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Abstract

This paper contains Phragmeén-Lindelof type results for viscosity solutions of
fully nonlinear second-order uniformly elliptic equations with superlinear
gradient term in a wide class of unbounded domains. Under suitable
assumptions on the coefficients, as classically, we show that the Maximum
Principle holds in a generalized version of cylindrical and conical domains,
resp., for subsolutions with exponential and polynomial growth at infinity.

1. Introduction and Main Results

A classical result concerning the Laplace operator is the following
maximum principle (MP) in a two-dimensional cone 2, based on the

Phragmen-Lindelof theory, see [26]. Let I be an open arc of length 0,

possibly 0 = 2x, on the unit circumference S! and ¥ = {pslp > 0,seT}:

if a :g, then
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Auz20inY,u<0ondoX,u=o(lx*)=>u<0inX. (1.1)

This result has been generalized to higher dimensions by Berestycki-
Caffarelli-Nirenberg [3]. Let I' be a sufficiently regular open subset of
the unit spherical surface S" ! such that T = S”%, Y be defined as
before and A > 0 the principal eigenvalue of the Laplace-Beltrami

operator Ag on I' with Dirichlet boundary conditions

-Ago = A, 9 >0 nl
=0 ondr’

then (1.1) holds for a > 0 such that a(n + o —2) = A.

An explicit formula for the admissible growth exponent o was also
established by Oddson [25] and Miller [24], respectively, in dimension

n=2 and n >3, when more general second-order uniformly elliptic
operator in nondivergent form Lu = q;;D;;u is considered instead of Au.
It 1s also worth to mention that o =1 in the case of the half-plane in
dimension n = 2 and of the half-space in dimension n > 3, as shown by

Gilbarg and Hopf, respectively, in their pioneeristic works [16] and [18].
For a general survey on the topics we refer to [26], [21] and [23].

Here we will consider more general unbounded domains Q, called

wG-domains, which are characterized by a measure-geometric property
depending on a real positive parameter ¢ < 1 : for all y € Q there exists

a ball B such that

y e B,|B\ Qy| > o|B|, 1.2)
where Q, 1s the (connected) component of B\ 6Q containing y.

This is an extension of the G condition of Cabré [7], which is based on

an idea of Berestycki-Nirenberg-Varadhan [5].

Thus we can consider domains Q in R? between the graphs of two
continuous functions with sub-linear growth, defined on a half-line, and

similar domains in higher dimension n > 2, defined on a 9~(n-1)
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hyperspace lying between two hypersurfaces. But, as we will see, we can
also consider larger domains, as the complement of only one of such

graphs, see Section 2 below.

Since no regularity is required to the domains, no optimal barrier
functions are available in general. Therefore in this case we do not look

for an explicit formula for a, but only for the existence of the admissible

growth exponent a > 0, i.e., a qualitative Phragmeén-Lindel6f principle.

We will be concerned with viscosity subsolutions of fully nonlinear

equations
F(x, u, Du, D*u) = 0 (F=0)

in Q, where F(x,t & X)=P(x,t,& X)+ H(x, t, &) satisfies the

structure conditions

P(x, t, & X) < Py A(X), H(x, t, &) < by(x)[g] + ba(x)[g]? + c(x)t, (1.3)

for (x,¢ & X)e QxR" xR" xS™. Here S" is the set of the real
symmetric n x n matrices endowed with the partial ordering induced by
the positive semidefiniteness, P;t A 1s the maximal Pucci operator,
1<q <2, while b(x), by(x) and c(x) are non-negative continuous

functions. We outline that if P is linear, then the first of structure
conditions (1.3) implies that P is uniformly elliptic, with positive

ellipticity constants A < A, i.e.,
AMr(Y) < P(x, t, 6, X +Y)—P(x, t, &, X) < ATr(Y), for Y >0, (1.4)

where Tr denotes the trace operator, but this is no more true in general
when P is not linear, see, e.g., [12] or [1]. Conversely, we recall that each
unifomly elliptic operator is controlled from above and from below, resp.,
by two extremal uniformly elliptic operators, the Pucci minimal and
maximal operators

P{,A(X) =ATr(X")-ATr(X" )= sup Tr(AX), (1.5)
AM<A<SAT
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— _ + _ p— — .
PrA(X) = ATr(X") - ATH(X ") Mglﬁf;AI Tr(AX), (1.6)

where X* are the positive and negative part of X, which can be
decomposed in an unique way as X = X" - X~ with X* >0 and
X*X™ =0. Other examples of fully nonlinear uniformly elliptic
operators can be found in [17], [15], [10].

