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Abstract

In this paper we at first establish some new coincidence and fixed point
results of Lan-Webb type for a family of multimaps on a product G-convex
space, and then apply them to the study of nonempty intersection,
minimax, equilibrium problems and system of inequalities.

1. Introduction and Preliminaries

Ansari et al. [1] established some coincidence point and fixed point
theorems for families of multimaps on noncompact convex subsets of
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product topological vector spaces, which generalized the fixed point
results of Lan and Webb [6]. In this paper we shall extend this type of
coincidence and fixed point results from topological vector spaces to
generalized convex spaces under slight different conditions. And then we
apply them to study nonempty intersection, minimax and equilibrium

problems, and system of inequalities.

We begin with recalling some notations and terminology concerned
with multimaps which will be used throughout the paper.

For a nonempty set Y, 2¥ and (Y) denote the class of all subsets of
Y and the class of all nonempty finite subsets of Y, respectively. For

A € (Y), |A| denotes the cardinality of A. A multimap T : X — 2Y isa

function from a set X into the power set 2Y of Y. Its graph is denoted by
Gr(T). The notation 7 : X —Y stands for a multimap 7 : X — 2

having nonempty values. If B < Y, then the inverse image of B under 7'
isT (B)={xeX:T(x)NB = J}.

All topological spaces are supposed to be Hausdorff. The closure of a
subset A of a topological space is denoted by cl(A). Let X and Y be two
topological spaces. A multimap 7 : X — 2Y is said to be

(a) upper semicontinuous (u.s.c.) if 77 (B) is closed in X for each

closed subset Bof Y ;

(b) lower semicontinuous (l.s.c.) if 77 (B) is open in X for each open
subset Bof Y.

(c) compact if cl(7(X)) is a compact subset of Y.
It is well-known that Gr(7') is closed if Y is reqular and T is u.s.c. with
closed values.

Lemma 1.1 [2]. Suppose X and Y are two topological spaces,
f:XxY >R is usc., and S: X —oY has compact values. Define

f:X—)Rby
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f(x) = yg&ﬁf(% y)

forall x e X. Then f is u.s.c. provided S is u.s.c.

A subset A of a topological space X is compactly open (resp.,
compactly

closed) if for every nonempty compact subset K of X, A1 K is open
(resp., closed) in K. The compactly interior of A is defined by

cint(A) = U{B < X : B c A and B is compactly open in X},
cf. [3]. It is easy to see that cint(A) is compactly open, and A is compactly
open if and only if X \ A is compactly closed.

Definition 1.2 [3]. Let X be a nonempty set and Y be a topological
space. A family {A; }, 5 of subsets of Y is said to be transfer compactly

open if for any L e A and any y e A, there is o € A such that
y € cint(A, ). A multimap T : X — 2Y is said to be transfer compactly
open valued if {T(x): x € X} is a transfer compactly open family in Y . A
function f : XxY — R is said to be transfer compactly l.s.c. (resp.,

usc) on X if for eachx e X and each AeR  with
xef{ueX:flu,y)>Ar} (resp.,x e{ue X: f(u, y) <L} there exists

an y' €Y such that
x ecint({u e X : f(u, y') > 1})
(resp., x € cint({u € X : f(u, y') < A})).

Throughout this paper, for a family of topological spaces {E; } the

el
product spaces Il;c.rE; and Il;cj\(E; are denoted by E and E
respectively. And any point x € E is expressed as x = [«', x; ], where

x' e E' and x; € E;. For a subset A of E, x' e E' and x; € E;, the

sections A[x'] and A[x; ] are defined as

A[xi] ={v; € E; : [xi, v;le A},
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Alx;] = {u' e E' : [u}, x;] € A}.
The following two lemmas are easy to derive.

Lemma 1.3. Let {A;};,_; be a family of subsets of E = I1;.;E;. Then

the following two statements are equivalent.
(1.3.1) For any i e I, Aj[x'] is nonempty and {A;[x;]: x; € E;} is a
transfer compactly open family.

(1.3.2) Forany i e I, E' = U, g, cint(A;[x;]).

If X and Y are topological spaces and T : X — 2Y, then, putting
A; = Gr(T) in the above lemma, we see that X = U,y cint (7" (y)) is

equivalent to that 7" has nonempty values and 7~ : Y — 2% is transfer

compactly open valued.

