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Abstract 

In this paper we at first establish some new coincidence and fixed point 
results of Lan-Webb type for a family of multimaps on a product G-convex 
space, and then apply them to the study of nonempty intersection, 
minimax, equilibrium problems and system of inequalities. 

1. Introduction and Preliminaries 

Ansari et al. [1] established some coincidence point and fixed point 
theorems for families of multimaps on noncompact convex subsets of 
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product topological vector spaces, which generalized the fixed point 
results of Lan and Webb [6]. In this paper we shall extend this type of 
coincidence and fixed point results from topological vector spaces to 
generalized convex spaces under slight different conditions. And then we 
apply them to study nonempty intersection, minimax and equilibrium 
problems, and system of inequalities. 

We begin with recalling some notations and terminology concerned 
with multimaps which will be used throughout the paper. 

For a nonempty set YY 2,  and Y  denote the class of all subsets of 
Y and the class of all nonempty finite subsets of Y, respectively. For 

AYA ,∈  denotes the cardinality of AA.  multimap YXT 2: →  is a 

function from a set X into the power set Y2  of Y. Its graph is denoted by 

( ).Gr T  The notation YXT :  stands for a multimap YXT 2: →  
having nonempty values. If  ,YB ⊆  then the inverse image of B under T 

is ( ) { ( ) }.: ∅≠∈=− BxTXxBT ∩  

All topological spaces are supposed to be Hausdorff. The closure of a 
subset A of a topological space is denoted by ( ).cl A  Let X and Y be two 

topological spaces. A multimap YXT 2: →  is said to be 

(a) upper semicontinuous (u.s.c.) if ( )BT −  is closed in X for each 
closed subset B of Y ; 

(b) lower semicontinuous (l.s.c.) if ( )BT −  is open in X for each open 
subset B of Y . 

(c) compact if ( ( ))XTcl  is a compact subset of Y. 

It is well-known that ( )TGr  is closed if Y is reqular and T is u.s.c. with 
closed values. 

Lemma 1.1 [2]. Suppose X and Y are two topological spaces, 
R→×YXf :  is u.s.c., and YXS :  has compact values. Define 

R→Xf :ˆ  by 
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( )
( )

( )yxfxf
xSy

,maxˆ
∈

=  

for all .Xx ∈  Then f̂  is u.s.c. provided S is u.s.c. 

A subset A of a topological space X is compactly open (resp., 
compactly 

closed) if for every nonempty compact subset K of KAX ∩,  is open 

(resp., closed) in K. The compactly interior of A is defined by 

( ) { ABXBA ⊆⊆= :cint ∪  and B is compactly open in X }, 

cf. [3]. It is easy to see that cint(A) is compactly open, and A is compactly 
open if and only if AX \  is compactly closed. 

Definition 1.2 [3]. Let X be a nonempty set and Y be a topological 
space. A family { } Λ∈λλA  of subsets of Y is said to be transfer compactly 

open if for any Λ∈λ  and any λ∈ Ay  there is Λ∈α  such that 

( ).cint α∈ Ay  A multimap YXT 2: →  is said to be transfer compactly 

open valued if { ( ) }XxxT ∈:  is a transfer compactly open family in Y . A 

function R→×YXf :  is said to be transfer compactly l.s.c. (resp., 

u.s.c.) on X if for each Xx ∈  and each R∈λ  with 
( ){ }λ>∈∈ yufXux ,:  ( { ( ) })λ<∈∈ yufXux ,:.,resp  there exists 

an Yy ∈′  such that 

                            ({ ( ) })λ>′∈∈ yufXux ,:cint  

                          ( ({ ( ) })).,:cint.,resp λ<′∈∈ yufXux  

Throughout this paper, for a family of topological spaces { } ,IiiE ∈  the 

product spaces iIi E∈Π  and { } iiIi E\∈Π  are denoted by E and iE  

respectively. And any point Ex ∈  is expressed as [ ],, i
i xxx =  where 

ii Ex ∈  and .ii Ex ∈  For a subset A of ii ExE ∈,  and ,ii Ex ∈  the 

sections [ ]ixA  and [ ]ixA  are defined as 

                           [ ] { [ ] },,: AvxEvxA i
i

ii
i ∈∈=  
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                           [ ] { [ ] }.,: AxuEuxA i
iii

i ∈∈=  

The following two lemmas are easy to derive. 

