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Abstract

Our aim in this paper is to investigate certain nonlinear discrete inequalities
involving functions of two independent variables. The inequalities given here
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can be used as tools in applications in the theory of certain finite difference and
sum-difference equations.

1. Introduction

It is well known that the discrete inequalities involving functions of
one and more than one independent variables play a fundamental role in
the development of the theory of finite difference equations and
numerical analysis. During the last few years, a number of discrete
inequalities had been established by many scholars, which are motivated
by certain applications. For example, we refer the reader to literatures
[1-3, 5-9] and the references therein. In many cases, however, when
studying the behavior of solutions of certain classes of finite difference
and sum-difference equations, the bounds provided by the earlier
inequalities are inadequate in applications and we need some new and

specific type of finite difference inequalities.

In this paper, we investigate some new nonlinear discrete
inequalities involving functions of two independent variables, which can
be used as tools in applications in the theory of certain finite difference

and sum-difference equations.
2. Main Results

In what follows, R denotes the set of real numbers and R, = [0, ©) is
the given subset of R, and Ny =1{0,1,2,..} denotes the set of

nonnegative integers. We use the usual conventions that empty sums and
products are taken to be 0 and 1 respectively. Throughout this paper, all
the functions which appear in the inequalities are assumed to be real-
valued and all the sums involved exist on the respective domains of their
definitions, p and ¢ are constants, and p >1,0 < g < p.

We firstly introduce two lemmas, which are useful in our main
results.

Lemma 1 (Bernoulli’s inequality) [4]. Let 0 < oo <1 and x > -1.

Then (1 +x)* <1+ ax.
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Lemma 2 [6]. Let u(n), a(n), b(n) be nonnegative functions defined for

nENo.

(1) Assume that a(n) is nondecreasing for n € Ng. If

n-1
mmg4m+§}@mg
s=0

for n e Ny, then

n-1

u(n) < a@] [0+ 6,

s=0
for n € Ny.
(i) Assume that a(n) is nonincreasing for n € Ny. If

(>}

u@)ﬁa@ﬁ—}Zb@ﬁ@)

s=n+1

for n € Ny, then

u(n) < aln) [ T [0+ b(s)],

s=n+1

for n € Ny.

Next, we establish our main results.

Theorem 8. Assume that a(m, n) > 0 and x(m, n), b(m, n), f(m, n)

g(m, n) are nonnegative functions defined for m, n € Nj.

@) If

o0

m-1
xP(m, n) < a(m, n)+ b(m, n)z Z [f(t, s)xP (¢, s) + g(t, s)x9(t, s)], m, n € Ny,
t=0 s=n+1
(11)

then
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1 1_ m-1 0
x(m, n) < a”?(m, n)+—a" (m n)b(m, n)h(m, n)H[ Z F(, s)},m,neNo, 1)

t=0 s=n+l
where
m-1 o q
him, n) =Y " [f(t, s)alt, s)+ gt, s)a” (¢, s)}, @)
t=0 s=n+1
and
q_
F(m, n) = b(m, n)(f(m, n)+ %ap 1(m, n)g(m, n)] 3)
(i) If

xP(m,n)<a(m,n)+b(m, n) i i [f(t, s)xP(t,s)+ g(t, s)x? (¢, s)], m,n e Ny, (1)

t=m+1s=n+1

then

,m,ne Ny, (1)

Amon)= > {f(t, s)alt, s) + g(t, s)a” (t, s)], 2)

t=m+1s=n+1
and F(m, n) is defind by (3).

Proof. (i) Define a function z(m, n) by

m-1 o
z(m, n) = Z [f(t, s)xP(t, s)+ glt, s)x(¢, s)], m, n € N. (4)
t=0 s=n+1

Then (I1) can be restated as
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xp(m, n) < a(m, n) + b(m, n)z(m, n) — a(m’ n)( b(ma(]:r)f(;r; n)j (5)

Using Lemma 1, from (5), we easily obtain

1 1_
x(m, n) < a®(m, n) +%ap 1(m, n)b(m, n)z(m, n), (6)
and
a 94
x9(m, n) < a®?(m, n)+ %a” (m, n)b(m, n)z(m, n). (7)

Combining (4), (5) and (7), we have

i[ t. 5)(alt. )+ b(t, $)z(t, 5))

q q

+g(t, s)|a”(t, s)+ %a;_l(t, s)b(t, s)z(t, s)ﬂ (8)

m-1 oo
n)+ ZFts)zts m, n € Ny,

t=0 s=n+1

where h(m, n) and F(m, n) are defined by (2) and (3) respectively. It is
easy to see that h(m, n) is nonnegative and nondecreasing in m and
nonincreasing in n for m, n € N;. Therefore, using Theorem 5.4.1(a; ) in

[8], we obtain
z(m, n) < h(m, n)Hll + Z F(t, s)] 9)
s=n+1
The desired inequality (1) follows from (6) and (9).

