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Abstract 

In this paper, for a Lipschitz pseudocontractive mapping T, we study the strong 
convergence of the iterative scheme generated by 

( ) (( ) ) ,111 nnnnnnn Txuxx β+β−α+α−=+  

when { } { }nn αβ ,  satisfy ( ) ;0limi =α
∞→ nn
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1. Introduction 

Let K be a nonempty closed convex subset of a smooth Banach space 
E. Let KKT →:  be a continuous pseudocontractive mapping. Then the 
mapping ( )TttuTt −+= 1  obviously is a continuous strongly 
pseudocontractive mapping from K to K for each fixed ( ).1,0∈t  
Therefore, tT  has a unique fixed point in K ([14, Corollary 2]), i.e., for 
any given ( ),1,0∈t  there exists Kxt ∈  such that 

( ) .1 tt Txttux −+=  (1.1) 

As ,0→t  the strong convergence of the path { }tx  has been introduced 
and studied by Browder [1] for a nonexpansive mapping T in Hilbert 
space, by Reich [23] for a nonexpansive self-mapping T defined on a 
uniformly smooth Banach space, by Takahashi-Ueda [36] for a 
nonexpansive self-mapping T defined on a uniformly convex Banach 
space with a uniformly Gâteaux differentiable norm, by Xu [39] for a 
nonexpansive self-mapping T defined on a reflexive Banach space which 
has a weakly continuous duality mapping ,ϕJ  by Schu [27] for a 
continuous pseudocontractive nonself-mapping defined on a reflexive 
Banach space having weakly sequentially continuous duality mapping, 
by Morales-Jung [22] and Udomene [37] for a continuous 
pseudocontractive mapping T satisfying the weakly inward condition and 
defined on a (reflexive) Banach space with a uniformly Gâteaux 
differentiable norm. See also Bruck [2, 3], Reich [23, 25], Song et al. [5, 
28, 32, 33], Suzuki [35], and others. 

 On the other hand, Mann [21] introduced the following iteration for T 
in a Hilbert space:  

( ) ,0,11 ≥α−+α=+ nTxxx nnnnn  (1.2) 

where { }nα  is a sequence in [0, 1]. Latterly, Reich [24] studied this 
iteration in a uniformly convex Banach space with a Fréchet 
differentiable norm and obtained its weak convergence. In the last 
twenty years of so, numerous papers have been published on the iterative 
approximation of fixed points of Lipschitz strongly pseudocontractive 
(and correspondingly Lipschitz strongly accretive) mappings using the 



LIPSCHITZ PSEUDOCONTRACTIONS MAPPINGS … 149

Mann iteration process. Results which had been known only for Hilbert 
spaces and only for Lipschitz mappings have been extended to more 
general Banach spaces (see, e.g., [4, 6, 8-13, 15-17, 20, 31] and others). 
This success, however, has not carried over to arbitrary Lipschitz 
pseudocontraction T even when the domain of the operator T is compact 
convex subset of a Hilbert space. In fact, it was a long standing open 
question whether or not the Mann iteration process converges under this 
setting. In 1999, Chidume-Moore [9] proposed the following problem in 
connection with the iterative approximation of fixed points of pseudo-
contractions.  

 Open Problem. Does the Mann iteration process always converge 
for continuous pseudo-contractions, or for even Lipschitz pseudo-
contractions? 

 These questions have recently been resolved in the negative by 
Chidume-Mutangadura [8], who produced an example of a Lipschitz 
pseudo-contractive map defined on a compact convex subset of real 
Hilbert space with a unique fixed point for which no Mann sequence 
converges. In order to get a strong convergence result, one has to modify 
the normal Mann’s iteration algorithm. Some attempts have been made 
and several important results have been reported. Fox example, Kim-Xu 
[18], Chidume-Chidume [7], Suzuki [34] and Song-Chen [29] dealt with 
strong convergence of the modified Mann iteration (1.3) for a 
nonexpansive mapping T: for ,,0 K∈ux  

( ) ( ( ) ).111 nnnnnnn xTxux β−+βα−+α=+  (1.3) 

Recently, Chidume-Ofoedu [6] and Song [30] tried to found the strong 
convergence of the following iteration { }nx  which independent of the 
path ;tx  

( ) ( ( ) ) .1,11 11 ≥α−+αλ+θλ+θλ−λ−=+ nxTxxxx nnnnnnnnnnnn  

(1.4) 

Very recently, Zhou [40] obtained the strong convergence theorem of the 
iterative sequence (1.5) for -λ strict pseudocontraction T in 2-uniformly 
smooth Banach space: for ,, 0 Exu ∈  
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( ) ( ( ) ) .0,111 ≥α−+αγ−β−+γ+β=+ nTxxxux nnnnnnnnnn  (1.5) 

