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Abstract 

An nn ×  real P is said to be an anti-symmetric orthogonal matrix if 

PPT =  and .2 IP =  An nn ×  real X is said to be an anti-symmetric 
orthogonal anti-symmetric matrix with respect to the symmetric 

orthogonal-matrix P if XPXP =  and .XXT −=  By applying the 
generalized singular value decomposition (GSVD) of matrices, this paper 
provides the necessary and sufficient conditions for the existence and the 
expression for the anti-symmetric orthogonal anti-symmetric with a 
symmetric orthogonal matrix P solutions of the matrix equation 

( )., mmmnT RBRABXAA ×× ∈∈=  In addition, in solution set of the 
equation, the expression of the optimal approximation solution to the 
given matrix and of least-norm solution are derived. 
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1. Introduction 

We first introduce some symbols to be used. Let nn
n

mn RR ×× ,  be the 
set of all mn ×  real matrices and all nn ×  nonsingular matrices, 

respectively. Let nnnn SOROR ×× ,  be the set of all nn ×  orthogonal 
matrices and symmetric orthogonal matrices, respectively. Denoted by 
the superscripts T and nI  be the transpose and identity matrix with 

order n, respectively. In space ,mnR ×  we define inner product by BA,  

( )ABtr T=  for all ., mnRBA ×∈  For a mtarix ARA mn ,×∈  
represents its Frobenius norm, ( )Arank  represents its rank. BA ∗  
represents Hadamard product of matrices A and B. 

Definition 1.1. Assume ,nnRX ×∈  for given generalized matrix ,P  

., n
TT IPPPP ==  Matrix X is said to be orthogonal-antisymmetric 

with respect to P, if ( ) .PXPX T −=  Matrix X is said to be antisymmetric 

orthogonal-antisymmetric with respect to P , if ( ) ., XXPXPX TT −=−=  
The set of all antisymmetric orthogonal antisymmetric matrices is 
denoted by ( ) XPASR nn

r .×  is also reflexive matrix with respect to 
., PXPXP =  The set of all nn ×  reflexive matrices is denoted by 

( ).PR nn
r
×  

Remark. In the following part, we always consider generalized 
matrix P as in Definition 1.1. 

In this paper, we considr the following problems. 

Problem I. Given ,, mmmn RBRA ×× ∈∈  find ( ),PASRX nn
r
×∈  

such that 

.BXAAT =  (1) 

Problem II. For given ,nnRX ×∗ ∈  find ,ˆ ESX ∈  satisfying 

,minˆ ∗
∈

∗ −=− XXXX
ESX

 (2) 

where ES  is the set of solutions of problem I. 
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The linear matrix equation BXAAT =  has been widely discussed. 
For instance, Chu [1], Dai [3] and He [5] have studied the solvability 
conditions of the common solution, symmetric solution and the symmetric 
positive definite solution. Peng [7] has discussed the necessary and 
sufficient conditions for the expression of the centrosymmetry solution, 
and he has studied the optimal approximation of given matrix equation. 
And Peng et al. [9] have obtained orthogonal-symmetric solution and 
optimal approximation. Howerver, there is no result of the orthogonal-
antisymmetric solution, optimal approximation, and least-norm solution 
of the matrix equation. In this paper, by applying the generalized 
singular value decomposition of matrices, this paper provides the 
necessary and sufficient conditions for the existence and the expression 
for the anti-symmetric orthogonal anti-symmetric with a symmetric 

orthogonal matrix P solutions of the matrix equation =XAAT  

( )., mmmn RBRAB ×× ×∈  In addition, in solution set of the equation, the 
expression of the optimal approximation solution to the given matrix and 
of least-norm solution are derived. 

