0695 -0.2180 -0.4187 -0.0362
0.4103 -0.0000 -0.2709 -0.3987 0.2000 0.5209 -0.7158 -0.0182 0.0627
-0.3426 0.2709 -0.0000 -0.0114 0.0020 -0.7536 0.3221 0.1379 0.4758
-0.1140 0.3987 0.0114 0.0000 -0.1031 -0.1176 0.2407 -0.4859 -0.1928
-0.2606 -0.2000 -0.0020 0.1031 0.0000 -0.1446 0.2277 0.3948 0.3669
-0.0695 -0.5209 0.7536 0.1176 0.1446 0.0000 -0.1978 -0.2816 0.2610
0.2180 0.7158 -0.3221 -0.2407 -0.2277 0.1978 0.0000 -0.0632 -0.0433
0.4187 0.0182 -0.1379 0.4859 -0.3948 0.2816 0.0632 0.0000 0.0469
0.0362 -0.0627 -0.4758 0.1928 -0.3669 -0.2610 0.0433 -0.0469 -0.0000
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