Lemma 1.3. Let { } IiiA ∈  be a family of subsets of .iIi EE ∈Π=  Then 

the following two statements are equivalent. 

(1.3.1) For any [ ]i
i xAIi ,∈  is nonempty and { [ ] }iiii ExxA ∈:  is a 

transfer compactly open family. 

(1.3.2)  For any ii Ex
iEIi ∈=∈ ∪, cint ( [ ]).ii xA  

If X and Y are topological spaces and ,2: YXT →  then, putting 

( )TAi Gr=  in the above lemma, we see that ( ( ))yTX Yy
−

∈= cint∪  is 

equivalent to that T has nonempty values and XYT 2: →−  is transfer 
compactly open valued. 

Lemma 1.4. Let X and Y be two topological spaces and 
.: R→×YXf  Then f is transfer compactly l.s.c. (resp., u.s.c.) on X if 

and only if for any R∈λ  the multimap XYF 2: →  defined by 

                                         ( ) { ( ) }λ>∈= yxfXxyF ,:  

                                   ( ( ) { ( ) })λ<∈= yxfXxyFresp ,:.,  

is transfer compactly open valued. 

For nn ∆≥ ,0  denotes the standard n-simplex of ,1+nR  that is, 

( ) ;1andallfor0:,,
0

1
0













=α≥α∈αα=α=∆ ∑
=

+
i

n

i
i

n
nn iR"  

and { },,,0 nee "  the standard basis of ,1+nR  is the set of the vertices of 
.n∆  

The notion of a generalized convex space was first introduced by Park 
and Kim [9]: 
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Definition 1.5. A generalized convex space or a G-convex space 
( )Γ;E  consists of a topological space E and a map EE:Γ  such that 

(1.4.1) for any BAEBA ⊆∈ ,,  implies ( ) ( );BA Γ⊆Γ  and 

(1.4.2) for each { } EaaA n ∈= ,,0 "  with ,1+= nA  there exists a 

continuous function ( )AnA Γ→∆ϕ :  such that ( ) ( )BJA Γ⊆∆ϕ  for any 

AB ∈  with ,1+= JB  where { }nJ ,,0 "⊆  and J∆  denotes the 

face of n∆  corresponding to B. 

In this paper, we assume that a G-convex space ( )Γ;E  always 

satisfies the extra condition: { }( )xx Γ∈  for any .Ex ∈  

A subset K of a G-convex space ( )Γ;E  is said to be convex-Γ  if for 

any ,KA ∈ ( ) .KA ⊆Γ   For a nonempty subset Q  of E, the convex-Γ  

hull of Q, denoted by ( ),- QcoΓ  is defined by  

                       ( ) { }.-is,:co- convexCECQCQ Γ⊆⊆=Γ ∩  

It is easy to see that ( )Qco-Γ  is the smallest convex-Γ  subset of E 

containing Q. 

     Tan and Zhang [10] showed that the product of an arbitrary family of 
G-convex spaces is a G-convex space: Suppose {( )} IiiiE ∈Γ;  is any family 

of G-convex spaces. Let iIi EE ∈Π=  be equipped with product topology.  

For each ,Ii ∈  let ii EE →π :  be the projection. Define 

EEiIi D−ΓΠ=Γ ∈ :  by 

( ) ( ( ))AA iiIi πΓΠ=Γ ∈   

for each .EA ∈  Then ( )Γ;E  is a G-convex space. 

     The following Lemma 1.6 is well-known, cf.  [5]. 