 It is the purpose of this paper to present the modified Mann’s 
iteration algorithm for a Lipschitz pseudocontraction T. Namely, a new 
algorithm will be proposed to find a fixed point of T. Our method is 
different from the above several iterations where the mapping T 
involving with the algorithm is averaged. Instead, our algorithm 
proposed below works for every Lipschitz pseudocontraction T. More 
precisely, I will replace the point nTx  in algorithm (1.2) with 
( ) nnn Txu β+β−1  at step n, for ( ).1,0∈βn  That is, my method produces 
a sequence { }nx  according to the iteration process:  

( ) (( ) ),111 nnnnnnn Txuxx β+β−α+α−=+  (1.6) 

where { }nα  and { }nβ  are real sequences in ( )1,0  satisfying the 

conditions: ( ) ( ) ( ) .0limiii;ii;0limi
1

=β∞=α=α
∞→

∞

=∞→ ∑ nnn
n

nn
 It will be 

proved that { }nx  strongly converges to some fixed point of a Lipschitz 

pseudocontraction T. In particular, the parameters of our iterative 
sequence are simpler and don’t depend on each other. 

2. Preliminaries 

 Throughout this paper, a Banach space E will always be over the real 
scalar field. We denote its norm by ⋅  and its dual space by .∗E  The 

value of ∗∗ ∈ Ex  at Ey ∈  is denoted by ,, xy  and the normalized 

duality mapping from E into 
∗E2  is denoted by J, that is, 

( ) { } .,,,: ExfxfxfxEfxJ ∈∀==∈= ∗  Let ( ) { },: xTxExTF =∈=  
the set of all fixed point for a mapping T.  

 Let ( ) { }1;: =∈= xExES  denote the unit sphere of a Banach 
space E. The space E is said to have (i) a uniformly Gâteaux differentiable 

norm, if for each y in ( ),ES  the limit t
xtyx

t

−+

→0
lim  is uniformly attained 

for ( );ESx ∈  (ii) fixed point property for non-expansive self-mappings, if 
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each non-expansive self-mapping defined on any bounded closed convex 
subset K of E has at least a fixed point. A Banach space E is said to be 

strictly convex if yxyx ≠== ,1   implies .12 <+ yx  

 Recall that a mapping T with domain ( )TD  and range ( )TR  in 

Banach space E is called strongly pseudo-contractive if, for all 
( ),, TDyx ∈  there exist ( )1,0∈k  and ( ) ( )yxJyxj −∈−  such that  

( ) ., 2yxkyxjTyTx −≤−−  (2.1) 

While T is said to be pseudo-contractive if (2.1) holds for .1=k  T is 
said to be Lipschitzian if, for all ( ),, TDyx ∈  there exists 0>L  such 

that  

.yxLTyTx −≤−  

The mapping T is called non-expansive if 1=L  and, further, T is 
said to be contractive if .1<L  It is obvious that (contractive) 
nonexpansive mapping is an important subclass of (Lipschitz strongly) 
pseudocontractive mapping, but the converse implication may be false. 
This can be seen from the existing examples (see, e.g., [6, 8, 40]). 

 If C and D are nonempty subsets of a Banach space E such that C is 
nonempty closed convex and ,CD ⊂  then a mapping DCP →:  is 
called a retraction from C to D if P is continuous with ( ) .DPF =  A 

mapping DCP →:  is called sunny if ( ( )) CxPxPxxtPxP ∈∀=−+ ,  

whenever ( ) CPxxtPx ∈−+  and .0>t  A subset D of C is said to be a 

sunny nonexpansive retract of C if there exists a sunny nonexpansive 
retraction of C onto D. The term “sunny nonexpansive retraction” was 
coined by Reich in [26]. For more details, see [19, 25, 26]. 

 Lemma 2.1 ([22, 32, 33, 36]). Let E be a reflexive Banach space which 
has both fixed point property for non-expansive self-mappings and a 
uniformly Gâteaux differentiable norm or be a reflexive and strictly convex 
Banach space with a uniformly Gâteaux differentiable norm, and K be a 
nonempty closed convex subset of E. Suppose that T is a continuous 
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pseudocontractive mapping from K into K with ( ) .0/≠TF   Then as 

,,0 txt →   defined by  

( ) tt Txttux −+= 1  

converges strongly to a fixed point uP  of T, where P is the unique sunny 

nonexpansive retract from K onto ( ).TF  

 Lemma 2.2 (Liu [20] and Xu [38]). Let { }na  be a sequence of 

nonnegative real numbers satisfying the property: 

