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Abstract 

Let E be a real Banach space with uniformly Gâteaux differentiable norm 
possessing uniform normal structure. K is a nonempty bounded closed convex 

subset of E, and { } ( )…,2,1=nTn  is a sequence of −nk Lipschitzian 

nonexpansive mappings from K into itself such that 1lim =
∞→ nn

k  and 

( ) 0
1

/≠
∞

=
n

n
TF∩  and f be a contraction on K. Under sutiable conditions on 

sequence { },nt  we show the sequence { }nx  defined as 

( ) ( ) nn
n
n

n
n
n

n xTk
txfk

tx +−= 1  exists and converges strongly to a fixed point of a 

mapping T. And we apply it to prove the iterative process defined by Kx ∈1  and 

( ) ( ) nn
n
n

n
n
n

n xTk
txfk

tx +−=+ 11  converges strongly to the same point.  
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1. Introduction 

Let E be a real Banach space with dual ∗E  and K be a nonempty 

closed convex subset of E. Let 
∗

→ EEJ 2:  denote the normalized 

duality mapping defined by ( ) { },,,, fxfxfxEfxJ ==∈= ∗  

⋅⋅∈∀ ,.Ex  denotes the generalized duality pairing. In the sequel, we 

shall denote the single-valued duality mapping by j. 

A mapping KKT →:  is called Lipschitzian if there exists a 
positive constant L such that ., KyxyxLTyTx ∈∀−≤−  

T is also called -L Lipschitzian, if T is -1L Lipschitzian and ,21 LL <  

then T is -2L Lipschitzian. Throughout the paper, we assume that every 

Lipschitzian mapping is -L Lipschitzian with .1≥L  If TL ,1=  is 
known as a nonexpansive mapping and is asymptotically nonexpansive if 
there exists a sequence { } [ )∞⊂ ,1nk  with 1lim =

∞→ nn
k  such that 

yTxT nn −  Kyxyxkn ∈∀−≤ ,  for all integers .0≥n  We denote 

( ) { ;ExTF ∈=  }.xTx =  

In [3], Moudafi proposed a viscosity approximation method of 
selecting a particular fixed point of a given nonexpansive mapping in 
Hilbert spaces. If H is a Hilbert space, KKT →:  a nonexpansive self-
mapping of a nonempty closed convex subset K of h, and KKf →:  is a 
contraction, he proved the following theorems.  

 Theorem M1 [3, Theorem 2.1]. The sequence { }nx  generated by the 

scheme,  

( ) ,0,11
1 ≥

ε+
ε

+
ε+

= nxfTxx n
n

n
n

n
n  

converges strongly to the unique solution of the variational inequality: 

( )TFx ∈~  

such that  
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( ) ( ),0~, TFxallforxxpfI ∈≤−−  

where { }nε  is a sequence of positive numbers tending to zero.  

Theorem M2 [3, Theorem 2.2]. With an initial Kz ∈0  defined the 

sequence { }nz  by 

( ).11
1

1 n
n

n
n

n
n zfTzz

ε+
ε

+
ε+

=+  

Supposed that ;,0lim
0

∞=ε=ε ∑
∞

=∞→ n
n

nn
 and .011lim

1
=

ε
−

ε +∞→ nnn
 Then 

{ }nz  converges strongly to the unique solution of the variational 

inequality: 

( )TFx ∈~  

such that  

( ) ( ).0~, TFxallforxxpfI ∈≤−−  

Xu [7] studied the viscosity approximation methods proposed by 
Moudafi for a nonexpansive mapping in a uniformly smooth Banach 
space. If K∏  denotes the set of all contractions on K, he proved the 

following theorems: 

Theorem HKX1 [7, Theorem 4.1]. Let E be a uniformly smooth 
Banach space, K a closed convex subset of E, and KKT →:  a 

nonexpansive mapping with ( ) ,0/≠TF  and .Kf ∏∈  Then the path 

{ }tx  defined by 

( ) ( ) ( ),1,0,1 ∈−+= tTxtxtfx ttt  

converges strongly to a point in ( ).TF  If we define ( )TFQ K →∏:  by 

( ) ,lim
0 tt

xfQ
→

=  then ( )fQ  solves the variational inequality: 

