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Abstract

Let E be a real Banach space with uniformly Gdteaux differentiable norm

possessing uniform normal structure. K is a nonempty bounded closed convex

subset of E, and {Tn} (TL =1, 2, ) is a sequence of kn— Lipschitzian

nonexpansive mappings from K into itself such that lim kn =1 and
n—om

o0

nFr (Tn) # (0 and f be a contraction on K. Under sutiable conditions on

n=1

sequence  {t,}, we show the sequence {x,}  defined as
t . . .

X, =(1- ,’—n )W(x,)+ ;—" T,x, exists and converges strongly to a fixed point of a
n n

mapping 7. And we apply it to prove the iterative process defined by x; € K and

t t .
X471 =(1- ki W(xy, )+ kiTnxn converges strongly to the same point.
n n
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1. Introduction

Let E be a real Banach space with dual E* and K be a nonempty

closed convex subset of E. Let J : E — 2E* denote the normalized
duality mapping defined by J(x)={f e E", (x, f) = |||/l x| = |£]},
Vx € E. (-;) denotes the generalized duality pairing. In the sequel, we
shall denote the single-valued duality mapping by j.

A mapping T : K - K is called Lipschitzian if there exists a
positive constant L such that |Tx — Ty|| < L|jx — y| Vx, y € K.

T is also called L- Lipschitzian, if T'is L;- Lipschitzian and L; < Lo,
then T'is Lgy- Lipschitzian. Throughout the paper, we assume that every
Lipschitzian mapping is L- Lipschitzian with L >1. If L=1,T is
known as a nonexpansive mapping and is asymptotically nonexpansive if

there exists a sequence {k,} c[l, ©) with lim k, =1 such that
n—ow

[T"x - T"y| < ky|x—y| Vx, y e K for all integers n > 0. We denote
F(T)={x e E; Tx = x}.

In [3], Moudafi proposed a viscosity approximation method of
selecting a particular fixed point of a given nonexpansive mapping in
Hilbert spaces. If H is a Hilbert space, T : K — K a nonexpansive self-
mapping of a nonempty closed convex subset Kof h,and f : K - K is a
contraction, he proved the following theorems.

Theorem M1 [3, Theorem 2.1]. The sequence {x, |} generated by the
scheme,

1 €
=—— Tx +—2 >0
*n 1+¢g, *n 1+¢g, f(xp), n ’

converges strongly to the unique solution of the variational inequality:
X e F(T)

such that



VISCOSITY APPROXIMATION TO COMMON FIXED ... 123
(I-f)p,¥-x)<0 forall x e F(T),
where {g, } is a sequence of positive numbers tending to zero.

Theorem M2 [3, Theorem 2.2]. With an initial zo € K defined the

sequence {z, } by

€
S S S .
Zn+1 1+eg, Zn 1+ €, f(zn)
. - . 1 1
Supposed that lim g, =0, Z &, =, and lim| - —|=0. Then
n—oo n=0 n—o 8n+1 gn

{z,} converges strongly to the unique solution of the variational

inequality:
XeF(T)
such that
(I-f)p,X-x)<0 forall x e F(T).

Xu [7] studied the viscosity approximation methods proposed by

Moudafi for a nonexpansive mapping in a uniformly smooth Banach

space. If H K denotes the set of all contractions on K, he proved the
following theorems:

Theorem HKX1 [7, Theorem 4.1]. Let E be a uniformly smooth
Banach space, K a closed convex subset of E, and T : K — K «a

nonexpansive mapping with F(T) = 0, and f € HK Then the path
{x;} defined by
xt = tf(xt)+ (1 - t)Txt, t e (0, 1),

converges strongly to a point in F(T). If we define Q : HK — F(T) by

Q(f) = tlin% x;, then Q(f) solves the variational inequality:
H

(1= RN, JQN-2) <0 x e FT), f ey
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Theorem HKX2 [7, Theorem 4.2]. Let E be a uniformly smooth
Banach space, K a closed convex subset of E, and T : K — K «a

nonexpansive mapping with F(T)= 0, and f EHK. Assume that

a, < (0, 1) satisfies the following conditions:

@) lim a, =0;
n—o

o0
(i) D o, = o
n=0

O+l

0
=1or Y |ap — oy < 4o

(111) either lim
n—oo
n=0

Then the sequence {x,} generated by
X0 € K, Xn+l = 0Lnf(xn)"' (1 —ap )Txn’
converges strongly to a point in F(T).