(i) Using Theorem 5.4.1(ay) in [8], we can complete the proof by
following the proof of part (i). The details are omitted here.
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Theorem 4. Assume that a(m, n) > 0, x(m, n), b(m, n), f(m, n) are
nonnegative functions for m, n € N, and L : Ng xR, > R,. Let
0 < L(m, n, x)— L(m, n, y) < K(m, n, y)(x - y), (10)
for x > y >0, whereK:NngJr > R,.

@) If

0

m-1
xP(m,n)<a(m,n)+b(m, n Z Z [f(t, s)x4(t, )+ L(t, s, x(t, s))], m,neNy, (12)

t=0 s=n+1
then
1_ m-1
x(m,n) < ap(m n)+—ap (m n)b(m, n)G(m, n)H[1+ Z Hit, s)] m,ne Ny, (11)
t=0 s=n+1

where

-1

3
’El-&

i [ (t, s)+L[t s, al(t S)H (12)

s=n+1

Il
o

t

and

1

q 4 L 1 1,
H(m,n)= (m n)a? (m,n)+ K(t,s,ap(m,n)J;ap (m,n)|b(m,n). (13)
@) If
xP(m,n)< a(m, n)+b(m, n)z z [ft s)x9(¢,s)+ L(t, s, x(¢, s)) ] m,ne Ny, (I'2)

m+1s=n+1

then

<%mn+la%_lmn mnAmn
x(m,n)_a(,)p (m, n)b(m, n)G(m, n)

x ﬁll + i Hit, s)], m, n € Ny, (11)

m+1 s=n+1
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where

(12

m+ls=n+1

é(m, n) = i i [f(t, s)a%(t, s) + L(t, s, a%(t, s)ﬂ,

and H(m, n) is defined by (13).

Proof. We only give the proof of (i). The proof of (ii) can be completed
by following the proof of (i).

(1) Define a function z(m, n) by
m-1 o

dmon)= Y D [t st 8) + Lt 5, x(t, )

, 8, x(t, 8))| (14)
t=0s=n+1

Then, as in the proof of Theorem 3, from (I2), we obtain (5)-(7)
Therefore, we have

0 m-1 o q
Z &, sz, s) < Z Z f(t, s)[ap bs)+ La? (b st ), s)]
t=0 s=n+1 t=0 s=n+1 p
(15)
and
m-—1 m-1

i L(¢, s,x(t, 8)) <

t=0 s=n+1 t=0 s=n+

- L[t, s, a%(t, s)] + L(t, s, a%(t, s)]}
L[t, s, a%(t, S)J
1

+ ZIK(t s, ap(t s)];a;_l(t, s)b(t, s)z(t, s).(16)

t=0 s=n+

il{ (t s, a (t s)+%a;’ (¢, s)b(t, s)=(2, S)J

3
AN

~
Il
o

IA
M

S

m—1

It follows from (14)-(16) that



20 J.ZHANG, W. N. LI and L. HUANG

m-1 oo q 1
z(m, n SZ Z{ f(t, s)a? (¢, s)+L(t s, a”(t, S)H
t=0 s=n+1
m-1 o
" Z { f(t, s)a (t, s(t, s) 17)
t=0 s=n+1

+ K[t, s, a? (¢, s)]%a” (¢, s)bl(t, s)}z(t, s)

3
AN

= G(m, n) + Z H{(t, s)(t, s), m, n e Ny,
t

I
o

s=n+1

where G(m, n) and H(m, n) are defined by (12) and (13) respectively.

It is obvious that G(m, n) is nonnegative, and nondecreasing in m
and nonincreasing in n for m, n € Ny. Using Theorem 5.4.1(a; ) in [8],

from (17), we have

z(m, n) < G(m, n)H[1+ ZHts)]mneNo (18)

s=n+1

Therefore, the desired inequality (11) follows from (6) and (18). This
completes the proof.

Theorem 5. Assume that a(m, n), x(m, n), L(m, n, x) and
K(m, n, x) are the same as in Theorem 4, r(m, n) > 0, m, n € Ny, and

the condition (10) holds.