2. The Solution of Problem I 

Lemma 1 [8]. The necessary and sufficient conditions of ∈X  

( )PASR nn
r
×  is 

TU
XO
OX

UX 






=
2

1  (3) 

and 

( ) ( ) ,,, 1121 XXASRXASRX Trnrn
rn

rr
r −=∈∈ −×−

−
×  

( ) ,2
1,22 



 +=−= PIrankrXX T  (4) 

U is exclusively confirmed by P, 

.T

rn

r U
Io
oI

UP 







−

=
−

 (5) 
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Set 

( ) .,, 2
2

1 nrnnrT RARA
A
A

AU ×−× ∈∈






=  (6) 

Applying the generalized singular value decomposition (GSVD) on 

[ ],, 21
TT AA  we obtain 

,, 122111
TTTT VWAUWA Σ=Σ=  (7) 

here ( ) ( )rnrnrrmm
m ORVORURW −×−×× ∈∈∈ 11 ,,  and 

,
1

1
1

rm
skr

s
k

O
O

D
I

skrsk

k

−
−−



















=Σ

−−

 

,2

2

2

tm
skt

s
k

O
I

D
O

sktstkrn

skt
−
−−



















=Σ

−−−+−

−−
 (8) 

( ) ( ) ( )TTTT AranksAranktkAArankt 1221 ,,, =−== ( ) 12 , DtArank T −+  

( ) ,0...,,, 21 >= saaadiag  ( ) OOObbbdiagD s ,,,0...,,, 21212 >=  are 

all null matrices. 

Set partition matrix of TBWW −−1  as 

,

44434241

34333231

24232221

14131211

1

tm
skt

s
k

BBBB
BBBB
BBBB
BBBB

BWW

tmsktsk

T

−
−−



















=

−−−

−−  (9) 

then we can get the following theorem. 

Theorem 1. Given ,,, mmmnnn RBRASORP ××× ∈∈∈  if AUT  
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and TBWW −−1  could be as (6) and (9), respectively, and the generalized 

singular value decomposition of matrix [ ]TT AA 21 ,  be (7). The Eq. (1) has 

anti-symmetric orthogonal anti-symmetric solutions if and only if 

( ) ,,,4,3,2,1, 2414 OBOBjiBB ji
T
ij ===−=  

34 13 44, , .B O B O B O= = =  (10) 

In this case, it has common expression of anti-symmetric orthogonal anti-
symmetric solution 

( )

,

1

33
1

23213

23
1

2
1

2122122
1

212

131211

1

1

332313

232212
1

1

13
1

11211

1

T

T

TT

T

T

TT

T

U

V
BDBY

BDDDXDBDY
YYY

VO

OU
XXX
XXBD
XDBB

U

UX











































−−
−−

















−−
−

=

−

−−−

−

−

 (11) 

and 13122313 ,,, YYXX  are arbitrary matrix, 113322 ,, YXX  are arbitrary 

corresponding anti-symmetric matrix. 

Proof. We first prove the necessity of (10). If matrix equation XAAT  

B=  is consistent, where ( ),PASRX nn
r
×∈  by Lemma 1, expression of X 

is (3). Because X is solution of ,BXAAT =  and ,XX T −=  we have that 

,BBT −=  and 

( ), 1, 2, 3, 4 .T
ij jiB B i j= − =  (12) 

Put (3) in ,BXAAT =  we can get 

( ) ,
2

1 BAU
XO
OX

AU TTT =






  (13) 

then 

BAXAAXA TT =+ 122211  (14) 

from (7) and (14), we have 
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( ) ( ) .1121221111 BWUXVWWVXUW TTTTTT =ΣΣ+ΣΣ  

Because W is nonsingular, so we get 

( ) ( ) .1
2121211111

TTTTT BWWVXVUXU −−=ΣΣ+ΣΣ  (15) 

Let 

skr
s
k

XXX
XXX
XXX

UXU

skrsk

TT

TT

−−















−−
−=

−−
332313

232212

131211

111  (16) 

,
332313

232212

131211

121
skt

s
tkrn

YYY
YYY
YYY

VXV

sktstkrn

TT

TT

−−

−+−

















−−
−=

−−−+−

 (17) 

here ( ),3,2,1,, =−=−= iYYXX ii
T
iiii

T
ii  

then we obtain 

( )

rm
skr

s
k

OOOO
OOOO
OODXDXD
OODXX

UXU

rmskrsk

T
TT

−
−−


















−

=ΣΣ

−−−

1221121

11211

11111  

,1221121

11211

rm
skr

s
k

OOOO
OOOO
OODXDXD
OODXX

tmsktsk

T

−
−−


















−

=

−−−

 (18) 

and 

( ) .
33223

2322222
21212

tm
skt

s
k

OOOO
OYDYO
OYDDYDO
OOOO

VXV

tmsktsk

T
TT

−
−−



















−
=ΣΣ

−−−

 (19) 