Lemma 14. Let X and Y be two topological spaces and
f:XxY — R. Then f is transfer compactly l.s.c. (resp., u.s.c.) on X if

and only if for any A € R the multimap F : Y — 2X defined by
F(y)={x e X: f(x, y) > &}
(resp., F(y)={x e X : f(x, y) < L})
is transfer compactly open valued.
For n > 0, A,, denotes the standard n-simplex of R”+1, that is,

n
A, = {a =(0g, -, ap) € R . o; > Oforalliand Z(xi = 1};
i=0

and {eg,-, e, }, the standard basis of R™1, is the set of the vertices of
A,.

The notion of a generalized convex space was first introduced by Park
and Kim [9]:
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Definition 1.5. A generalized convex space or a G-convex space

(E;T) consists of a topological space E and a map T : (E)— E such that
(1.4.1) forany A, B € (E), A ¢ B implies I'(A) c T(B); and

(1.4.2) for each A = {ag,, a, } € (E) with |A| = n +1, there exists a
continuous function ¢4 : A, — T'(A) such that ¢4(Ay) < T(B) for any
B e (A) with |B| =|J|+1, where J < {0,---, n} and Ay denotes the
face of A,, corresponding to B.

In this paper, we assume that a G-convex space (E;I') always

satisfies the extra condition: x € I'({x}) for any x € E.

A subset K of a G-convex space (E;T") is said to be I'- convex if for
any A € (K),T(A) c K. For a nonempty subset @ of E, the T- convex
hull of @, denoted by I'-co(®), is defined by

I-co(Q)=N{C: Q < C c E, C is I'convex}.
It is easy to see that T'-co(Q) is the smallest I'- convex subset of E
containing Q.

Tan and Zhang [10] showed that the product of an arbitrary family of
G-convex spaces is a G-convex space: Suppose {(E;;T;)};_; is any family

of G-convex spaces. Let E =11;.7E; be equipped with product topology.
For each ielI, let =w : E > E; be the projection. Define
Fzﬂidl“i <E>—OE by

[(A) = M Ti(m;(A))
for each A € (E). Then (E;T') is a G-convex space.

The following Lemma 1.6 is well-known, cf. [5].
Lemma 1.6. Let (E;T) = (I1;.E;; 11;.;T;) be the product G-convex
space of a family of G-convex spaces (E;;T;), i € I. Then K =T11,;.;K; is

I- convex in E provided for each i € I, K; is a T ;-convex subset of E;.
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2. Coincidence and Fixed Point Theorems

Following Park [8], we make the following definition.

Definition 2.1. Let X be a topological space and (E;T) a G-convex
space. A multimap T : X — 2F s called a generalized ©- mapping if
there exists a multimap S : X — 2F satisfying that

(2.1.1) for any x € X and any A € (S(x)), I'-co(A) < T(x);

(2.1.2) X = U, g cint (S7(y)).
The mapping S is called a companion mapping of T.

If T has nonempty and TI- convex values and T~ is transfer compactly
open valued, then T is a generalized ®-mapping with itself as a
companion mapping.

From now on, (E;I)= (I1;.;E;; ;. T;) will always denote the
product G-convex space of a family of G-convex spaces (E;;T;), i e I.
And for each i € I, the convex structure I; is assumed to have the

property that T;-co(C) or cl(T;-co(C)) is compact T;-convex whenever C
is a compact subset of E;, and E' = e E; will be equipped with
the product convex structure TV = TI jerniilj

Any Fréchet space has the property that cl(co(C)) is compact
whenever C is a compact subset, cf. [11, Theorem 3.20].

We are now able to establish the following coincidence result on G-

convex spaces.
Theorem 2.2. Suppose the two multimaps F; : E; - 2% and

T; : E 5 oFi satisfy the following conditions

(2.2.1) F;oT; is a generalized ®-mapping with the companion
mapping S;.
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(2.2.2) There exist a nonempty compact subset K’ of E' and a
nonempty compact subset M; of E; such that

E'N\ K" < Uy epr,cint (87 (%)),
Then there exists X € E such that T,(x') N Fy(x%;) # @ forall i e I.

Proof. For each i € I, define the multimap H; : E; —> o by
Hy(x;) = E' \ cint (7 (x;))

for x; € E;. Obviously, each H;(x;) is compactly closed in E'.