Here is our first main result.

Theorem 1.1. Let 0<o<1, Ry 20,>0,0<y<1,0<A<A,
1<qg<2,b 20,05 20,0 >0 and N be real numbers. Assume that Q

is an unbounded wG-domain such that for all y the ball B provided by
(1.2) has radius

R, < Ry + By (1.7)

Suppose that F satisfy the structure conditions (1.3) with by(x), by(x) and
c(x) non-negative bounded continuous functions. If u e USC(Q) is a
viscosity subsolution of the equation F =0 in Q, then there exists a
positive constant cg, depending on the dimension n and the above

constants, such that, provided 0 < o < o and o +¢; < ¢y
? for v > 0 (parabolic shaped and conical domains), if

by
14+ |x|Y(2—Q)+a(q—1) ’

c(x) < c—l, (1.8)

bix) < —0 | by(x) < s

1+ "

we have

lim sup u(x) < 0, supM <N = ux)<0in Q.
x—0Q xeQ 1 + |x|°‘

? for v = 0 (cylindrical domains), if
bi(®) < b, by(x) < bhe L () < e, (1.9)

we have
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lim sup u(x) < 0, sup ulx) <N = ulx)<0in Q.
x—>0Q xeQ eoc\x\

This says that the maximum principle holds in parabolic shaped and
conical domains for viscosity solutions with polynomial growth and in
cylindrical domains for viscosity solutions with exponential growth. In

the case of cylindrical domains (y = 0), similar results are stated for

strong solutions of linear equations in [2] and [6], as well as in [28] in the

case of conical domains (y = 1). In [13], [14] analogous results have been

obtained for viscosity solutions of fully nonlinear equations with linear

and quadratic growth in the gradient (¢ =1andq = 2). Here also
parabolic shaped domains (0 < y < 1) are considered. But more general

domains, which we call conical domains by components, can also be
treated.

Theorem 1.2. Let 0<o<1, Ry 20,8>0,0<A<A,1<q<2,
by 20,b5 20, >0 and N be real numbers. Assume that Q is an
unbounded conical domain by components with parameter o, Ry and B,

see Definition 2.8 below. Suppose that F satisfy the structure conditions
(1.3) with by(x), by(x) and c(x) non-negative bounded continuous

functions such that

b
N clx) <

%. (1.10)

b(x)si,b(x)s
' Lfa” 2 1+ |

If u e USC(Q) is a viscosity subsolution of the equation F =0 in Q,
then there exists a positive constant cg, depending on the dimension n
and the above constants, such that, for o € [0, a] such that o +¢; < ¢,

we have

lim sup u(x) < 0, supﬂ <N = ulx)<0in Q.
x—0Q xeQ 1 + |x*

This yields indeed Phragmeén-Lindel6f results in a wider class of

domains than wG, for instance the cut plane and the complement of
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continuous semi-infinite graphs in R? and similar hypersurfaces in R”.

Different examples will be given in the next Sections.

The basic tool i1s a variant of ABP estimate, see Lemma 2.4 below,
which holds in wG-domains. It is based on the boundary weak Harnack
inequality, see Krylov-Safonov [22] and Trudinger [27], for viscosity
solutions of fully nonlinear equations. Our version is provided by our
earlier result, see [1], but some basic ideas are already contained in [9],
[10] and other arguments in [20] and [19].

We also notice that in the above theorems, according to the general
Phragmen-Lindelof theory, see [26], the growth control can be prescribed
on an increasing sequence of spherical shells. More precisely, in
Theorems 1.1 and 1.2, we suppose

xeQ (P(lxl)

where o(r) =1+ 1% or ¢(r) = e*”. What we observe is that this condition

can be weakened by requiring the existence of an increasing sequence of

radii r, such that lim,_,, r, = +0 and

lim sup u(x) <N,
k> xeans;, ¢([x])

where S, = 0B,, (0).