( ) ( ) ( )( ) ( ) .,0, KfTFxxfQjfQfI ∏∈∈≤−−  
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Theorem HKX2 [7, Theorem 4.2]. Let E be a uniformly smooth 
Banach space, K a closed convex subset of E, and KKT →:  a 

nonexpansive mapping with ( ) ,0/≠TF  and .Kf ∏∈  Assume that 

( )1,0⊂αn  satisfies the following conditions:  

(i) ;0lim =α
∞→ nn

 

(ii) ;
0

∞=α∑
∞

=
n

n
 

(iii) either .1lim 1
0

1 +∞<α−α=
α
α

+

∞

=

+
∞→ ∑ nn

nn
n

n
or  

Then the sequence { }nx  generated by  

( ) ( ) ,1, 10 nnnnn TxxfxKx α−+α=∈ +  

converges strongly to a point in ( ).TF  

Recently, Shazad and Udomene [5] obtained fixed point solutions of 
variational inequalities for an asymptotically nonexpansive mapping 
defined on a real Banach space with uniformly Gâteaux differentiable 
norm possessing uniform normal structure. Nilsrakoo and Saejung [4] 
established weak and strong convergence theorem for a countable family 
of certain Lipschitzian mappings and in a real Hilbert space. They proved 
the following theorem.  

Theorem W. N., S. S. [4, Theorem 5]. Let C be a nonempty closed 
convex subset of a real Hilbert space H. Let { } ( )…,2,1=nTn  is a 

sequence of −nL Lipschitzian nonexpansive mappings from C into itself 

such that ( ) ∞<−∑
∞

=
1

0
n

n
L  and ( ) .0

1
/≠

∞

=
nn

TF∩  Let { }nx  be a sequence in 

C defined by Cx ∈1  and  

( ) ,11 nnnnnn xTxx α−+α=+  
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for all ,Nn ∈  where { }nα  is a sequence in [ )1,0  with ( ) .1
1

∞=α−α∑
∞

=
nn

n
 

Let { } ∞<∈−+

∞

=
∑ BzzTzT nn
n

:sup 1
1

 for any bounded subset B of C and 

T be a mapping of C into itself defined by zTTz nn ∞→
= lim  for all Cz ∈  

and suppose that ( ) ( ).
1 nn

TFTF
∞

=
= ∩  Then { }nx  converges weakly to 

( ).TF∈ω   Moreover, ( ) .lim ω=
∞→ nTFn

xP  

In this paper, we studied the countable family of certain Lipschitzian 
mappings in the real Banach space, and proved the sequence converges 
strongly to the unique solution of some variational inequality in our more 
general space. Our theorem also extends Theorems 3.1 and 3.2 of [5] to 
more general class of nonexpansive mappings.  

2. Preliminaries 

Let { }1:: =∈= xExS  denote the unit sphere of the Banach space 
E, The space E is said to have a Gâteaux differentiable norm if the limit 

,0lim =
−+

∞→ t
xtyx

n
 ( )∗  

exists for each ,, Syx ∈  and we call E smooth; and E is said to have a 
uniformly Gâteaux differentiable norm if for each Sy ∈  the limit ( )∗  is 
attained uniformly for .Sx ∈  Further, E is said to be uniformly smooth if 
the limit ( )∗  exists uniformly for ( ) ., SSyx ×∈  If E is smooth, then any 
duality mapping on E is single-valued, and if E has a uniformly Gâteaux 
differentiable norm, then the duality mapping is norm-to- ∗kwea         
uniformly continuous on bounded sets.  

 A bounded convex subset K of a Banach space E is said to have 
normal structure if every convex subset H of K that contains more than 
one point contains a point Hx ∈0  such that { } ( ),,0 HdHyyxsup <∈−  
where ( ) { ,, xyxsupHd −=  }Hy ∈  denotes the diameter of H. A 
Banach space E is said to have normal structure if every bounded, convex 
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subset of E has normal structure. E is said to have uniform normal 
structure if there exists ,10 << c  such that for any subset K as above, 
there exists Kx ∈0  such that { }Kyyxsup ∈− ,0 ( )( ).Kdc<  It is 
known that every space with a uniform normal structure is reflexive, and 
that all uniformly convex and uniformly smooth Banach spaces have 
uniform normal structure.  