Moreover, we claim that

@ nxieMiHi(xi) is compact, and
(i) Nyer, Hi(x;) = 2.
It follows from (2.2.2) that
Nyjem; Hilx;) = ﬂxieMi{xi € E': 2 g cint (8] (x;))}
c K',
SO

Njent; Hi(xi) = (Nygem; Hi(x)) N K
= Nyyemr,(Hi(x; )N KY)

is compact in K’ by noting that K’ is compact and H;(x;)N K' is closed
in K' for any x; € M;. As for (i), since E' = Uy, ek, cint (Si (x;)) by
(2.2.1), we have

Nijer; Hilxi) = Ny;ep, (E' \ cint (87 (x;)))

= E'\ (Uy,ep, cint (87 (x;)))

=
for each 7 € 1.
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Now we show that there exists A = {a; o, -, a; ;, } € (E;) such that

(Nuyenr; Hi(x))N (N Hiay ;) = 2. &)
If not, then for any {yg,--, ¥, } € (E;) one has
(Nyyem; Hilx )N (NG Hi(y;)) = @,

so the family {R;(y) : y € E;} has the finite intersection property, where
R;(y)=( ﬂxieMi H;(x;))N H;(y) for any y e E;. Noting that each
R;(y) is compact in K’ we conclude that Nyee; Bi(y) # D, a
contradiction to (i1). Hence (1) holds.

By (1) we have
E' = (Uyen, cint (S7(x;)) U (U cint (S (a;,;))- )

Let @; =T;-co(M; U{a; o, -, a;; }) or @; =cl(Ty-co(M; U(ajo,>a;; }))
and Q' =TI jeI\{i}@j- By our assumption on the convex structure Ij,

each @; is a compact TI;-convex subset of E; and Qi i1s a compact

I;-convex subset of E'. So it follows from (2) that there exists

{6,007 by, m; } € (M) such that
Q" = Ujlyeint (876, ;) U (U cint (Si(a; ;) ®)
Letting {ci,o e Ci,ni} = {ai,o,'--, a; 1 bi,o,"', bi,mi }, we rewrite (3) as
@ < Ul jcint (S7 (c; ;).

Put X; = Tj-co({c; o, ¢ip, }) and Xt = e\ ;X By the definition
of a G-convex space, there exists a continuous mapping o; : Ap, > X;

such that
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¢i(Ay) e i(C) c X;
for any C e ({c;o-,¢cipn}) with [C] =|J]+1, where J € {0, n;}.
Meanwhile, since X' = U'}izo(cint (Si (e ;)N X') is compact, there is a
partition of unity {ki,j}?io subordinated to {cint (S; (¢; ;)N X }7‘:0
For any j € {0,---, n;} and any x' e X', we have
ki j(x') # 0 & ' e cint (Sj (¢ ;)N X
=

ci,j S Sl(xl) (4)

Define a mapping y; : X > Ay, by

vi(x') = Z A, j(x")e;.
=0

Clearly, v; is continuous and y;(x') = Z jeJ(xi)Ki,j(xi)ej, where
J(x')={je{0,,n}: ki’j(xi) #0}. We see from (4) that
{cijiie J(x')} e (S;(x')), so in view of F; oT; being a generalized
@ -mapping with the companion mapping S;, we conclude that
i(fe; j : j e J(x')}) € Ty-co(fe j ¢ j e J(x)})
c FyoTy(x"). &)

Define f; : X' > X; by fi(x') = (¢;0p;)(x'). For each x' e X!, it
follows from (5) that

fi(x") = 0;(9;(x"))
€ (Pi(AJ(xi))

c F (Ty(x")).
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Let A =Il;cfA,,, which is a compact convex subset of the locally convex

topological space II;. IR’”“. Define two continuous mappings

Q:A > X=1II;;X; and ¥ : X - A by
Q(t) = Micr0;(m;(t)) for t € A, and
Y(x) = erlwk(nk(x)) for x € X,

where m; is the projection of A onto A, and 7 is the projection of X

onto X*. Since YoQ:A > A is continuous, it has a fixed point ¢ € A

by Tychonoff’s fixed point theorem. Let x = Q(¢). Noticing that

F=0()

Q(YoQl(t))
= (Qo¥)(x)
= Q (M vy (%))
= e i (v;(2Y))
= e fi(3),
we see that
¥ = (&) e F (T(F"))
for any i e I. This says that Fi(x;) N T,(z") = @.

When F;(x;) = {x;} for any x; € E;, Theorem 2.2 becomes a fixed

point theorem of Lan-Webb type.

Theorem 2.3. Suppose the multimap T, L B o ofi satisfies the
following conditions:

(2.2.1) T; is a generalized ®-mapping with the companion mapping
S;.
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(2.2.2) There exist a nonempty compact subset K of E' and a
nonempty compact subset M; of E; such that

E'\K' c Us;encint (87 (x;)).
Then there exists x € E such that x; € T;(z") forall i € I.