By (18) and (19) to (15), 
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tm
skt

s
k

OOOO
OYDYO
OYDDYDDXDXD
OODXX

tmsktsk

T

T

−
−−



















−
+−

−−−

33223

23222221221121

11211

 



















=

44434241

34333231

24232221

14131211

BBBB
BBBB
BBBB
BBBB

 (20) 

comparing both sides of (20) and by (12), we get (10) and 

,,,, 3333111123
1

223
1

11212 BYBXBDYDBX ==== −−  (21) 

( ) .1
2122122

1
222

−− −= DDXDBDY  (22) 

From (21), ( 22), (16), (17) and (3), we get (11). 

Now we prove the sufficient (11). Let 

,112
1

1

1
11211

110
TT U

OOO
OOBD
ODBB

UX
















−= −

−

 

T

T
V

ODBO
BDDBDO

OOO
VX 1

1
223

23
1

2
1

222
1

2120
















−
=

−

−−−  

and 

.
0

0
20

10
0

TU
X

X
UX 







=  

By Lemma 1, we know that ( ),0 PASRX nn
r
×∈  and 

12022101
20

10
0 AXAAXAAU

X
X

UAAXA TTTTT +=






=  
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.
3332

232221

1211

BW

OOOO
OBBO
OBBB
OOBB

W T =



















−
−

=  

Hence 0X  is solution of matrix equation .BXAAT =  

3. The Expression of Solution of Problem II 

Lemma 2. If we supposed ( ) ,nn
ij ReE ×∈=  then we could get a 

unique solution G that satisfies ( ) min22 =++−= FGEGGh T  

and ( ).2
1 TFEG −=  

Lemma 3. If we supposed ( ) ,nn
ij ReE ×∈=  then we could get a 

exclusively anti-symmetric matrix ( ) nn
ij ASRgG ×∈  that satisfies ( ) =Gg  

min2 =− EG  and ( ).2
1 TEEG −=  

Lemma 4. If we supposed ( ) ( ) diagDRfFReE nn
ij

nn
ij =∈∈= ×× ,,  

( ) ,0...,,, 21 >σσσ n  and ( ) ( ),GGASRgG Tnn
ij −=∈ ×  then we could get 

an exclusively anti-symmetric matrix ( ) nn
ij ASRgG ×∈  that satisfies ( )Gh  

min,22 =−+−= FDGDEG  and ( ( ) ),DFFDEEG TT −+−∗Φ=  

where ( )
( )

.
12

1, 22
ji

ij
nn

ij R
σσ+

=φ∈φΦ=Φ ×  

Proof. For ( ) ,,0, jiijii
nn

nij gggASRgG −==∈ ×  we have that 

( ) 22 FDGDEGGh −+−=  

(( ) ( ) ( ) ( ))FDGDFDDGEGEGTrace TTTT −−+−−=  

(( ) ( ) ( ) ( ))FDGDFDGDEGEGTrace TT −++−+−=  
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(( ) ( ))∑
=

−σ+−−=
n

i
iiiiiiiii fgeg

1

22222  

(( ) ( ) ( ) ( ) )∑
≤≤≤

+σσ+−σσ+++−+
nji

jijijiijjijijiijijij fgfgegeg
1

2222 .  

When calculate the derivative of above expression with ijg  and set 

( ) ,0=
∂
∂

ijg
Gh  we can get 

( )
( ( ) ) ( ).1,

12
1

22 njiffeeg jjiijijiij
ji

ij ≤<≤σ−σ+−
σσ+

=  

( )
( )

,
12

1, 22
ji

ij
nn

ij R
σσ+

=φ∈φΦ=Φ ×  it is clear that ( +−∗Φ= TEEG  

( ) ).DFFD T−  

Theorem 2. Suppose ,nnRX ×∗ ∈  matrix equation ( ∈= ABXAAT  

)mmmn RBR ×× ∈,  is consistent in ( ),PASR nn
r
×  it is solution in ,ES  then 

min=− ∗XX  has exclusively solution X̂  in XSE ˆ,  the same symbols 

as Theorem 1, 

Let 

rn
r

KK
KKUXUT

−







= ∗∗

∗∗
∗

2221

1211  (23) 