 Suppose a linear continuous functional µ  on ∞l  such that 

( ) .11 =µ=µ  Then µ  is called a mean on N if and only if the 

inequalities { } ( ) { }NnasupaNnafin nn ∈≤µ≤∈ ;;  hold for each 

( ) ∞∈= laaa …,, 21  we denote by ( )nn aµ  instead of ( ).aµ  A mean is 

called a Banach limit if ( ) ( ).1+µ=µ nnnn aa  

Lemma 2.1 [6]. Let C be a nonempty closed convex subset of a Banach 
space E with a uniformly Gâteaux differentiable norm, let S be an index 
set, let { }Stxt ∈:  be a bounded set of E, and let µ  be a mean on S. Let 

,Cu ∈  then 22 min yxux ttCytt −µ=−µ
∈

 if and only if 

( ) 0, ≤−−µ uxJuz tt  for all ,Cz ∈  where J is the duality mapping of 
E.  

Lemma 2.2. Let E be an arbitrary real Banach space. Then  

( )yxjyxyx ++≤+ ,222  (2) 

( ) ( )., yxJyxjandEyx +∈+∀∈∀  

Lemma 2.3 [2]. Let { } { } { }∞=
∞
=

∞
= 000 ,, nnnnnn cba  be sequences of 

nonnegative numbers satisfying  

( ) ,0,11 ≥∀++ω−≤+ ncbaa nnnnn  

where { } [ ].1,00 ⊂ω ∞
=nn  If 

( ) ,,
00

∞<ω=∞=ω ∑∑
∞

=

∞

=
n

n
nnn

n
candob  

then .0lim =
∞→ nn

a  
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Lemma 2.4 [1]. Let K be a nonempty bounded closed convex subset of 
a reflexive Banach space E. And suppose that K has normal structure. If 
φ  is a mapping of K into itself which does not increase distances, then φ  

has a fixed point.  

Lemma 2.5 [7]. Let { }na  be a sequence of nonnegative real numbers 

satisfying the property  

( ) ,0,11 ≥βγ+γ−≤+ naa nnnnn  

where { } ( )1,0⊂γn  and { }nβ  is real number sequence such that  

(i) ;
0

∞=γ∑
∞

=
n

n
 

(ii) .0lim =β
∞→ nn

 

Then { }na  converges to zero, as .∞→n  

3. Main Results 

Theorem 3.1. Let E be a real Banach space with uniformly Gâteaux 
differentiable norm possessing uniform normal structure. Suppose K is a 
nonempty bounded closed convex subset of E, and { } ( )…,2,1=nTn  is a 

sequence of −nk Lipschitzian nonexpansive mappings from K into itself 

such that ( ) .01lim
1

/≠=
∞

=∞→ n
n

nn
TFandk ∩  Let T be a mapping of K into 

itself defined by zTTz nn ∞→
= lim  for all Kz ∈  with 

0suplim =−
∈∞→

TzzTn
Kzn

 and suppose that ( ) ( ).
1

n
n

TFTF ∩
∞

=
=  KKf →:  

a contraction with constant [ ).1,0∈α  Let { } ( ( ) )
α−

α−
⊂

n
n

nn k
kt 1,0  be such 

that 1lim =
∞→ nn

t  and .01lim =
−
−

∞→ nn
n

n tk
k  Then 

(i) For each integer ,1≥n  there is a unique Kxn ∈  such that  
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( ) ( ) ;1 nn
n
n

n
n
n

n xTk
txfk

tx +−=  (3.1) 

(ii) Then as ,∞→n nx  converges strongly to some fixed point p of T 

such that p is the unique solution in F to the following variational 
inequality: 

( ) ( ) .0, FxallforxpjpfI ∈≤−− ∗∗  (3.2) 

Proof. At first, we show that there exists unique solution to the 
equality (3.1). In fact, for each integer ,1≥n  by the conditions on ,nt  the 

mapping ( ) ( ) xTk
txfk

tx n
n
n

n
n

n +−=φ 1  is a contraction. It follows there 

exists unique Kxn ∈  such that .nnn xx =φ  

Since K is bounded and { } { ( )} { }nnnnn xTxfxKx ,,,∈  are bounded. 