Lemma 1.6. Let ( ) ( )iIiiIi EE ΓΠΠ=Γ ∈∈ ;;  be the product G-convex 

space of a family of G-convex spaces ( ) .,; IiE ii ∈Γ  Then iIi KK ∈Π=  is 

convex-Γ  in E provided for each iKIi ,∈  is a convexi-Γ  subset of .iE  
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2. Coincidence and Fixed Point Theorems 

     Following Park [8], we make the following definition.  

Definition 2.1. Let X be a topological space and ( )Γ;E  a G-convex 

space.  A multimap EXT 2: →  is called a generalized -Φ mapping if 

there exists a multimap EXS 2: →  satisfying that  

(2.1.1) for any Xx ∈  and any ( ) ( ) ( );co-, xTAxSA ⊆Γ∈  

(2.1.2) ( ( )).cint ySX Ey
−

∈= ∪   

The mapping S is called a companion mapping of T. 

     If T has nonempty and convex-Γ  values and −T  is transfer compactly 

open valued, then T is a generalized mapping-Φ  with itself as a 
companion mapping.  

     From now on, ( ) ( )iIiiIi EE ΓΠΠ=Γ ∈∈ ;;  will always denote the 

product G-convex space of a family of G-convex spaces ( ) .,; IiE ii ∈Γ  

And for each ,Ii ∈  the convex structure iΓ  is assumed to have the 

property that ( )Ci co-Γ  or ( ( ))Ci co-cl Γ  is compact convex-iΓ  whenever C 

is a compact subset of ,iE  and { } jiIj
i EE \∈Π=  will be equipped with 

the product convex structure { } .\ jiIj
i ΓΠ=Γ ∈  

     Any Fréchet space has the property that ( )( )Ccocl  is compact 

whenever C is a compact subset, cf.  [11, Theorem 3.20]. 

     We are now able to establish the following coincidence result on G-
convex spaces. 

Theorem 2.2. Suppose the two multimaps iE
ii EF 2: →  and 

iEi
i ET 2: →  satisfy the following conditions 

(2.2.1) ii TF o−  is a generalized mapping-Φ with the companion 

mapping .iS  
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(2.2.2) There exist a nonempty compact subset iK  of iE  and a 
nonempty compact subset iM  of iE  such that  

( ( )).cint\ iiiMx
ii xSKE i

−
∈⊆ ∪  

Then there exists Ex ∈  such that ( ) ( ) ∅≠ii
i

i xFxT ∩  for all .Ii ∈  

Proof.  For each ,Ii ∈  define the multimap 
iE

ii EH 2: →  by 

( ) ( ( ))ii
i

ii xSExH −= cint\  

 for .ii Ex ∈  Obviously, each ( )ii xH  is compactly closed in .iE   
Moreover, we claim that 

                           (I)  ( )iiiMx xHi∈∩  is compact, and 

(ii)  ( ) .∅=∈ iiEx xHii∩  

It follows from (2.2.2) that 

( ) { ( ( ))}ii
iii

iMxiiiMx xSxExxH ii
−

∈∈ ∉∈= cint:∩∩  

,iK⊆  

 so  

( ) ( ( )) i
iiiMxiiiMx KxHxH ii ∩∩∩ ∈∈ =  

( ( ) )i
iiiMx KxHi ∩∩ ∈=   

is compact in iK  by noting that iK  is compact and ( ) i
ii KxH ∩  is closed 

in iK  for any .ii Mx ∈   As for (ii), since ( ( ))iiEx
i xSE ii

−
∈= cint∪  by 

(2.2.1), we have  

( ) ( ( ( )))ii
i

iExiiiEx xSExH ii
−

∈∈ = cint\∩∩  

( ( ( )))iiiEx
i xSE i

−
∈= cint\ ∪  

∅=  
for each .Ii ∈  
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     Now we show that there exists { } ilii EaaA i ∈= ,0, ,, "  such that  