Recently, Shazad and Udomene [5] obtained fixed point solutions of
variational inequalities for an asymptotically nonexpansive mapping
defined on a real Banach space with uniformly Gdteaux differentiable
norm possessing uniform normal structure. Nilsrakoo and Saejung [4]
established weak and strong convergence theorem for a countable family
of certain Lipschitzian mappings and in a real Hilbert space. They proved

the following theorem.

Theorem W. N., S. S. [4, Theorem 5]. Let C be a nonempty closed
convex subset of a real Hilbert space H. Let {T,}(n=1,2,...) is a
sequence of L,— Lipschitzian nonexpansive mappings from C into itself

such that Z (L, -1)< o and N F(T,) = 0. Let {x,,} be a sequence in
n=0 n=1

C defined by x; € C and

Xpt1 = OpXy + (1 — Oy )Tnxn’
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for all n e N, where {0} is a sequence in [0, 1) with Y o, (1 - a,) = .
n=1

Let Y sup{|T;,1z — Tyz| : z € B} < o for any bounded subset B of C and
n=1

T be a mapping of C into itself defined by Tz = lim T,z for all z € C
n—o

and suppose that F(T)= (\ F(T,). Then {x,} converges weakly to
n=1

o € F(T). Moreover, lim Pppyx, = o.
n—w

In this paper, we studied the countable family of certain Lipschitzian
mappings in the real Banach space, and proved the sequence converges
strongly to the unique solution of some variational inequality in our more
general space. Our theorem also extends Theorems 3.1 and 3.2 of [5] to

more general class of nonexpansive mappings.
2. Preliminaries

Let S := {x € E : x| =1} denote the unit sphere of the Banach space
E, The space E is said to have a Gdteaux differentiable norm if the limit

N B )

n—w t

exists for each x, y € S, and we call E smooth; and E is said to have a
uniformly Gdteaux differentiable norm if for each y € S the limit (*) is

attained uniformly for x € S. Further, E is said to be uniformly smooth if
the limit () exists uniformly for (x, y) € S x S. If E is smooth, then any
duality mapping on E is single-valued, and if E has a uniformly Gdteaux
differentiable norm, then the duality mapping is norm-to- weakx*

uniformly continuous on bounded sets.

A bounded convex subset K of a Banach space E is said to have
normal structure if every convex subset H of K that contains more than
one point contains a point xo € H such that sup{||xq - y||, y € H} < d(H),
where d(H) = sup{|x — y||, x, y € H} denotes the diameter of H. A

Banach space E is said to have normal structure if every bounded, convex
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subset of E has normal structure. £ 1s said to have uniform normal
structure if there exists 0 < ¢ < 1, such that for any subset K as above,

there exists xy € K such that sup{|xg -y, y € K} < c¢(d(K)). It is

known that every space with a uniform normal structure is reflexive, and
that all uniformly convex and uniformly smooth Banach spaces have
uniform normal structure.

Suppose a linear continuous functional p on [® such that
|| = n@) =1. Then p is called a mean on N if and only if the
inequalities inf{a,;n € N} < u(a) < sup{a,;n € N} hold for each
a =(ay, ag, ... ) € I” we denote by p,(a,) instead of p(a). A mean is

called a Banach limit if p,(a, ) = n,(a,11)-

Lemma 2.1 [6]. Let C be a nonempty closed convex subset of a Banach
space E with a uniformly Gateaux differentiable norm, let S be an index
set, let {x; :t € S} be a bounded set of E, and let p be a mean on S. Let

ueC, then  pfx, - u||2 = mig welloe; — y||2 if and only if
ye

w(z—u, J(x; —w)) <0 for all z € C, where J is the duality mapping of
E.