( ) ( ) .01 →−−=− nnn
n
n

nnn xTxfk
txTx  

By the condition ,0suplim =−
∈∞→

TzzTn
Kzn

 

.0→−+−≤− nnnnnnnn TxxTxTxTxx  

Define the mapping RKv →/ :  by 

( ) .,: 2 Kxxxxv nn ∈∀−µ=/  

Since E is reflexive, ( ) ∞→/ xv  as ,∞→x  and v/  is continuous and 

convex, we have that the set { ( ) ( )} .0inf:: /≠/=/∈= ∈ xvyvKyC Kx  C is 

closed and bounded. From ( ) =/→− TxvTxx nn ,0 =−µ 2Txxnn  

( ),22 xvxxTxTx nnnn /=−µ≤−µ  therefore, ( ) .CCT ⊂  By Lemma 

2.4, T has a fixed point in C. Let ( )TFCp ∩∈  and using Lemma 2.1, we 
have  

( ) .allfor,0, Kxpxjpx nn ∈≤−−µ  

It follows that  
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( ) ( ) .0, ≤−−µ pxjppf nn  (a) 

By the conditions on { },nT  we have  

( ) ( ) ( ).,1, 2 TFxxxkxxjxTx nnnnnn ∈∀−−−≥−− ∗∗∗  

By the definition of the sequence { },nx  we have  

( ) ( ) ( ).,1, 2 TFxxxtk
kxxjxfx n

nn
n

nnn ∈∀−
−
−

≤−− ∗∗∗  

Since K is bounded, it follows that  

( ) ( ) ( ).,0,suplim TFxxxjxfx nnn
n

∈∀≤−− ∗∗

∞→
 (b) 

From ( ) ( ) ( ) ( ) ,,1 2 ppfpxjxfxpx nnnn −+−−≤−α− ( ) .pxj n −  

And ( ) ( ) .0,, =−µ pxba nn  Thus, there exists a subsequence { } ⊂knx  

{ }nx  such that px kn →  as .∞→k  Assume that there is another 

subsequence { } { }nn xx l ⊂  such that qx ln →  as .∞→l  

For px kn →  set ,qx =∗  by ( ) ( ) ( ) .0,, ≤−− qpjpfpb  For qx ln →  

set ,px =∗  by ( ) ( ) ( ) .0,, ≤−− pqjqfqb  

( ) ( ) ( ) ., 22 qpqpjqfpfqp −α≤−−≤−  

 We must have qp =  and the uniqueness is proved. Thus, pxn →  

as ∞→n  and Fp ∈  is unique. Again, using (b), we have 

( ) ( ) .allfor,0, FxxpjpfI ∈≤−− ∗∗  

This concludes the proof. 

 Remark 1. For an asymptotically nonexpansive mapping T, set 
=nT  ,nT  then we can get Theorem 3.1 of [5] as a corollary: Let E be a 

real Banach space with uniformly Gâteaux differentiable norm possessing 
uniform normal structure, K a nonempty closed convex and bounded 
subset of KKTE →:,  an asymptotically nonexpansive mapping with 
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sequence { } [ )∞⊂ ,1nnk  and KKf →:  a contraction with constant 

[ ).1,0∈α  Let { } ( ( ) )
α−

α−
⊂

n
n

nn k
kt 1,0   be such that 1lim =

∞→ nn
t  and 

.01lim =
−
−

∞→ nn
n

n tk
k  Then  

(i) For each integer ,1≥n  there is a unique Kxn ∈  such that  

( ) ( ) ;1 nn
n
n

n
n
n

n xTk
txfk

tx +−=  

(ii) Then as nxn ,∞→  converges strongly to some fixed point p of T 
such that p is the unique solution in F to the following variational 
inequality: 