The paper is organized as follows: in Section 2 we fix the notations
and rearrange in a suitable form the fundamental tools that we need; in
Section 3 we deduce maximum principles when zero order coefficients are
allowed to change sign; in Section 4 we prove our main results, i.e., the
qualitative Phragmeén-Lindel6f Theorems 1.1 and 1.2.

2. Preliminaries and Auxiliary Results

Throughout this paper we will denote by USC(Q) and LSC(Q), resp.,

the sets of the upper and lower semicontinuous functions in Q.
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Definition 2.1. A function u € USC(Q) is a viscosity subsolution of
the equation F = f (equivalently, a solution of F > f in the viscosity

sense) if
F(x, w(x), Do(x), D*¢(x)) > f(x)

at any point x € Q and for all ¢ € C%(Q) such that u — ¢ has a local

maximum in x. In the above definition we may also assume that

¢o(x) = u(x), i.e., the test function ¢ “touches” u from above.

Similarly, a function © € LSC(Q) is a viscosity supersolution of

F = f (equivalently, a solution of F' < f in the viscosity sense) if
F(x, u(x), Do(x), D*¢(x)) < f(x)
at any point x € Q and for all ¢ € C2(Q) touching u from below.

Finally, a continuous function u is a viscosity solution (equivalently,
a solution in the viscosity sense) if it is both a viscosity sub- and super-
solution.

For a general account and useful readings on viscosity solutions of
fully nonlinear second-order elliptic equations we refer to [15], [10] and
[11].

Definition 2.2. Let 0 <o <1. We say that y e R" satisfies
condition G4 in Q, a domain of R”, if there exists a ball B such that
ye B, |B\ Qy| > o|B|, 2.1)
where Q, is the (connected) component of B \ 0Q containing y.

We will call Q@ a wG-domain (with parameter o) if there exists a

positive number o <1 such that all points y € Q satisfy condition G

in Q.

Remark 2.3. In the sequel we use the fact that, if Q is a wG-domain
and R, is the radius of the ball provided by condition (2.1) at y € Q,
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then there exists a ball B containing y which realizes the equality in

(2.1), see [29]. We denote by ry the radius of this ball, noticing that

<
ry < Ry.

Now, we quote from [1] our basic tool, a variant of the Alexandroff-
Bakelman-Pucci estimate, see Theorem 4.2 there. It is based on wG-
condition. Regarding that, here below we will use the following notation.
Let B, = B, (2y). For any p,t >0 we will set By, = Btry(zy) and

B, 1, = By, (25)\ B,(0).

potry

Lemma 2.4. Let 0 <o <1, N >0 and 1< g <2 be real numbers.

Let Q be a wG-domain (with parameter o). Suppose that w € USC(Q)

is a viscosity solution of F(x,w, Dw, D2w) > f, under the structure

condition (1.3), with ¢ = 0 and by, by, f € C(Q) such that

_ o qi
b, = sup r; b e < +o0, (2.2)
YT yeaulyzen, ¥ 1ol (QNBrgry, cry )

where q =1 and q9 =gq, for all ¢ >0 small enough, all <1

sufficiently close to 1 and some 1" > 1.

If w <N inQ and w <0 on 6Q, then

supw < C  sup  n[f |piang

+ su C,rllf~
Q yeQ|ylzery ) # lf "Ln(QﬂBS’y)

Tery, 1Ty yeQ; |yl<er,

(2.3)

for possibly smaller € > 0 and larger © < 1, depending on n and o.

Here C and Cy are positive constants depending on n, q, A, A, E.qu'—l’

' - q; -1 2-q;|p.
o, & 1, T, while C, also depends on N "r;~9i|b; ”Lw(QﬂBery )y

Remark 2.5. In Theorem 4.2 of [1] the above lemma is stated with
one only nonzero gradient term, but it is easy to verify that it still holds
by adding any finite number of gradient term, with at least linear and at
most quadratic growth, provided the corresponding condition (2.2) is

satisfied.



PHRAGMEN-LINDELOF PRINCIPLES FOR NONLINEAR ... 51

Remark 2.6. Let 0 <y <1. In Lemma 2.4 suppose the first order

coefficients have the following decay:

by ;

ile) < 1+ |x|“/(2*qi) !