( ) ,0,11 ≥∀++−≤+ nctbata nnnnnn  

where { } { } { }nnn cbt ,,  satisfy the restrictions: 

(i) ( ) ( ) .0suplim;;
00

≤+∞<∞=
∞→

∞

=

∞

=
∑∑ n

n
n

n
n

n
ciiibiit  

Then { }na  converges to zero as .∞→n  

3. Main Results 

 Theorem 3.1. Let E be a reflexive Banach space which has both fixed 
point property for non-expansive self-mappings and a uniformly Gâteaux 
differentiable norm, and K be a nonempty closed convex subset of E. 
Suppose KKT →:  is a Lipschitzian pseudo-contraction with a 
Lipschitz constant 0>L  and ( ) ,0/≠TF  and { }nx  is a sequence given by  

( ) (( ) ).111 nnnnnnn Txuxx β+β−α+α−=+  (3.1) 

Assume that { }nα  and { }nβ  are real sequences in (0, 1) satisfying the 
conditions: 

(ii) ( ) ( ) ..0lim;;0lim
1

=β∞=α=α
∞→

∞

=
∞→ ∑ nnn

n
nn

iiiii  Then, as { }nxn ,∞→   

converges strongly to some fixed point uP  of T, where P is the unique 
sunny nonexpansive retract from K onto ( ).TF   
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Proof. The proof will be split into three steps.  

Step 1. { }nx  is bounded. Take ( ).TFp ∈  Choose 0>M  
sufficiently large such that  

.,1 L
MpuMpx ≤−≤−  

We proceed by induction to show that Mpxn ≤−  for all .1≥n  
Assume that Mpxn ≤−  for some .1>n  We show that 

.1 Mpxn ≤−+  In fact, from (3.1), we estimate as follows: 

( ) ( ) pxpTxpupx nnnnnnnn −α−+−βα+−β−α≤−+ 111  

( ) ( ) .11 MLML
M

nnnnn α−+βα+β−α≤  

Then when ,1=L  the result is obvious. Below let .1>L  We use the 
reduction to absurdity. Suppose that .1 Mpxn >−+  We have 

( ) ( ) .11 MLML
MM nnnnn α−+βα+β−α<  

Then ( ) ,110 nnnnn LL α−βα+β−α<  and hence  

,10 2 LLnn −β+β−<  that is, .
1
1

1
1

2 n
L
L

L β<
−

−=
+

 

  This contradicts to the conditions .0lim =β
∞→ nn

 Therefore,  

Mpxn ≤−+1   for all n. This proves the boundedness of the sequence 
{ },nx  which implies that the sequence { }nTx  is also bounded. 

 Step 2.   

( ) .0,suplim 1 ≤−− +
∞→

PuxJPuu n
n

 (3.2) 

Let lT  be defined by ( ) TxxxT lll α+α−= 1:  for each Kx ∈   and 
fixed  ( ).1,0∈αl  Then, we observe that for each lTl,  is a Lipschitz 
pseudocontractive mapping from K to itself with Lipschitz constant 
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( ) 011 >−α+ Ln  and ( ) ( ).TFTF l =  Moreover, the definition of lT  
reduces to 

.0limlim =−α=−
∞→∞→ nnllnnll

xTxxxT  (3.3) 

Setting ( ) ,1 l
l
t TttuT −+=  then for each ( )1,0∈t  and ( ),1,0∈αl  

l
tT  obviously is a continuous strongly pseudocontractive mapping from K 

to K for each ( )1,0∈t  and each l. Therefore, t
lT  has a unique fixed point 

in K (see [14, Corollary 2]), that is, for each ( )1,0∈t  and each l,  

( ) .1 l
tl

l
t zTttuz −+=  

Then for each l, it follows from Lemma 2.1 that ,lim
0

uPz l
l
tt
=

→
 is the 

unique sunny nonexpansive retraction from K onto ( ) ( ).TFTF l =  Then 

PPl ≡  by the uniqueness of sunny nonexpansive retraction from K onto 
( ),TF  and hence  

.allforlim
0

lPuzl
tt
=

→
 (3.4) 

Since lT  is a pseudocontractive mapping for each l, using the equality  

( ) ( ) ( ),1 nn
l
tll

l
t xutxzTtxz −+−−=−  

we have 

( ) ( ) ( )n
l
tnn

l
tn

l
tln

l
t xzJxutxzJxzTtxz −−+−−−=− ,,12  

( ) ( ( ) ( ) )n
l
tnnln

l
tnl

l
tl xzJxxTxzJxTzTt −−+−−−= ,,1  

( ) 2, n
l
tn

l
t

l
t xztxzJzut −+−−+  

( ) ( ) ,,2
n

l
t

l
tn

l
tnnl

l
tn xzJzutxzJxxTzx −−+−−+−≤

and hence,  

( ) ,, Ct
xxTzxJzu nnll

tn
l
t

−
≤−−  
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for some constant .0>C  Hence, noting (3.3), we obtain 