3. Applications

The fixed point theorem of Lan-Webb type in Section 2 can be used to
derive generalization of the von Neumann intersection theorem for sets

with convex sections.
Theorem 3.1. Let {A;};.; be a family of subsets of E =11;.;E;.

Suppose the following conditions hold:

(8.1.1) For each i € I and each xl e Ei, Alx'] is nonempty and
1

I'; -convex.

(3.1.2) For each i € I, {A;[x;]: x; € E;} is a transfer compactly open
family.

(83.1.3) There exists a nonempty compact subset K of E' and a
nonempty compact subset M; of E; such that

E'N K" < Uy ep,cint (4]x;]),
Then thereis x € E such that x € N;c14;.

Proof. For each i € I, define T, : E' — 2% by Ti(x') = A;[x?] for

all x' e E'. Ttis easy to check that 7} is a generalized ®-mapping with

itself as a companion mapping. Then the conclusion follows from
Theorem 2.3.

This theorem is a generalization to Theorem 2.3 of [6], which in turn

extends Theorem 2 of [7].
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An immediate consequence of the above theorem is the result about
existence of solution for a system of imequalities. To formulate it we at

first recall that a real-valued function f on a G-convex space (E; T') is
said to be quasiconcave (resp., quasiconvex) if for any a € R, the set
{x e E:f(x)>a} (resp., {x e E: f(x)<a}) is TI-convex. If f is
quasiconcave (resp., quasiconvex), then for any o e R, the set
X={xeE:f(x)>a} (resp., X ={xeE:f(x)<a}) is TI-convex.
To see this, observe that for any A = {xy,---,x,}e(X), the set

Y={xeE: f(x)>min{f(x),-, f(x,)}} (resp., Y ={x € E : f(x)
< max{f(x;),":-, f(x,)}}) is T-convex. and Y < X. So I'(4) c Y ¢ X,

which shows that X is I'-convex.

Theorem 3.2. Let {¢;};.; be a family of real numbers, and for each

i € I suppose f;, g; : E' x E; > R are functions satisfying the following

conditions:
(3.2.1) fi(x) < gi(x) forall x € E.
(3.2.2) For eachx’ € E', x; v g;(x', x;) is quasiconcave on E;.
(3.2.3) f; is transfer compactly l.s.c. on E'.
l
(3.2.4) For eachx' e E', there is an x; € E; such that fi(xi, x;) > t;.

(3.2.5) There exist a nonempty compact subset K’ of E' and a
nonempty compact subset M; of E; such that for any x' € E'\ K' there
isa y; € M; with

x' ecint({u! € E' : fi(dl, y;) > ;).
Then thereis an x € E such that g;(x) > t; forall i € I.

Proof. For each iel, let A; ={xeE:fi(x)>¢} and

B, ={x € E: g;(x) >t ). Then for any x' € E', A;[x']# @ by (3.2.4),

and A;[x'] < B;[x'] by (3.2.1). Moreover, it follows from (3.2.2) that
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each B;[x'] is T;-convex, so I;-co(A;[x])  B;[x']. Also, we have
E' = Uy,ep,cint (4[x;]) € Uy, cg,cint (Bi[x;])
by (3.2.3), and
E'NK' < Uy, ep,cint (A;y;]) € Uy, e, cint (Bi[y;])

by (38.2.5). Thus all the requirements of Theorem 3.1 are satisfied, and so
N;crB; # D. Any X e ;.7 B; satisfies that g;(x) > ¢; forall i € I.

We now apply Theorem 2.3 directly to deduce another result about

existence of solution for a system of inequalities.

Theorem 3.3. For any i € I, suppose f; : E' 5 R and g E->R

satisfy the following conditions:
(3.3.1) For any x; € E;, x' — g;(x%, x;)isls.c. on E'.
(3.3.2) Each f; is u.s.c. on E'.

(3.3.3) For any X = [xi, x;le E, the set

{y; € E; : g;(x%, y;) > f:(x")} is nonempty and T;-convex.