=1, 2, (2.4)

for constants by 1,699 >0, and the wG-condition holds with
R, < Ry +Bly[', as in Theorem 1.1.

Case 0 <y < 1.

Let R = Ri(Ry,B,7,7)>1 Dbe large enough in order that
ly] - 27(Rg + Bly|") = %|y| for |y| = R;. Then, using Remark 2.3, we get

2-q; 9—q:
bo,iry bo,i(Ro + o' )%

2-q;
I"y ll TEry, TT ) < ' v(2-q;) ~ ‘y‘ (2-¢9;)
e R i 1+ (5)" 4

i | = (anB

Supposing B > R, 971(2-%) 55 we can, we have therefore

2-qi|p. /279 9¥(2-q;)
Ty l"bL"Lw(QnBrsry,r’ry) < bO,LB L2 i)

for [y| = Ry, and simply

2—-q; 2—q:
ry Ty "Lw(QﬂBrgry,Trry) < by, (R + BRY )%,

if |y] < R;. Thus condition (2.2) holds true for all € > 0,0 <t <1 and
1" > 1, with a bound independent of «.
Case y = 1.
In this case we have
2-q;

by i1 by ;
0, 'y < 0,1

< <
ey, Ty ) (1 4 srry )Z—qi (Sr)z_qi

2_ .
ry % b ||L°°(QﬂB

and come to the same conclusion as above, but with a bound depending

on é&.
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In the same way as Theorem 4.2 of [1] leads to the ABP type
inequality of Theorem 1.3 there, the above Lemma 2.4, by virtue of
Remark 2.6, can be used to obtain the following result.

Lemma 2.7 (ABP). Let o, Ry, B, v, A, A, q, by 1, by 2, Q and F be as

in Lemma 2.4 and Remark 2.6. Suppose the b;'s satisfy (2.4) and ¢ = 0.

If w e USC(Q) is a viscosity solution of F(x, w, Dw, D*w) > f, with
f € C(Q), such that

lim supw(x) <0, supw < N,
x—>0Q Q

for a positive constant N, then

supw < C lim sup  r|f | ’ @.5)
Q 8—)O+ yGQ, ‘y‘zgry y" "L (QnBEVy,ZVy)

where C is a positive constant depending only on n, \, A, q, bo, 1,

bo’ 2Nq_1, o, Ro, B and Y-

The above lemma will be used for cylindrical (y = 0) and parabolic
shaped domains (0 < y < 1). For conical domains (y = 1) we will refer

directly to Lemma 2.4, as well as for larger domains, obtained by

extension of the wG-condition as follows.

Definition 2.8 (wG by components). Let Q be a domain of R”.
Suppose that there exists a positive real parameter ¢ < 1 such that Q 1is

a wG-domain with parameter o, otherwise there exists a closed subset
H of R" such that:

(1) all components Q' of Q \ H are wG-domains with parameter o,

l.e., all points y € Q' satisfy condition G4 in Q'
(i1) all points y € Q[ H satisfy condition G, in Q.

In this case we refer to Q as to a wG-domain by components. If the
radii R, provided by condition G, grow at most as R, < Ry + |y|, for
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positive constants R, and B, then we say that Q is a conical domain (by

components) with parameters o, Ry and p.

Example 2.9. If f : [0, + ©) - R is a continuous function such that
|f(x)| < E|x| for some k > 0, and G is its graph, then Q = R%2\ G is a
wG-domain by components. In fact, we can take

H = {(x, y) e R¥y = +kx, x > 0}.

Similarly we can reason, in higher dimensions, for Q = R" \ G,

where G is the graph of a continuous function f : [0, + «)" 1 5 R such

that |f(x)| < K|x|.

Since the proof of Lemma 2.4 relies on pointwise inequalities
depending only on the local geometric condition G, see [1], the ABP
type estimate (2.3) continues to hold if we consider wG-domains by
components and specifies as follows for conical domains by components.