Lemma 2.2. Let E be an arbitrary real Banach space. Then

2 2 .
e+ o7 < fldl® + 23, i + 7)) ©)

Vx, y € E and Vj(x + y) € J(x + y).

Lemma 2.3 [2]. Let {a,},_o: {0ntneo> (Cnlneo be sequences of
nonnegative numbers satisfying

an <(1-o0,)a, +b, +¢,, Yn >0,

where {0, },_, < [0, 1]. If

0 0
an =, b, =o(v, ) and ch < o,
n=0 n=0

then lim q, = 0.
n—oo
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Lemma 2.4 [1]. Let K be a nonempty bounded closed convex subset of
a reflexive Banach space E. And suppose that K has normal structure. If

¢ is a mapping of K into itself which does not increase distances, then ¢
has a fixed point.
Lemma 2.5 [7]. Let {a,} be a sequence of nonnegative real numbers

satisfying the property
Qpy1 < (1 ~¥n )an +YuBn, n 20,

where {y,} < (0,1) and {B,,} is real number sequence such that

0 g =
n=0

Gi) lim B, = 0.
n—o
Then {a, } converges to zero, as n — o,

3. Main Results

Theorem 3.1. Let E be a real Banach space with uniformly Gateaux
differentiable norm possessing uniform normal structure. Suppose K is a
nonempty bounded closed convex subset of E, and {T,} (n =1, 2,...) is a

sequence of k,— Lipschitzian nonexpansive mappings from K into itself

such that lim k, =1 and ﬂF(Tn) # 0. Let T be a mapping of K into
n—

n=1

itself  defined by Tz = lim T,z for  all ze K with

n—o

oo}

lim sup|T,z — Tz| = 0 and suppose that F(T) = ﬂF(Tn ). f:K > K
eK n

n—
z =1

1-a)k

a contraction with constant o € [0, 1). Let {t,}, < (0, A a" ) be such
-
. k-1
that lim ¢, =1 and lim =0. Then
n—0 n— n ~ln

(1) For each integer n > 1, there is a unique x, € K such that
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t t
X, = (l—ki)f(xn)+kiTnxn; (3.1)
n n

(i1) Then as n — o, x,, converges strongly to some fixed point p of T

such that p is the unique solution in F to the following variational

inequality:
(I-f)p, j(p—x")) <0 forall x* e F. (3.2)

Proof. At first, we show that there exists unique solution to the

equality (3.1). In fact, for each integer n > 1, by the conditions on ¢,, the

tn

mapping ¢,x = (1 - ]tgi ) (x) + A T,x 1is a contraction. It follows there
n n

exists unique x, € K such that ¢,x, = x,,.

Since K is bounded and x,, € K, {x, }, {f(x,)}, {T,x,} are bounded.
t
o = Tutall = (1= 2 )|~ Ty | > 01
n
By the condition lim sup|T,z — Tz|| = 0,
N—X zc K

ln = T | < 2 = Tpep || + [ Tpn, = Tty | — 0.
Define the mapping ¥ : K — R by

(x) = wyfx, — x|, Vx e K.
Since E is reflexive, p(x) > © as |x| - o, and p is continuous and
convex, we have that the set C = {y € K : ¥(y) = inf, g v(x)} = 0. C is
closed and bounded. From |x, — Tx,|| > 0, »(Tx) = p,|x, - Tx||2 =

|| Tx, — Tx||2 < pplx, - 9c||2 = y(x), therefore, T(C) c C. By Lemma
2.4, T has a fixed point in C. Let p € C F(T) and using Lemma 2.1, we

have

tp{x - p, j(x, - p)) <0, for all x e K.

It follows that
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un(f(p) - p, j(x, - p)) < 0. (a)
By the conditions on {7}, }, we have
(% = Ty, J(xn —x°)) = ~(ky = 1)|x, —x*[*, Va* e F(T).