(3.3.4) There exist a nonempty compact subset K’ of E' and a
nonempty compact subset M; of E; such that for any x' € E'\ K' there

isa y; € M; with
2 ecint({u' e E' : g;(u', y;) > fi(x")}).
Then there is an X € E such that g;(x) > f,(x') forall i e I,
Proof. For any i e I, Define T} : E* — 2% by
Ty(x') = {y; € B; : gi(a', 3;) > fi(x')}

for x' € E'. We at first claim that each T; is a ®-mapping with itself

as a companion mapping. For this it suffices to show that



490 YEW-DANN CHEN et al.
(i) each T}(x!) is nonempty and T;-convex, and
(i) For any y; € E;, T, (y;) is open in E'.

Obvioulsy, (i) follows from (3.3.3) immediately and (i1) holds by noting
that

T (y;) = {a' € B : gi(x', 3;) > fila)}
= U(x' e B : gi(x’, 33) > )N {x' e EY > fi(x")})
teR

and for any teR both of {x'eE':g/(x,y)>t and
{xi cE :t> fi(xi )} are open by (3.3.1) and (3.3.2) respectively.

Next, (3.34) says that E'\K'c U,y cint(T; (y;)). So, by
Theorem 2.3, there is an ¥ € E such that x; € T;(x') forall i € I. This
says that g;(x) > f:(x') forall i e I.

We like to mention that a similar result to the above theorem was
obtained by Idzik [3, Theorem 5]. Another application of Theorem 2.3 is

the following equilibrium existence theorem.

Theorem 3.4. Let I be a nonempty finite index set. Suppose for any
i € I, the following conditions hold:

(3.4.1) S; : E! — E; is a u.s.c. compact map with closed T;-convex
values and S; (y;) is compactly open for any y; € E;.

34.2) f;, 8, : E >R are us.c. on E; and E, respectively, with
fi(x) < g;(x) forany x € E.

(3.4.3) For each y; € E;, x* — g;(x', y;) is Ls.c.

(3.4.4) The map x* — h(x') = max, o i) fi(x, y;) is Ls.c.

(3.4.5) For each x' e E', v B gi(xi, ¥;) is quasiconcave.
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Then there exists an X € E such that %; € S;(x') and g;(x) > hj(Z') for
all i e I.

Proof. For any i € I, let K; = cl(S;(E')). Then K; is a nonempty

compact subset of E;. Also, for any i € I and any k € N, define
Tiir) E' > 2% py
. . . . 1
Tii,py(x") = {yi e Si(x"): gi(x*, ;) > hi(xl)_%}-

Since f; is u.s.c. on E; and S;(x') is compact, there is 3; € S;(x') such
that A;(x') = fi(x’, 3;). This shows that §; € T|; z)(x'), and hence each
T(i,k)(xi) is nonempty. By (3.4.5), each T(i,k)(xi) is Tj-convex.
Moreover, for each y; € E; \ K;, T(; )(y;) = @, and for each y; € K;,
the set {x' e E' : g;(x', y;) > hi(xi)—%} is open by noting that h; is

u.s.c. (c¢f. Lemma 1.1) and Xt g,-(xi, y;) is Ls.c., which together with

S; (y;) compactly open shows that
TG, 1) (i)
= {xi c E': y; € Si(xi)and gi(xi, v;) > hi(xi)—%}

- Si DN {e e B s gl 5 > ) - 3

is compactly open. Consequently,
E' = ineEiT(E,k)(yi ) = ineEiCint (T(;,k)(yz ).

Furthermore, it is easy to see that E' \ K' < Uyek cint (T(i,£)(¥:)), so
by Theorem 2.3, there exists an x(;) = [x(0k) X(i,r)] € E such that

X(i,k) € T(i’k)(a?(i’k)) forany i € I and any k € N, that is,
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Ein) € Si(xH)
and

g(®M), &) >  max  fEGR), -1,
’ =(isk) k
veS;(x )

Since I is finite and each K; is compact, we may assume that
X(r) > X € K =;c1K;. Also, since Gr(S;) is closed, we see that

X; € Si(fi) forany i € I. By (3.4.2) and (3.4.4), we have

g;(x',x;) > lim sup gi(f(i’k), X(i,k))

—>0
) —(i, k) 1
> limsup| max fi(x ,U) -
k—o _UeSi(f(i’k)) k_
> lim inf max fi(f(i’k), U)—%
k- _veSi(f(i’k)) i

\%

max fi(a?i, v) = hi(fi)
veSi(fi)

for all i € I, where the last inequality follows from (3.4.4).

Corollary 3.5. Suppose all assumptions are as in Theorem 3.4. If

f; = g; for all i e I, then there exists an x € E such that x; e S;(x")

and (%', 5;) = max ) g;(x',v) forall i e I.
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