( ) ( ) .0, FxallforxpjpfI ∈≤−− ∗∗  

Theorem 3.2. Let E be a real Banach space with uniformly Gâteaux 
differentiable norm possessing uniform normal structure. Suppose  K is a 
nonempty closed convex subset of E, and { } ( )…,2,1=nTn  is a sequence 

of -nk Lipschitzian nonexpansive mappings from K into itself such that 

1lim =
∞→ nn

k  and ( ) .0
1

/≠
∞

=
nn

TF∩  Let { } ( { ( ) })
nn

n
nn kk

kt 1,21min,0
α−

α−
⊂  

be such that ( ) ∞=−= ∑
∞

=∞→ nn
n

nn
ttt 1,1lim

1
 and .01lim =

−
−

∞→ nn
n

n tk
k  And 

{ } ∞<∈−+

∞

=
∑ BzzTzT nn
n

:sup 1
1

 for any bounded subset B of K. 

KKf →:  a contraction with constant [ ).2
1,0∈α  Let { }nx  be a 

sequence in K defined by Kx ∈1  and 

( ) ( ) .11 nn
n
n

n
n
n

n xTk
txfk

tx +−=+  

Then  

(i) nx  is bounded ; 
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(ii) Let C is a bounded subset of K containing { },nx  T be a mapping of 

C into itself defined by zTTz nn ∞→
= lim  for all Kz ∈  and suppose that 

( ) ( ).
1

n
n

TFTF ∩
∞

=
=  

 Then { }nx  converges strongly to p, such that p is the unique solution 

in ( )TF  to the inequality (3.2). 

 Proof. Firstly, we show that { }nx  is bounded. Take .Fu ∈  It follows 

that  

( ) ( ) ( ) ( ) uxTk
tuufufxfk

tux nn
n
n

n
n
n

n −+−+−−≤− ++ 11 1  

( ) ( ( ) ) uxk
tuufuxk

t
n

n
n

n
n
n −+−+−α−≤ 1  

[ ( ( ) )] ( ) ( ) uufk
tuxtk

tk
n
n

nn
n

nn −−+−−
α−

−−= 111  

{ ( ) }.1,max uufuxn −
α

−≤  

By induction, { ( ) } ,0,1,max 0 ≥−
α

−≤− nuufuxuxn  and { }nx  is 

bounded, which leads to the boundedness of { ( )}nxf  and { }.nnxT  

 Using the assumption that ,1lim =∞→ nn t  we get that  

( ) ( ) .011 →−−=−+ nnn
n
n

nnn xTxfk
txTx  Then 

( ) ( ) ( ) ( ) 11
1
1

11 11 −−
−

−
−+ −−−+−=− nn

n
n

n
n
n

nn
n
n

n
n
n

nn xTk
txfk

txTk
txfk

txx  

( )[ ( ) ( )] [ ]1111 −−− −+−−= nnnn
n
n

nn
n
n xTxTk

txfxfk
t  
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( )[ ( ) ]111
1
1

−−−
−

− −−+ nnn
n
n

n
n xTxfk

t
k
t  

[( ) ] ( ) 111
1
1

11 −−−
−

−
− −−+−+α−≤ nnn

n
n

n
n

nnn
n
n xTxfk

t
k
txxtk

t

 

.11 −−−+ nnnn
n
n xTxTk

t  

By Lemma 2.3, Let [( ) ] ( ),1111
n

nn
n
n

n kttk
t α−−α−=+α−−=ω  thus  

( ) .,211
00

∞=α>ωα=
α−

α−
α−

−α−>ω ∑∑
∞

=

∞

= n
n

nn
n

n
n

n k
k

k
k  

Let ( ) .111
1
1

−−−
−

− −−= nnn
n
n

n
n

n xTxfk
t

k
tb  Since { ( )}nxf  and { }nnxT  

are bounded, and ,α>ωn  then we have ,01
1

→
α

−
<

ω
−

− Mk
t

b n
n

k
t

n
n

n
n  as 

,∞→n  where 

{ { ( )} { } }.,2,1,,sup …=> nxTxfM nnn  

Let  

,11 −−−= nnnn
n
n

n xTxTk
tc  

using the assumption { } ∞<∈−+

∞

=
∑ BzzTzT nn
n

:sup 1
1

 for any 

bounded subset B of C, thus .
1

∞<∑
∞

=
n

n
c  Now,  

.0limlim 1 =−= +∞→∞→ nnnnn
xxa  

Then 

.0,0 →−→− nnnnn TxxxTx  
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Define ( ) ( ) .1 nn
n
n