Lemma 2.10 (ABP). Let 0<o<1,Ry >0,>0,0<y<1, O<A<LA,
1<q<2by120,by9 20. Suppose Q to be a conical domain by
components with parameters o, Ry and . Assume that F satisfy the

structure condition (1.3) with by, by, f € C(Q) and

by, 2
1+ x>

bo 1
+

|x| ’ bQ(x) <

by(x) < T , c(x)=0. (2.6)

If w e USC(Q) is a viscosity solution of F(x, w, Dw, D*w) > f such that

lim supw(x) < 0, supw < N,
x—=>0Q Q

for a positive constant N, then, for a sufficiently small ¢ < 1, depending
on n,q, ;\’7 A, bO,ly b072Nq_1, o, we haVe

supw < C su rollf~ + su cC.rllf~
Qp yeQ;\yI\)ZSry yIf "Ln(QﬂBgry,my) yeQ;\yI\)Sery yryllf "Ln(Qntry),

2.7
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where C and C,, are positive constants depending on the above quantities,

while C, also depends on Nqiflry2_qi||bi||Loo(QﬂBary), i=12 where

g1 =1 and q3 = q.

Remark 2.11. By our assumptions on Q in the previous result,
every point y € Q satisfies the local condition G, in Q or in some
subdomain of Q. Since what we need on the components is just the ABP

type estimate (2.3), then Lemma 2.10 can be extended to the more
general domains Q satisfying Definition 2.8 (i) with components which
are in turn wG-domains by components, instead that simply wG-

domains.

Example 2.12. The iterative procedure on wG-domains by
components considered in Remark 2.11 is motivated by the following
example, which could not be explicitely covered by Lemma 2.10. For

instance, let K = Upen By (R, 0)) and 0=RZ\K. If
4

H ={(x,0) e R*|x > 0}, then Q\ H is not a wG-domain. But by

Example 2.9 it is a wG-domain by components. Thus Q satisfies the
conditions of the above mentioned results.

3. Maximum Principles

Here we show a consequence of Lemmas 2.7 and 2.10 for operators F'
with slightly positive zero order coefficients.

Proposition 3.1 (MP). Let 0 <o<1, Ry >20,3>0,0<7y <1,
O0<A<A1<qg<2by;>0bg>0 N>0,Q and F be as in the

above Lemma 2.7, but

0 < c(x) < 0—02 (3.1)
1+ |

If ¢y is a positive constant small enough, depending on the same
parameters of Lemma 2.7, and w e USC(Q) 1is a solution of

F(x, w, Dw, D*w) = 0 in the viscosity sense, then
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limsupw(x) <0, supw <N =>w<0 inQ.
x—>0Q Q

Proof. Passing to w' = max(w, 0) we can consider non-negative

subsolutions. By structure conditions, we put the equation F > 0 in the

form
P{,A(D2w+ )+ by (x)| Dw™ | + by(x)| Dw™ |7 = —c(x)w™. (3.2)

We shall apply the ABP estimates of Lemmas 2.7 and 2.10 with

f = —cw™. This is readily done if w € C(Q), otherwise we approximate

w* from above in L"(Q N By, ) by continuous functions.
Case 0 <y <1.

We apply Lemma 2.7 with f(x) = —c(x)w™ (x) to the above equation to
get

+ . +
supw” <C lim  sup 1w’ |;n (3.3)
Q e—>0" ye;|ylzer, Y L (QmBary,Zry).

Let R; be a positive number be such that |y| - 4(Ry + B|y|") = % for

|yl = Ry. If || < Ry, then
2 1/
Cry"c"Ln(QﬂBary,er) < 2(30 C(RO + ﬁR{) |BI| n < C()Kl.

On the other hand, if |y| > Ry, using the decay assumption (3.1), then for

X € Ber we have

c(x) < CO2 < ‘0 o < ‘0 ,
L™ 1 (-4 1 (Rl

whence

IN

Y\2
ZCoclBlll/n (RO +B|y| ) < enK

C’"y"C"L’L(QmBS,y,Q,y ) 14+ (M )2y
2

>
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for positive constants K; and K,. Let K = max(K;, Ky), then,

inserting in (3.3), we get
supw® < coK supw”, (3.4)
Q Q

from which the assert follows at once, choosing a sufficiently small ¢j, in

this case.

Case y = 1.