By the definition of the sequence {x,, }, we have

. * k - 1 * *
(tn = £ ), o0 = 27)) < 2, —2"|, vx" e F(D).
n n
Since K is bounded, it follows that
lim sup(x, — f(x, ), j(x, —x")) <0, Vx* e F(T). (b)

n—
2 : .
From (L~ a)fs, - pI? < (¥, - f(x,) /(5 - ) + (D)~ p. /50 - D).
And (a), (b), uplx, — p|| = 0. Thus, there exists a subsequence {x,, }
{x,} such that x, — p as k — . Assume that there is another

subsequence {x,, } c {x,} such that x,, — q as | - =

For x, — p set x* =q, by (b),(p-f(p), (p-q))<0. For x,, >¢q

set x* = p, by (b), (g - f(q), j(g - p)) <O.

I —al* < (f(p) - F(@), j(p - q)) < o||p - q*.

We must have p = ¢ and the uniqueness is proved. Thus, x,, —> p

as n > o and p € F' is unique. Again, using (b), we have

((I-f)p, j(p—x")) <0, for all x* € F.
This concludes the proof.

Remark 1. For an asymptotically nonexpansive mapping 7, set
T, = T", then we can get Theorem 3.1 of [5] as a corollary: Let E be a

real Banach space with uniformly Gateaux differentiable norm possessing
uniform normal structure, K a nonempty closed convex and bounded
subset of E, T : K — K an asymptotically nonexpansive mapping with
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sequence {k,}, < [l,©) and f:K — K a contraction with constant

a€l0,1). Let {¢,}, < (0, (1 a)k ) be such that limt, =1 and
n n—oo

lim 20 =Y _ 0. Then

n—w ky —lp

(1) For each integer n > 1, there is a unique x, € K such that

t t
n :(1_#)f(xn)+kiTnxn;
n

n

(i1) Then as n — o, x,, converges strongly to some fixed point p of T
such that p is the unique solution in F to the following variational

inequality:
(I-f)p, j(p—x"))<0 forall x* € F.

Theorem 3.2. Let E be a real Banach space with uniformly Gateaux
differentiable norm possessing uniform normal structure. Suppose K is a

nonempty closed convex subset of E, and {T,} (n =1, 2, ...) is a sequence

of k,-Lipschitzian nonexpansive mappings from K into itself such that

lim k, =1 and m F(T,)# 0. Let {t,}, < (0, min{ L= 2n 1 )
n—o k a kn
k, -1
be such that hmt =1, Zt (1-¢t,)=o and lim =0. And
= n—o R, —1t,

Zsup{" w12 —Tpz| 1z € B} <o for any bounded subset B of K.

f: K — K a contraction with constant o € [0,%). Let {x,} be a

sequence in K defined by x; € K and

t t
Xn+l = (1 - k_n )f(xn)+ k_nTnxn~
n n

Then
(@) x, is bounded ;
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(i) Let C is a bounded subset of K containing {x, }, T be a mapping of
C into itself defined by Tz = lim T,z for all z € K and suppose that
n—o

F(T) = (\E(T,).
n=1

Then {x, } converges strongly to p, such that p is the unique solution

in F(T) to the inequality (3.2).

Proof. Firstly, we show that {x, } is bounded. Take u € F. It follows
that

lper —uf < (- ]ii NF(oen ) = Fw) + f(u) - uf + ]ii"Tonn - ul|
< (032 ) (@ =l ) = ) + 52 s —

~- = e, < (- ) - o]

IA

max{fx, - ul, - |() - [}

By induction, |x, — u| < max{||xq — u], é”f(u) —ul}, n >0, and {x,} is

bounded, which leads to the boundedness of {f(x,,)} and {T,x,, |.

Using the assumption that lim,,_,. ¢, = 1, we get that

t
lens1 = Town | = (1= ) £(x) = Tpxn | > 0. Then
n

t t t t,_
”xn+l ~—Xn " = "(1 - ki )f(xn ) + kiTnxn - (1 - k_n )f(xn—l ) - kn ! Tn—lxn—l "
n n n n-1