() Let a(m, n) be nondecreasing in m, m € Ny. If

m—1 m-1 o
xP(m,n)<a(m,n)+ Y rt,n)x?(t, n)+z ZL(t, s,x9(t,8)),m,ne Ny, (I3)
t=0 t=0 s=n+1

then

x(m, n) < B;(m, n){a;(m, n)
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1+ Z E(t, s)}},m,neNo,(IQ)

s=n+1

111) m,n m,n
£ a? () )H

where
m-1
Blm, n) = | [(1+r n), (20)
t=0
-1 o q
J(m, n) = Z L[t s, Bp(t s)a’® (¢, s)] (21)
t=0 s=n+1
and

q q q a4
E(m, n) = K[m, n, BP (m, n)a®(m, n)JB"(m n)%a" (m, n). (22)
(i) Let a(m, n) be nonincreasing in m, m € Ny. If

xP(m,n) < a(m,n)+ Z rt, n)xP (¢, n)+ i iL(t,s,xq(t,s)),m,neNO, (I'3)

t=m+1 t=m+1s=n+1

then

x(m, n) < Eg(m, n) {a;(m, n)

+ %a%_l(m, n)J(m, n) ﬁ {1 + i E(, s)]}, m, n € Ny, 19"

t=m+1 s=n+1
where
B(m.n) = T (1+7. ) (20')
t=m+1

oo} oo}
~

Jm, n)= > ZL[t, s, E%(t, s)a%(t, s)], (21

t=m+1ls=n+1

and
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q q a_

q a a
E(m, n) = K| m, n, B?(m, n)a? (m, n) |B? (m, n)%ap (m, n). (22"

Proof. (i) Define a function z(m, n) by
z(m, n) = a(m, n) + v(m, n), (23)
where
m-1 o
ZLtsxts)) (24)
t=0 s=n+1

Then (I3) can be restated as

m-1
xP(m, n) < z(m, n)+ Y rt (25)
t=0

Noting the assumption that a(m, n) is nondecreasing in m, m € N, we
easily see that z(m, n) is a nonnegative and nondecreasing function in
m, m € Ny. Therefore, treating n, n € N, fixed in (25) and using part
(1) of Lemma 2 to (25), we get

xP(m, n) < B(m, n)z(m, n),
le.,

v(m, n)

a(m, n)

where B(m, n) is defined by (20). Using Lemma 1, from (26) we have

P (m, n) < B(m, n)(a(m, n) + v(m, n)) = B(m, n)a(m, n)(l ; j 26)

1 1 1 11
x(m, n) < BP(m, n) (ap(m, n)+ ;ap (m, n)(m, n)], 27

and

q a4

x%(m, n) < BP (m, n)(a;(m, n)+ %ap (m, n)(m, n)} (28)
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Combining (24) and (28), and noting the hypotheses (10), we obtain

m-1 o q
v(m, n) < Z Z{ [t s, B (t s)( "(t s)+ a? 1(t, sh(t, S)B

q q q g
- L{t, s, BP(t, s)a”(t, s)} + L[t, s, BP(t, s)a”(t, s)]} (29)

-1

<J )+ ZEtsv(ts

t s=n+1

3

Il
(=)

where J(m, n), E(m, n) are defined by (21) and (22), respectively.

It is obvious that JJ(m, n) is nonnegative, and nondecreasing in m
and nonincreasing in n for m, n € Ny. Now an application of Theorem

5.4.1(ay ) in [8] to (29) yields

m—1 0
v(m, n) < J(m, nH{1+ ZE(t,s)

t=0 s=n+1

,m, n e Ny. (30)

Therefore, the desired inequality (19) follows from (27) and (30).

(i) Noting the assumption that a(m, n) is nonincreasing in m, m
e Ny, and using the part (i) of Lemma 2, we can complete the proof by
following the proof of (1) with suitable changes. Therefore, the details are

omitted here.

Using the ideas of the proofs of Theorem 5 and Theorem 3, we can

obtain the following result.

Theorem 6. Assume that a(m, n) > 0 and x(m, n), r(m, n), f(m, n),
g(m, n) are nonnegative functions defined for m, n € Nj.

() Let a(m, n) be nondecreasing in m, m € Ny. If

m-1
xP(m, n) < a(m, n)+ Y r(¢t, n)x?(t, n)
t=0



24 J.ZHANG, W. N. LI and L. HUANG

-1

+ Z [ft s)xP(t, s)+ glt, s)x(t, s)], m, n € Ny, (I4)

t s=n+1

3

Il
)

then

x(m, n) < B;(m n){ P(m, n)