( ( )) ( ( )) .,0 ∅==∈ jii
l
jiiiMx aHxH i

i ∩∩∩   (1) 

If not, then for any { } in Eyy ∈,,0 "  one has  

( ( )) ( ( )) ,0 ∅≠=∈ ji
n
jiiiMx yHxHi ∩∩∩  

so the family { ( ) }ii EyyR ∈:  has the finite intersection property, where 

( ) ( ( )) ( )yHxHyR iiiiMxi i ∩∩ ∈=  for any .iEy ∈  Noting that each 

( )yRi  is compact in ,iK  we conclude that ( ) ,∅≠∈ yRiiEy∩  a 

contradiction to (ii).  Hence (1) holds. 

     By (1) we have 

( ( ( ))) ( ( ( ))).cintcint ,0 jii
l
jiiiMx

i aSxSE i
i

−
=

−
∈= ∪∪∪  (2)  

Let ( { })iliiiii aaMQ ,0, ,,co- "∪Γ=  or ( ( ( }))iliiiii aaMQ ,0, ,,co-cl "∪Γ=  

and { } .\ jiIj
i QQ ∈Π=  By our assumption on the convex structure ,iΓ  

each iQ  is a compact convex-iΓ  subset of iE  and iQ  is a compact 

convex-iΓ  subset of .iE  So it follows from (2) that there exists 

{ } imii Mbb i ∈,0, ,,"  such that  

( ( )) ( ( ( ))).cintcint ,0,0 jii
l
jjii

m
j

i aSbSQ ii −
=

−
=⊆ ∪∪∪  (3) 

 Letting { } { },,,,,,, ,0,,0,,0, iii miiliinii bbaacc """ =  we rewrite (3) as  

( ( )).cint ,0 jii
n
j

i cSQ i −
=⊆ ∪  

 Put ({ })iniiii ccX ,co- 0, "Γ=  and { } .\ jiIj
i XX ∈Π=   By the definition 

of a G-convex space, there exists a continuous mapping ini Xi →∆ϕ :  

such that 
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( ) ( ) iiJi XC ⊆Γ⊆∆ϕ  

for any { }inii ccC ,0, ,"∈  with ,1+= JC  where { }.,,0 inJ "∈   

Meanwhile, since ( ( ( )) )i
jii

n
j

i XcSX i ∩∪ ,0 cint −
==  is compact, there is a 

partition of unity { } in
jji 0, =λ  subordinated to { ( ( )) } .cint 0, in

j
i

jii XcS =
− ∩   

For any { }inj ,,0 "∈  and any ,ii Xx ∈  we have 

( ) ( ( )) i
jii

ii
ji XcSxx ∩,, cint0 −∈⇔≠λ  

( ).,
i

iji xSc ∈⇒   (4) 

Define a mapping in
i

i Xv ∆→/ :  by 

( ) ( ) .,
0

j
i

ji

n

j

i
i xxv

i
eλ=/ ∑

=

 

Clearly, iv/  is continuous and ( ) ( ) ( ) ,, j
i

jixJj
i

i xxv i eλ=/ ∑ ∈
 where 

( ) { { } ( ) }.0:,,0 , ≠λ∈= i
jii

i xnjxJ "  We see from (4) that 

{ ( )} ( ) ,:,
i

i
i

ji xSxJjc ∈∈  so in view of ii TF o−  being a generalized 

mapping-Φ  with the companion mapping ,iS  we conclude that 

({ ( )}) ({ ( )})i
jii

i
jii xJjcxJjc ∈Γ⊆∈Γ :co-: ,,  

( ).o i
ii xTF −⊆  (5) 