In this case we apply Lemma 2.10, obtaining

+ +
supw” <C  sup rfcw’|;n
Q yeQ;|yzer, Y L (QnBsry’Zr )

+ su C,rllcw” . (3.5)
yeQ;\yI\)ﬁsry ’ y” "Ln(QﬂB”y)

Let ¢ = € € (0, %) be small enough in order that g < %, then |y| < &r,

implies |y| < Ry, and this yields

IN

/
Cyry"C”L"(QﬂBgry) < ¢gCy(Ry + BRI P|B['" < oK.

On the other side, for |y| > &r, we have

IA

2
/ T
Crylelrans,,., 5, ) < 2¢0C1By 2

- D C()Kz,
>4y 1+ (r, )

where K; and Ky are positive constants. Finally, setting K = K7 + Ko,

we get (3.4) and conclude as in the previous case.

We also need the following consequence of the above proposition in

the case of positive value on the boundary.
Corollary 3.2 (extended MP). Let o, Ry, B, v, A, A, q, by 1, by 2, N
and Q as in Proposition 3.1, and p >0 such that B, NQ =0 and

Q\ B, = 0. Suppose that F and w are as in Proposition 3.1, but

restricted to Q \ ]E_?p, then for a sufficiently small ¢y we have
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= limsup w".
x—>Qﬂ6Bp

sup w < M

D P
O\B,

Proof. Set w, = w" — M. Since 9(Q\ Ep) coQU(QNoB,) and

lim sup,_,5q w < 0, then

limsup w, < 0.
x—3(Q\B,)

Firstly, we put the equation F > 0 in Q \ Ep in the form

Pi; A(D*w") + by ()| Dw*| + by ()| Dw* [T 2 —cw”,
from which

P;tA(Dzwp)+ by (x)| Dw, | + by(x)| Dw, |7 > —c(w, + M) > —2¢ sup w;.
Q\B
b

Arguing as above, in the proof of Proposition 3.1, we get, for ¢, small
enough,

w, <0in Q\ By,

as claimed.

The same consequences can be drawn in the general case of conical

domains by components, using Lemma 2.10 as for conical domains.
Proposition 3.3 (MP). Let o, Ry, B, , A, q, by, by 2, N, Q and F

be as in Lemma 2.10, but with

c(x) < C(l) |2 ) (3.6)
1+|x

If ¢y is a positive constant small enough, depending on the same

parameters of Lemma 2.10, and w € USC(Q) is a solution of

F(x, w, Dw, D2w) > 0 in the viscosity sense, then

limsupw(x) <0, supw <N = w <0in Q.
x—>0Q Q
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Corollary 3.4 (extended MP). Let o, Ry, B, v, 2, A, q, by 1, b 2,
N and Q as in Proposition 3.3, and p > 0 such that B, (1Q # 0 and
QN B, # 0. Suppose that F and w are as in Proposition 3.3, but

restricted to Q \ Ep, then for a sufficiently small ¢y we have

sup w < Mp = limsup w™.
Q\f?p x—>Qﬂ§Bp

4. Proof of the Phragmén-Lindelof Principles

Throughout this section we assume the structure conditions (1.3).

Suppose that F(x, u, Du, D®u)> 0. Let ¢ : [0, + ®) > R* be a
non-decreasing function, ®(x) = ¢(|x|) and u < N® in Q for a positive
constant N. Supposing u continuous, we can restrict the argument to
Q" = int{x € Q|u(x) > 0}, where u = u", observing that Q" maintains
the same geometric conditions of Q. If this is not the case, we directly
deal with " in the viscosity sense, observing that, for a subsolution u of
equation F(x, u, Du, Dzu) = 0 the function u* is in turn a subsolution

of the equation
PH(D?u™) + by (x)| Du | + by (x)| Dut|? + c(x)u’ = 0.

+
If we define w(x) = L;T(;C)), then

supw < N, 4.1)
Q

as required by Propositions 3.1 and 3.3. Reasoning as for a smooth
w > 0, then

PH(D*w®) + by (x)| Dw®)| + by ()| Dw®)|? + c(x) (w))

= PT(®D*w + Dw ® DO + DO ® Dw(x) + wD?®)
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+ b (x)|®Dw + wD®| + by (x)|®Dw + wDP|? + ¢(x)dw
< P (D?w) + 2A|DD| |Dw| + by (x)D|Dww| + 29 by (x )0 |Dww|?
+ PH(D?0)w + by (x)| DD |w + 27y (x)| DD w9 + ¢(x)Dw.