,
333231

232221

131211

1111
skr

s
k

XXX
XXX
XXX

UKU

skrsk

T

−−















=

−−

∗∗∗

∗∗∗

∗∗∗

∗  

.
333231

232221

131211

1221
skt

s
tkrn

YYY
YYY
YYY

VKV

sktstkrn

T

−−

−+−

















=

−−−+−

∗∗∗

∗∗∗

∗∗∗

∗  (24) 
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We can get 

( )

,

ˆˆ
ˆˆˆ

ˆˆˆ
ˆˆ
ˆ

ˆ

1
33

1
22313

23
1

2
1

2122122
1

212
131211

1

1
332313
232212

1
1

13
1

11211
1

T

T

TT

T

T

TT

T

U

V
BDBY

BDDDXDBDY
YYY

VO

OU
XXX
XXBD
XDBB

U

UX













































−−

−−



















−−

−

=

−

−−−

−

−

 

 (25) 

here 

( ) ( ) ( ),2
1ˆ,ˆ,2

1ˆ 311313322323311313
TTT YYYXXXXXX ∗∗∗∗∗∗ −=−=−=  

( ) ( ) ( ),2
1ˆ,2

1ˆ,2
1ˆ 111111333333211212

TTT YYYXXXYYY ∗∗∗∗∗∗ −=−=−=  

( ( ) ) 1
2

2221
2

21
1

222221
1

2222222 2ˆ DDBDDDDYYDDXXX TT −−−∗∗−∗∗ ∗Φ−−+−Φ=

and ( )
( )

( )....,,2,1,,
2

, 2222

22
sji

aabb

bb
R

jiji

ji
ij

ss
ij =

+
=φ∈φΦ=Φ ×  

Proof. For (9), (10), (24), (25) and invariance of Frobenius norm of 

orghogonal transposition, we have that problem min=− ∗XX  and 

ESX ∈  is equivalent to 

min,ˆˆmin,ˆˆ 2
2112

2
1212

2
113

2
1313 =++−=++− ∗∗∗

3
∗ YYYYXXXX TT

  

min,ˆˆmin,ˆˆ 2
3113

2
1313

2
223

2
2323 =++−=++− ∗∗∗

3
∗ YYYYXXXX TT

(26) 

min,ˆmin,ˆ 2
1111

2
3333 =−=− ∗∗ YYXX  (27) 

( ) min,ˆˆ 2
22

1
2122122

1
2

2
2222 =−−+− ∗−−∗ YDDXDBDXX  (28) 

by (26) and Lemma 2 

( ) ( ),2
1ˆ,2

1ˆ 322323311313
TT XXXXXX ∗∗∗∗ −=−=  
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( ) ( ),2
1ˆ,2

1ˆ 311313211212
TT YYYYYY ∗∗∗∗ −=−=  

by (27) and Lemma 3 

( ) ( ),2
1ˆ,2

1ˆ 111111333333
TT YYYXXX ∗∗∗∗ −=−=  

by (28) nd Lemma 4 

( ( ) ),2ˆ 1
1

2
1

222
1

222221
1

2222222 DDDBDYYDDXXX TT −−−∗∗−∗∗ +−+−∗Φ=  

here ( )
( )

.
2

, 2222

22

jiji

ji
ij

ss
ij

aabb

bb
R

+
=φ∈φΦ=Φ ×  

We can get the following corollary if we supposed the ∗X  to be null 
matrix in Theorem 1: 

Corollary 1. If matrix equation ( )mmmnT RBRABXAA ×× ∈∈= ,  

is consistent in ( ),PASR nn
r
×  then it’s least-norm solution X̂  exists and 

exclusively, X̂  can be denoted as 

( )