Define i
i

i XXf →:  by ( ) ( ) ( ).o i
ii

i
i xvxf /ϕ=   For each ,ii Xx ∈  it 

follows from (5) that 

( ) ( ( ))i
ii

i
i xvxf /ϕ=  

( ( ) )ixJi ∆ϕ∈  

( ( )).i
ii xTF −⊆  
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Let ,inIi ∆Π=∆ ∈  which is a compact convex subset of the locally convex 

topological space .1+
∈Π in

Ii R  Define two continuous mappings 

iIi XX ∈Π=→∆Ω :  and ∆→Ψ X:  by  

( ) ( ( ))tt iiIi πϕΠ=Ω ∈  for ,∆∈t  and 

( ) ( ( ))xvx k
kIk π/Π=Ψ ∈  for ,Xx ∈   

where iπ  is the projection of ∆  onto ,in∆  and kπ  is the projection of X 

onto .kX   Since ∆→∆ΩΨ :o  is continuous, it has a fixed point ∆∈t  

by Tychonoff’s fixed point theorem.  Let ( ).tx Ω=   Noticing that 

( )tx Ω=  

( ( ))tΩΨΩ= o  

( ) ( )xΨΩ= o  

( ( ))k
kIk xv/ΠΩ= ∈  

( ( ))i
iiIi xv/ϕΠ= ∈  

( ),i
iIi xf∈Π=     

we see that  

( ) ( ( ))i
ii

i
i

i xTFxfx −∈=  

for any .Ii ∈   This says that ( ) ( ) .∅≠i
iii xTxF ∩  

 When ( ) { }iii xxF =  for any ,ii Ex ∈  Theorem 2.2 becomes a fixed 
point theorem of Lan-Webb type. 

Theorem 2.3. Suppose the multimap iEi
i ET 2: →  satisfies the 

following conditions: 

(2.2.1) iT  is a generalized mapping-Φ  with the companion mapping 

.iS  
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(2.2.2) There exist a nonempty compact subset iK  of iE  and a 
nonempty compact subset iM  of iE  such that 

( ( )).cint\ iiiMx
ii xSKE i

−
∈⊆ ∪  

 Then there exists Ex ∈  such that ( )i
ii xTx ∈  for all .Ii ∈   

3. Applications 

   The fixed point theorem of Lan-Webb type in Section 2 can be used to 
derive generalization of the von Neumann intersection theorem for sets 
with convex sections.  

Theorem 3.1. Let { } IiiA ∈  be a family of subsets of .iIi EE ∈Π=   

Suppose the following conditions hold: 

(3.1.1) For each Ii ∈  and each [ ]i
i

ii xAEx ,∈  is nonempty and 

.-convexiΓ  

(3.1.2) For each { [ ] }iiii ExxAIi ∈∈ :,  is a transfer compactly open 

family.  

(3.1.3) There exists a nonempty compact subset iK  of iE  and a 
nonempty compact subset iM  of iE  such that 

( [ ]).cint\ iiiMx
ii xAKE i∈⊆ ∪  

Then there is Ex ∈  such that .iIi Ax ∈∈ ∩  

Proof. For each ,Ii ∈  define iEi
i ET 2: →   by ( ) [ ]i

i
i

i xAxT =  for 

all .ii Ex ∈   It is easy to check that iT  is a generalized mapping-Φ  with 

itself as a companion mapping.  Then the conclusion follows from 
Theorem 2.3. 

 This theorem is a generalization to Theorem 2.3 of [6], which in turn 
extends Theorem 2 of [7]. 
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 An immediate consequence of the above theorem is the result about 
existence of solution for a system of imequalities.  To formulate it we at 
first recall that a real-valued function f on a G-convex space ( )Γ;E  is 
said to be quasiconcave (resp., quasiconvex) if for any ,R∈α  the set 
{ ( ) }α≥∈ xfEx :  ( { ( ) })α≤∈ xfEx :.,resp  is convex.-Γ   If f is  

quasiconcave (resp., quasiconvex), then for any ,R∈α  the set 

{ ( ) }α>∈= xfExX :  ( { ( ) })α<∈= xfExX :.,resp  is convex.-Γ   

To see this, observe that for any { } ,,,1 XxxA n ∈= "  the set 

{ ( ) { ( ) ( )}}nxfxfxfExY ,,min: 1 "≥∈=  ( { ( )xfExY :.,resp ∈=  

{ ( ) ( )}})ni xfxf ,,max "≤  is convex.-Γ  and .XY ⊆  So ( ) ,XYA ⊆⊆Γ  
which shows that X is convex.-Γ  