n
n
n

n zTk
tzfk

tz +−=  Set ,
n
n

n k
t

=α  let ,mn <  we have  

( ) ( ) ( ( ) ) 22 1 mnnmnnmn xzfxTzxz −α−+−α=−  

( ) ( ) ( )mnmnnmnn xzjxzfxTz −−α−+−α≤ ,1222  

( ) ( )nmmmnn xTxTxTz α−+−+−α≤ 1222  

( ( ) ( ) )2, mnmnnn xzxzjzzf −+−−  

( ) ( ) ( ( ) ,1222
nnnmmmnn zzfxTxxz −α−+−+−α≤  

( ) )2
mnmn xzxzj −+−  

( ( )) ( mnnmmmnn xzxTxxz −α−+−α−−= 211 22  

) ( ) ( ( ) ( )mnnnnmm xzjzzfxTx −−α−+−+ ,12  

)2
mn xz −+  

( ( )) ( mnnmmmnn xzxTxxz −α−+−α−+≤ 211 22  

) ( ) ( ) ( ) .,12 mnnnnmm xzjzzfxTx −−α−+−+  

Since C is bounded, for some constant ,0>N  it follows that  

( ) ( ) ( )Nzxjzzf nnmnn
m

α−≤−−
∞→

1,suplim  

.1suplim
n
mm

m

NxTx
α−

−
+

∞→
 

By Theorem 3.1, ( ),TFpzn ∈→  which solve the variational inequality 

(3.2). Since j is norm to ∗weak  continuous on bounded sets, in the limit 
as ,∞→n  we obtain that  

( ) ( ) ,0,suplim ≤−−
∞→

pxjppf m
m

 (c) 

there exists a sequence { } 0, ≥εε nn  for all 0≥n  such that       



HONGLIANG ZUO and MIN YANG 134

( ) ( ) nm pxjppf ε≤−− +1,  with .∞→εn  

( ) ( ) ( )pxjpxfpxTpx nnnnnnn −−α−+−α≤− ++ 1
222

1 ,12  

( ) ( ) ( ) pxpfxfpxt nnnnn −−α−+−≤ +1
22 12  

( ) ( ) ( )pxjppf nn −−α−+ +1,12  

( ) ( )2
1

222 1 pxpxpxt nnnnn −+−α−α+−≤ +  

( ) ( ) ( ) ,,12 1 pxjppf nn −−α−+ +  

so that  

[ ( )]
( )

2
2

2
1 11

1 pxtpx n
n
nn

n −
α−α−
α−α+

≤−+  

( ) ( ) ( )pxjppf n
n

n −−
α−α−

α−
+ +1,11

12  

( ( )
( ) ) 2

2

11
111 pxt

n
n

nn −
α−α−
−α−α−

−=  

( ) ( ) ( ) .,11
12 1 pxjppf n

n
n −−
α−α−

α−
+ +  

 Let ( )
( ) .11

11:
2

n
nn

n
t

α−α−
−α−α−

=γ  

For some 0,0 →γ> nN  as 0→n  and (
( )

)

n
n

n

n
n

n
k
t

t

−α−
−=γ ∑∑

∞

=

∞

= 11
1

2

11
 

(
( )

) ( ) ( )
( )

( ) ( )
( )

∞=
−α−

−α−
≥

−α−

−α−
=

−α−
−≥ ∑∑∑

∞

=

∞

=

∞

=
2

1
2

2

1
2

2

1 11
11

11
11

11
1

n

nn

nn

n

nn

n

n t
tt

t
t

t
t  

set ( ) ,11
12

n
n

n α−α−
α−

=λ  then { }
n
n
γ
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01 >M  be a constant such that .1M
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( ) nn
n
n

nnn pxpx εγ
γ
λ

+−γ−≤−+
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1 1  

( ) .1 1
2

nnnn Mpx εγ+−γ−≤  

 Using Lemma 2.5, we conclude that .pxn →  This completes the 
proof of the theorem.  
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