Since ¢(r) is a positive non-decreasing function of r and ®(x) = ¢(|x|),

then
n—1)A ’ "
P+(D2(D) = %(P + 7\,(P ,
and therefore

PH(D%ut) + by (x)|Du | + by (x)| Du™ |7 + c(x)u™

< P (D*w) + 2A¢|Dw| + by (x)g| Dw| + 22 by (x o9 | Dwo|?
. {w “A ”l—‘ll ¢ + by + 2y (x)NT ()7 + C(X)w}w,

from which for a subsolution u of the equation F =0 we get, in the

viscosity sense,

PH(D*w)+2A %|Dw| + by ()| Dw | + 2909 (x )09 | Duw|?

" _ ' ! "g
+ {x%+ Pt %+ bl(x)%+ 29 by (x)N 97 %+ c(x)}w > 0. (4.2)

]

Proof of Theorem 1.1 (parabolic shaped and conical domains).
Here 0 <y <1. Let u be a subsolution of F =0 in Q such that

u" < N1+x[*) in Q, with a e (0, a] to be chosen in the sequel.

Taking ¢(r) =1+r% in (4.2), by the assumptions on the decay of the

coefficients we have

: K.
PHD2w)+| & + Bl ||Dw + 272 |Duf2A
|| | |x|Y(2—Q)
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N ra? + Aln - 1o . bia Kpberqilaq c

>
|2 |x|1+Y + |x|2y+q(1_y) + |x|2y w=>0 (4.3)

|x
outside a ball B, = B,(0), where K is a constant independent of a.
We can assume, up to a translation, that 0 ¢ Q.
Next, as a first case, suppose that there exists a ball B, = Bp(())
such that Ep N Q = 0. In this case we have 1+ x| < 1+Tp|x| for x e Q

and

b
PWD%0+_@£4DM+__££__

1+ | 1+ a9

cz,p(oc) +e

Duwl|? +
1D 1+ |2

w >0, (4.4

for positive constants b; , i =1, 2, and a polynomial ¢y ,(a) of degree 2
such that ¢y ,(0)=0. Thus by Proposition 3.1, choosing
cg,p(a) +¢; < cg, we infer that w < 0, therefore u <0 in Q and the
proof is done.

If the above 1s not the case, then

lim sup w(x) < 0.
x—0

In this case, suppose, by contradiction, that supgw > 0. Taking
0 <eg<supgw and p > 0 such that w <¢ in QN Ep, then Equation
(4.4) is satisfied in Q \ Ep and therefore by Corollary 3.2 we get, again

for ¢y ,(a) +¢; < co,

g <supw = sup w < limsup w < g,
Q O\B, x—>QNaB,

i.e., a contradiction. Hence again supp w < 0 and the proof is complete.

Proof of Theorem 1.1 (cylindrical domains). Here y = 0. Let u be
a subsolution of F =0 in Q such that u" < Nea‘x‘ in Q, with

a € (0, a] to be chosen in the sequel. In this case we use ¢(r) = ¢ in
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u’ (x)

o (Jx])

(4.2), in order that w(x) = < N. Hence from (4.2), using the decay

of the coefficients, we get

PH(D*w) + (2Aa + b] )|Dw| + 29b5|Dw|?
+ (xoﬂ +An - 1)% +bja + 296y N9 e + clj w >0, (4.5)
if |x| # 0. As before, we suppose 0 ¢ Q, as we can, and observe that

PH(D?*w) + (2Aa + b} )|Dw| + 290} |[Dw|? + (cg,p(@) + ¢ )w 20

outside B, = B,(0). Proceeding along the same lines as above and

choosing a suitable p > 0, by Proposition 3.1 and Corollary 3.2 we finish
the proof.

Proof of Theorem 1.2. We can proceed in a similar manner as in
the Proof of Theorem 1.1 (parabolic shaped and conical domains) with

vy = 1, using Proposition 3.3 and Corollary 3.4 instead of Proposition 3.1
and Corollary 3.2, resp.
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