Theorem 3.2. Let { } Iiit ∈  be a family of real numbers, and for each 

Ii ∈  suppose R→× i
i

ii EEgf :,  are functions satisfying the following 

conditions: 

(3.2.1) ( ) ( )xgxf ii ≤  for all .Ex ∈  

(3.2.2) For each ( )i
i

ii
ii xxgxEx ,, 6∈  is quasiconcave on .iE  

(3.2.3) if  is transfer compactly ... csl  on .iE  

(3.2.4) For each ,ii Ex ∈  there is an ii Ex ∈  such that ( ) ., ii
i

i txxf >  

(3.2.5) There exist a nonempty compact subset iK  of iE  and a 

nonempty compact subset iM  of iE  such that for any iii KEx \∈  there 

is a ii My ∈  with 

({ ( ) }).,:cint ii
i

i
iii tyufEux >∈∈  

Then there is an Ex ∈  such that ( ) ii txg >  for all .Ii ∈   

Proof. For each ,Ii ∈  let { ( ) }iii txfExA >∈= :  and 

{ ( ) }.: iii txgExB >∈=  Then for any [ ] ∅≠∈ i
i

ii xAEx ,  by (3.2.4), 

and [ ] [ ]i
i

i
i xBxA ⊆  by (3.2.1).  Moreover, it follows from (3.2.2) that 
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each [ ]i
i xB  is ,convex-iΓ  so ( [ ]) [ ].co- i

i
i

ii xBxA ⊆Γ   Also, we have 

( [ ]) ( [ ])iiiExiiiEx
i xBxAE ii cintcint ∈∈ ⊆= ∪∪  

 by (3.2.3), and  

( [ ]) ( [ ])iiiMyiiiMy
ii yByAKE ii cintcint\ ∈∈ ⊆⊆ ∪∪  

 by (3.2.5).  Thus all the requirements of Theorem 3.1 are satisfied, and so 
.∅≠∈ iIi B∩   Any iIi Bx ∈∈ ∩  satisfies that ( ) ii txg >  for all .Ii ∈  

 We now apply Theorem 2.3 directly to deduce another result about 
existence of solution for a system of inequalities. 

Theorem 3.3. For any ,Ii ∈  suppose R→i
i Ef :  and R→Egi :  

satisfy the following conditions: 

(3.3.1) For any ( ) ...,, cslisxxgxEx i
i

i
i

ii 6∈  on .iE   

(3.3.2) Each if  is u.s.c. on .iE  

(3.3.3) For any [ ] ,, Exxx i
i ∈=  the set 

{ ( ) ( )}i
ii

i
iii xfyxgEy >∈ ,:  is nonempty and .convex-iΓ   

(3.3.4) There exist a nonempty compact subset iK  of iE  and a 

nonempty compact subset iM  of iE  such that for any iii KEx \∈  there 

is a ii My ∈  with  

 ({ ( ) ( )}).,:cint i
ii

i
i

iii xfyugEux >∈∈  

Then there is an Ex ∈  such that ( ) ( )i
ii xfxg >  for all ,Ii ∈   

Proof. For any ,Ii ∈  Define iEi
i ET 2: →  by  

( ) { ( ) ( )}i
ii

i
iii

i
i xfyxgEyxT >∈= ,:  

for .ii Ex ∈   We at first claim that each iT  is a mapping-Φ  with itself 
as a companion mapping.  For this it suffices to show that 
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(i) each ( )i
i xT  is nonempty and ,convex-iΓ  and  