,

ˆ

ˆ

ˆ

1
23

1
223

23
1

2
1

2122122
1

21

12212
1

1

1
11211

1
T

T
T

TT

U

V
BDBO

BDDDXDBDO
OOO

VO

OU
OOO
OXBD
ODBB

U

UX











































−

−



















−

=

−

−−−

−

−

 

here  

( ) ( ,1,,,,ˆ
22222222 =

+
=φ∈ϕΨ=Ψ∗Ψ−= × ji

aabb

aa
RBX

jiji

ji
ij

ss
ij  )....,,2 s  

According to Theorem 1 and Theorem 2, we give the optimal 
approximation algorithm for solving Problem II as following: 

Step 1: Given ,,, nnmmmn SORPRBRA ××× ∈∈∈  arbitrary matrix 

;nnRX ×∗ ∈  

Step 2: Compute orthogonal matrix U by (5); 
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Step 3: Compute 12121 ,,,,, UWAA ΣΣ  and 1V  by (6) and GSVD; 

Step 4: Compute unblocking matrix ( )4,3,2,1, =jiBij  by (9), if it 

satisfied condition of (10), otherwise stop. 

Step5: Compute (25) by (23) and (24), then compute ijij YX ˆ,ˆ  by (25), 

compute optimal approximation X̂  at last. 

Example : Given symmetric orthogonal symmetric matrix P and 
coefficient matrix of A and B as following, 



































−−−−
−−−−
−−−−

−
−−−−

−−−
−−−

−−−
−−−−

=

8339.00050.03369.03154.00491.00056.01817.02076.01144.0
0050.08677.00408.01840.01305.01645.01322.02929.02533.0
3369.00408.02669.07334.01347.04105.01741.00999.02209.0

3154.01840.07334.01661.01000.01662.01159.00242.04997.0
0491.01305.01347.01000.07816.00118.03718.04493.00354.0

0056.01645.04105.01662.00118.04631.02095.01889.06947.0
1817.01322.01741.01159.03718.02095.02050.07622.03172.0

2076.02929.00999.00242.04493.01889.07622.00470.01995.0
1144.02533.02209.04997.00354.06947.03172.01995.00035.0

P  



































−−−−−

−−−−−−
−−−−

=

22.002.011.006.011.001.013.005.0
34.020.026.065.0012.061.013.0
42.035.008.048.004.008.054.036.0
54.022.048.080.044.020.046.056.0
21.004.057.082.030.019.055.014.0
29.001.015.029.001.008.008.004.0

22.004.008.027.032.002.048.046.0
36.009.066.096.043.023.060.032.0
89.045.050.010.140.025.080.077.0

A  

































−−−−−−−
−−−

−
−−−−−

−−
−−−−−−
−−−−

=

016.026.020.049.014.005.030.0
16.0008.017.031.010.036.001.0
26.008.0028.022.001.033.001.0
20.017.028.0070.012.024.026.0
49.031.022.070.0013.068.027.0
14.010.001.020.013.0029.003.0
05.036.033.024.068.029.0028.0
30.001.001.026.027.003.028.00

B
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if 



































=∗

99.037.017.008.026.054.067.059.014.0
89.039.006.099.078.051.066.022.051.0
42.009.030.077.014.097.052.028.058.0
80.085.070.055.011.042.090.025.051.0
06.068.013.079.048.097.058.088.077.0
20.007.045.005.081.064.030.005.014.0
64.038.010.042.054.045.021.043.078.0
89.067.099.013.084.062.086.086.026.0
51.019.072.055.037.095.056.031.058.0

X  

then we can get the anti-symmetric orthogonal anti-symmetric optimal 

approximation solution of ∗X  as : 



































−−−−−−
−−

−−−−−
−−−−

−−−−
−−−−−

−−−−
−−−−−

−−−−−

=

0000.00469.00433.02610.03669.01928.04758.00627.00362.0
0469.00000.00632.02816.03948.04859.01379.00182.04187.0
0433.00632.00000.01978.02277.02407.03221.07158.02180.0

2610.02816.01978.00000.01446.01176.07536.05209.00695.0
3669.03948.02277.01446.00000.01031.00020.02000.02606.0
1928.04859.02407.01176.01031.00000.00114.03987.01140.0

4758.01379.03221.07536.00020.00114.00000.02709.03426.0
0627.00182.07158.05209.02000.03987.02709.00000.04103.0
0362.04187.02180.00695.02606.01140.03426.04103.00000.0

X̂  
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