( ) .0,suplim ≤−−
∞→

l
tn

l
t

l
zxJzu  

Therefore, for any ,0>ε  there exists a positive integer N such that for 
all ,Nl ≥  

( ) .2, ε<−− l
tn

l
t zxJzu  (3.5) 

On the other hand, since J is norm topology to ∗weak  topology uniformly 

continuous on bounded sets and ,0lim
0

=−
→

PuzN
tt

 we have 

( ) ( )N
tn

N
tn zxJzuPuxJPuu −−−−− ,,  

( ) ( ) ( )N
tn

N
t

N
tnn zxJPuzzxJPuxJPuu −−+−−−−= ,,  

( ) ( ) .0,0, →→−+−−−−≤ tasMPuzzxJPuxJPuu N
t

N
tnn  

Hence, for the above ,0,0 >δ∃>ε  such that ( ),,0 δ∈∀t  for all n, we 
have  

( ) ( ) .2,, ε+−−≤−− N
tn

N
tn zxJzuPuxJPuu  

By (3.5), we have that   

( ) .22,suplim ε=ε+ε<−−
∞→

PuxJPuu n
n

 

Since ε  is arbitrary, (3.2) is proved. 

 Step 3. .0lim =−
∞→

Puxnn
  

From (3.1), we have  

2
1 Puxn −+  

( ) ( ) ( ) ( ) ( ) ( )PuxJPuxPuTxPuu nnnnnnnn −−α−+−αβ+−β−α= +1,11  

( ) ( ) PuxPuTxPuxJPuu nnnnnnn −−αβ+−−β−α≤ ++ 11,1  
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( ) ( )PuxJPux nnn −−α−+ +1,1  

( ) 2
2

1
2

221 LMPuxPux
nn

nn
n αβ+

−
+

−
α−≤ +  

( ) ( ) ,,1 1 PuxJPuu nnn −−β−α+ +  

which implies that  

( ) ,1 22
1 nnnnn PuxPux θα+−α−≤−+  (3.6) 

where ( ) ( ) .,122 1
2 PuxJPuuLM nnnnn −−β−α+β=θ +  

 Using the condition (iii) and (3.2), we have .0suplim ≤θ∞→ nn  
Hence, Applying Lemma 2.2 to the inequality (3.6), we conclude that 

.0lim =−
∞→

Puxnn
 This completes the proof.  

 We remark that if E is strictly convex, then the property that E has 
the fixed point property for nonexpansive self-mappings may be dropped. 
In fact, we have the following theorem.  

 Theorem 3.2. Let E be a reflexive and strictly convex Banach space 
with a uniformly Gâteaux differentiable norm. suppose { },,, nxTK  
{ } { }nn βα ,  are as Theorem 3.1. Then as { }nxn ,∞→  converges strongly  
to some fixed point Pu  of T, where P is the unique sunny nonexpansive 
retract from K onto ( ).TF  

 Proof. This follows from Lemma 2.1 and the proof of Theorem 3.1 

 As a direct consequence of Theorems 3.1 and 3.2, we obtain the 
following corollaries.  

 Corollary 3.3. Let E be a reflexive Banach space which has both fixed 
point property for non-expansive self-mappings and a uniformly Gâteaux 
differentiable norm or be a reflexive and strictly convex Banach space with 
a uniformly Gâteaux differentiable norm. Suppose ,, fK  { } { } { }nnnx βα ,,  
are as Theorem 3.1, and KKT →:  is a nonexpansive mapping. Then, 
as { }nxn ,∞→  converges strongly to some fixed point Pu  of T, where P 
is the unique sunny nonexpansive retract from K onto ( ).TF  
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 Remark 1. (i) There many Banach spaces which has fixed point 
property for non-expansive self-mappings. For example, compact Banach 
space, uniformly convex Banach space, uniformly smooth Banach space, 
reflexive Banach space with the Opial’s property, reflexive Banach space 
with normal structure and so on.  

 (ii) It is easy to find examples of spaces which satisfy the fixed point 
property for non-expansive self-mappings, which are not strictly convex. 
On the other hand, it appears to be unknown whether a reflexive and 
strictly convex Banach space satisfies the fixed point property for 
nonexpansive self-mappings (see [22]).  
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