(ii) For any ( )iiii yTEy −∈ ,  is open in .iE   

Obvioulsy, (i) follows from (3.3.3) immediately and (ii) holds by noting  
that  

( ) { ( ) ( )}i
ii

i
i

ii
ii xfyxgExyT >∈=− ,:  

({ ( ) } { ( )})i
i

ii
i

i
i

ii
t

xftExtyxgEx >∈>∈=
∈

:,: ∩∪
R

 

and for any R∈t  both of { ( ) }tyxgEx i
i

i
ii >∈ ,:  and 

{ ( )}i
i

ii xftEx >∈ :  are open by (3.3.1) and (3.3.2) respectively. 

 Next, (3.3.4) says that ( ( )).cint\ iiiMy
ii yTKE i

−
∈⊆ ∪  So, by 

Theorem 2.3, there is an Ex ∈  such that ( )i
ii xTx ∈  for all .Ii ∈   This 

says that ( ) ( )i
ii xfxg >  for all .Ii ∈  

We like to mention that a similar result to the above theorem was 
obtained by Idzik [3, Theorem 5]. Another application of Theorem 2.3 is 
the following equilibrium existence theorem. 

Theorem 3.4. Let I be a nonempty finite index set. Suppose for any 
,Ii ∈  the following conditions hold: 

(3.4.1) i
i

i EES :  is a u.s.c. compact map with closed convexi -Γ  

values and ( )ii yS−  is compactly open for any .ii Ey ∈   

(3.4.2) R→Egf ii :,  are u.s.c. on iE  and E, respectively, with 
( ) ( )xgxf ii ≤  for any .Ex ∈   

(3.4.3) For each ( )i
i

i
i

ii yxgxEy ,, 6∈  is l.s.c. 

(3.4.4) The map ( ) ( ) ( )i
i

ixSy
i

i
i yxfxhx i

ii
,max

∈
=6  is l.s.c. 

(3.4.5) For each ( )i
i

ii
ii yxgyEx ,, 6∈  is quasiconcave.  
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Then there exists an Ex ∈  such that ( )i
ii xSx ∈  and ( ) ( )i

ii xhxg ≥  for 

all .Ii ∈   

Proof.  For any ,Ii ∈  let ( ( )).cl i
ii ESK =   Then iK  is a nonempty 

compact subset of .iE  Also, for any Ii ∈  and any ,N∈k  define 

( ) iKi
ki ET 2:, →  by 

( )( ) ( ) ( ) ( ) .1,:, 





 −>∈= kxhyxgxSyxT i

ii
i

i
i

ii
i

ki   

Since if  is u.s.c. on iE  and ( )i
i xS  is compact, there is ( )i

ii xSy ∈ˆ  such 

that ( ) ( ).ˆ, i
i

i
i

i yxfxh =   This shows that ( )( ),ˆ ,
i

kii xTy ∈  and hence each 

( )( )i
ki xT ,  is nonempty.  By (3.4.5), each ( )( )i

ki xT ,  is .convex-iΓ   

Moreover, for each ( )( ) ,,\ , ∅=∈ −
ikiiii yTKEy  and for each ,ii Ky ∈  

the set { ( ) ( ) }kxhyxgEx i
ii

i
i

ii 1,: −>∈  is open by noting that ih  is 

u.s.c. ( cf.  Lemma 1.1 ) and ( )i
i

i
i yxgx ,6  is l.s.c., which together with 

( )ii yS−  compactly open shows that  

( )( )iki yT −
,   

( ) ( ) ( )






 −>∈∈= kxhyxgxSyEx i

ii
i

i
i

ii
ii 1,and:   

( ) ( ) ( )