= ”(1 - ]i_n )[f(xn ) - f(xn—l )] + ]ii [Tnxn - Tn—lxn—l]
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(N ) = T )

t t,_
S[(1_ki)()""tn]":’cn_xnfl”"'l 2ol
n n-1

t
A - i ”lf(xn—l )= Th1%,1 "

t
+ k_n ”Tnxn ~Th1%p "
n

By Lemma 2.3, Let o,, = 1—[(1—%)a+tn] = 1—a—tn(1—ki), thus
n

n

(1-20)k, ky —a - - B
o, >1-0a- E—a k, —a,an>Za_oo.
n=0 n=0
t,_ t .
Let bn = | kn ! _ki”lf(xn—l)_Tn—lxn—l"' Since {f(xn )} and {Tnxn}
n-1 n
th !
n=1 _n a1
bn | kn—l kn |
are bounded, and ®, > o, then we have o < " — 0, as
n

n — oo, where
M > supll{f(x )l [Tyl on = 1,2, .0,

Let

t
Ch = k_n"Tnxn —Th1%p1 ”’
n
o0
using the assumption Y sup{|T,,1z2-T,z2|:z € B} <o for any
n=1

bounded subset B of C, thus Z ¢, < o. Now,

n=1

lim a, = lim|x,,; —x,| = 0.
n—o n—©

Then

lxn = Ty, | = 0, |x, —Tx,| — 0.
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Define z, = (1 - In W(z,)+ t—nTnzn. Set o, = t—n, let n < m, we have
kn kn kn

"Zn _xm"2 = ”an(Tzn _xm)+(1 _an)(f(zn)_xm )"2

OL%"TZ,L - xmllz + 2(1 - an)(f(zn)_xm’ ](Zn —Xm )>

IA

(xr%("TZn - Txm " + "Txm —Xm ”)2 + 2(1 - Otn)

IA

(F(20) = 2n: J(2n = 2)) + 25 = %[ *)
< 02 = T |+ [Tom =2 [)? + 200 = ) (f(20) - 205
(20 =) +llzn = xm ) *)
= (1= (=) ?zn = xml® + | Txm = x [(2a |20 = x|
HTx = x5 ]) + 201 = 00, ) ((F(20) = 20 (20 = %)
+lzn = xm]?)
<1+ (=) ?zn = xml® + [T = x [(2a]2n = x|
HTxp — 2 )+ 200 = ap Xf(2,) = 2, (2 — %))
Since C is bounded, for some constant N > 0, it follows that
lim sup(f (2, ) = 2, J(%m —2)) < (1 = )N
i

+ lim SupM‘
m—ow 1-a,

By Theorem 3.1, z,, — p € F(T), which solve the variational inequality

(3.2). Since j is norm to weak* continuous on bounded sets, in the limit

as n — oo, we obtain that

lim sup(f(p) - p, j(x,, - p)) <0, (©

m-—0

there exists a sequence {g,}, &, >0 for all n>0 such that
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(f(p) = P, i(xms1 = P)) < &, with &, — oo
[na1 =PI < anl Tz = Pl + 201 = 0y )(f(x0) = Py J(%pi1 = P))
< tallen = Pl + 201 = ap )1f(x) = F(P)%na1 - Pl
+2(1 = o )(f(p) = P, J(%p41 — P))
< talen = p|* + all = ap) (|, = P +[%ni1 - 2I*)

+2(1 - o, )(f(p) = P, j(2p41 — P)),

so that
[t% +a(1_an)] 2
_ < _
o - pf? < Lt sl meally, )
1-a, .
+ 2m<f(p)— p, j(xp1 — P))
_ (1 0(n) n 2
1-0a, .
+ 2m<f(p) =D, j(xp41 = P)).
‘_1—a(1—an)—t%
Let v, := 1-a(l-a,)
0 0 t2
For some N >0, y, - 0 as n — 0 and Zyn = Z(l—+)
n=1 n=1 1_a(1_k_n)
n
Zi(l— )_Z(l—a)(l Z(l—a)t 21— ):oo
l1-a, n .
set A, 21—a(1—ocn)’ then {y } is a bounded sequence. Let

n

A
M; > 0 be a constant such that —+ < M;. Then, we have
n
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2 2 Ay
%41 = o) % <@ =v,)|x, —p| " + S Ynen
n

< (1 ~Tn )”xn - p" 2 + MlYnSn'

Using Lemma 2.5, we conclude that x,, — p. This completes the

proof of the theorem.
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