+%ap (m, n)H(m, n)H{l+ ZU(t s)

s=n+1

}, m, n € Ny, (31)

where
m-1 o q q
H(m, n) Z [ f(t, $)B(t, s)alt, s) + g(t, s)BP (¢, s)a? (¢, s)] (32)
t=0 s=n+1
U(m, n) = f(m, n)B(m, n) + %a;_l(m, n)g(m, n)B;(m, n), (33)

and B(m, n) is defined by (20).
(1) Let a(m, n) be nonincreasing in m, m € Ny. If

xP(m, n) < a(m, n) + Z r(¢, n)x? (¢, n)

t=m+1

+ i i[f(t sP(t, s)+ glt, s)x?(2, s)] m, n € Ny, (I'4)

t=m+1s=n+1

then

x(m, n) < f?;(m, n) {a;(m, n)

1

+ %a}l(m’ ) (m, n) ﬁ [1 + silﬁ(t, s)

t=m+1

}, m, n € Ny, (31')
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where

S

94
p

H(m, n) = Z Z £, $)B(t, s)alt, s) + g(t, s)BP (¢, s)a” (¢, s)|. (32)

t=m+1s=n+1

U(m, n) = f(m, n)B(m, n) +%a5‘1 (m, n)g(m, n)BP (m, n), (33')

and B(m, n) is defined by (20').

Remark 7. Noting that p and q are constants, and p >1,0 < g < p.

we can obtain many special discrete inequalities by using our main

results. For example, let p =1, q = %, from Theorem 3, we obtain the

following corollary.

Corollary 8. Assume that a(m,n)>0 and x(m, n), b(m, n), f

(m, n), g(m, n) are nonnegative functions defined for m, n € Nj.

@) If

m-1
x(m, n) < a(m, n) + b(m, n)

i {f(t s)x(t, s)+ glt, s)x (t, s)} m, n € Ny, (I5)

t=0 s=n+1

then

m-1 ©
x(m, n) < a(m, n) + b(m, n)h(m, n)H[l + Z F(t, s)|, m, n e Ny, (34)

t=0

=n+1

where

._n

h(m, n) = Z {f(t s)a(t, s)+ glt, s)x3(t s)} (35)

t=0 s=n+1

and

F(m, n) = b(m, n) (f(m, n)+ %a_%(m, n)g(m, n)j (36)
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(1) If

x(m,n)< a(m,n)+b(m, n) Z Z{f(tsx(t s)+ g(t, s)x3(t s)} m,ne Ny, (I'5)

t=m+1 s=n+1

then

x(m, n) < a(m, n)+b(m, n)i=L(m, n) H [1 + Z F(t,s)|,m,ne Ny, (34"

t=m+1 s=n+1

where

h(m n) Z Z[ a(t, s) + g(t, s)a %(t s)} (35)
t=m+1s=n+l

and F(m, n) is defined by (36).

Remark 9. If we add a(m, n) > 0 to the assumptions of Theorems

2.6-2.8 in [6], then we easily see that Theorems 2.6—-2.8 in [6] are special
cases of Theorems 3, 6 and 5 respectively. Therefore, our paper gives

some extensions of the results of [6] in a sense.
3. An Application

In this section, using Theorem 3, we obtain the bound on the solution
of a nonlinear sum-difference equation.

Example. Consider the following sum-difference equation

m-1 o
xP(m, n) = a(m, n) + b(m, n)z Z J(t, s, x(t, s)), m, n € Ny, (37)
t=0 s=n+1
where p >1 is a constant, a,b: Ngx Ny — R, |a(m, n)|>0 and
J:N:xR > R

Assume that

|J(m, n, x(m, n))| < f(m, n)lx(m, n)|’ + g(m, n)|x(m, n)|?,m, n € Ny, (38)
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where f, g: Ngx Ny - R,, and 0 < g < p is a constant. If x(m, n) is
a solution of Eq. (37), then

lx(m, n)| < [a(m, n)[5 + %|a(m, n)[ Y o(m, n)|A(m, n)

xﬁ{1+ i I(t, s)],m,neNO, (39

t= =n+1
where
m-1 o
EOE Y {f(t, 9alt, 5)| + glt, a, s)ﬂ, (40)
t=0 s=n+1
and
I(m, n) = [o(m, n)|[f(m, )+ Lfalm, )3 glom, n)}. (1)

In fact, let x(m, n) be a solution of Eq. (37). Then we have

m-1 o
lx(m, n)|P < |a(m, n)| + [b(m, n)|z Z lJ(t, s, x(¢, s))|, m, n € Ny. (42)
t=0 s=n+1

Noting the assumption (38), we easily obtain

m-1 o
fx(m, )| <fa(m, n)| +[6(m. )Y > (£t (e, 9)[P + (e, )t )|7). (43)
t=0 s=n+1

Now a suitable application of Theorem 3(i) to (43) immediately yields
(39).
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