 −>∈= −

kxhyxgExyS i
ii

i
i

ii
ii

1,:∩  

is compactly open.  Consequently,  

( )( ) ( ( )( )).cint ,, ikiiEyikiiEy
i yTyTE ii

−
∈

−
∈ == ∪∪  

Furthermore, it is easy to see that ( ( )( )),cint\ , ikiiKy
ii yTKE i

−
∈⊆ ∪  so 

by Theorem 2.3, there exists an ( ) [ ( )
( ) ] Exxx ki

ki
k ∈= ,

, ,  such that 

( ) ( )( ( ) )ki
kiki xTx ,

,, ∈  for any Ii ∈  and any ,N∈k  that is,  
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( ) ( ( ) )ki
iki xSx ,

, ∈  

and  

( ( )
( ) )

( ( ) )
( ( ) ) .1,max, ,

,
,

, kvxfxxg ki
iki

ki
i

kixiSv
−>

∈

 

Since I is finite and each iK  is compact, we may assume that 

( ) .iIik KKxx ∈Π=∈→   Also, since ( )iSGr  is closed, we see that 

( )i
ii xSx ∈  for any .Ii ∈   By (3.4.2) and (3.4.4), we have  

( ) ( ( )
( ) )ki

ki
i

k
i

i
i xxgxxg ,

, ,suplim,
∞→

≥  

( ( ) )
( ( ) )












−≥

∈∞→ kvxf ki
i

k kixiSv

1,maxsuplim ,
,

 

( ( ) )
( ( ) )












−≥

∈∞→ kvxf ki
i

k kixiSv

1,maxinflim ,
,

 

( )
( ) ( )i

i
i

i xhvxf
ixiSv

=≥
∈

,max  

for all ,Ii ∈  where the last inequality follows from (3.4.4). 

Corollary 3.5.  Suppose all assumptions are as in Theorem 3.4. If 

ii gf =  for all ,Ii ∈  then there exists an Ex ∈  such that ( )i
ii xSx ∈  

and ( )
( )

( )vxgxxg i
ii

i
i ixiSv

,max,
∈

=  for all .Ii ∈      

References 

 [1] Q. H. Ansari, A. Idzik and J. C. Yao, Coincidence and fixed point theorems with 
applications, Topol. Methods Nonlinear Anal. 15 (2000), 191-202. 

 [2] C. Berge, Topological Spaces, Oliver and Boyd, Edinburgh, Scotland, 1963. 

 [3] X. P. Ding, New H-KKM theorems and their applications to geometric property, 
coincidence theorems, minimax inequality and maximal elements, Indian J. Pure 
Appl. Math. 26 (1995), 1-19. 



COINCIDENCE AND FIXED POINTS FOR FAMILIES … 493 

 [4] A. Idzik, Fixed point theorems for families of functions, Bull. Acad. Polon. Sci. Ser. 
Sci. Math. Astronom. Phys. 26 (1978), 913-916. 

 [5] T. Y. Kuo, J. C. Jeng and Y. Y. Huang, Fixed point theorems for compact multimaps 
on almost convex-Γ  sets in generalized convex spaces, Nonlinear Analysis 66 (2007), 
415-426. 

 [6] K. Q. Lan and J. Webb, New fixed point theorems for a family of mappings and 
applications to problems on sets with convex sections, Proc. Amer. Math. Soc. 126 
(1998), 1127-1132. 

 [7] T. W. Ma, On sets with convex sections, J. Math. Anal. Appl. 27 (1969), 413-416. 

 [8] S. Park, Continuous selection theorems in generalized convex spaces, Numer. Funct. 
Anal. Optimi. 20 (1999), 567-583. 

 [9] S. Park and H. Kim, Coincidence theorems for admissible multifunctions on 
generalized convex spaces, J. Math. Anal. Appl. 197 (1996), 173-187. 

 [10] K. K. Tan and X. L. Zhang, Fixed point theorems on G-convex spaces and 
applications, Proceedings of Nonlinear Functional Analysis and Applications, Vol. 1,  
Kyungnam University, Masan, Korea, 1996, pp.1-19. 

 [11] W. Rudin, Functional Analysis, Second Edition, McGraw-Hill, Inc., 1991. 

g 


