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Abstract

In this paper, we use ¢-differential operator to give an extension of the non-
terminating very-well-poised ®p5 series summation formula and a new proof of g-

analog Barnes’ contour integral formulas.
1. Introduction and Notation

As is customary, we employ the common conventions and notations

on g-series. So we always assume 0 < |q| <1 and use the following

notation of the g-shifted factorial [5]:

3
N

(@a)y=1 (@aq),=]]0-a"), (@aq),-= H(l - ag"),

0 k=0

>
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and

(@ q)y = (a; @), /(aq®; q),, (€]
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where ¢ and o are complex variables.
We also adopt the following compact notation:
(a1, ag, -+, ams @), = (a3 @)y(ag; @), -+ (@ms @)y
where n 1s an integer or oo.

We will frequently use the following property:

(q/a; @), = (-a)"q""V2(qga; q), /(a5 q),, ©)

The g-binomial coefficient and the g-binomial theorem are given by

] - CH
R0 On(@ Dnoi
and
i a; Q) (axa Q)oo , |x| < 1’ (3)
(q; (x5 ),
n=0
respectively.

The basic hypergeometric series ,,1®, is defined as follows:

7‘+1CDV (al’ L ar‘+17 q, X )_ i(al’ . e q)n
bl’ T n=0 (q; bl"”; br’ Q)n

The g-differential operator D, and g¢-shifted operator n (cf. [1-3, 7, 8,
12]), acting on the variable a are defined by:

D, {f(a); = =19 o nifia) = {f(aq);.

In [2] and [3], we have constructed the following g-exponential operator:

N G Z(b @), (= c0)" ’ @

(@ 9),

where b and c are variables, 6 = nleq.
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We, then easily obtain the following basic relations (cf. [1-3, 7-10, 12,
13]):

n[(a@s; @)y _ ,—n(n-1)/2;n (s/& q)n(aS; Do
" {(at; Q)w} ! t (at /q"; q),, @
0" {f(gla} = Y [0 (fa)o”*{a(ag™)}. ®)
k=0

We suppose that throughout the paper the operators act on the variable a
except for special state. Using the identities above, it is straightforward

to verify the following identities (cf. [2])

Lemma 1.1. If s/w =q ", |est /w| <1, where n is an integer. We

have

1@ (%5 g, - ce){M}

(aw; q),,
_ (as, at, bet; q)., b sjw afat .
-~ (aw, ct; q),, 3(1)2( a/ct, qfaw D q)- (7

Lemma 1.2. If |gc / o] < 1, we have

1%(9; q,_ce){(‘”? q)w} (a8, @) o (b, S/ 0 e /a)' ®

(aw; @), | ~ (aw; ), 21\ a/aw
Lemma 1.3. If |sc| < 1, we have

bes;
10025 g, - c0){(as: 0),.} - % )

2. A Formal Extension of Non-terminating ;®; Series Formula

The non-terminating very-well-poised @5 ([5, p. 36, Equation 2.7.1])

series summation formula is one of fundamental formulas in the theory of
basic hypergeometric series. There are many diverse methods presented

in a large number of literatures to prove this formula. In this section, we
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derive a formal extension of the non-terminating @5 summation from

the special case of the Rogers-Fine identity by our operator method.

Theorem 2.1. We have

n n(n-1)/2 (a, gVor, - gV, b, ¢, fba; q),
Z( Ve ( ) (g, Voo, —=va, ag / b, ag /¢, efba; q),

, be, efo, bfo; q)
o6 a" ao . j: (ag, g/ B
*3 2( ¢ ¢ /bfo] %9 (ag /b, aq /¢, fa, efba; q),,

-n

(10)

Proof. To prove this identity we need the Rogers-Fine identity ([4, p.
15, Equation 14.31], [10, p. 129, Equation 4.2]):

_ t)Z( Q) i(xa qxt/y; Q)n (yt)n(l _xtq2n )an—n. (11)

4 (¥ g (v, 9t q),

We start our proof from the special case of (11):

Z(Q/a a; Q) ( a)n(l_aq2n)qn2—n _ (OL; Q)oo ) (12)

(¢, 0a; q), (ag; q),,
It can be obtained by setting x = ¢ /a,t = aa /q and y = ¢ in (11).

Using (1) and (2), we rewrite (12) as follows:

ZA (ag (aaZ')]n'Q)“’ = (o5 9 (13)

where

_(_ 1\ (1- OLq ICH q) o n(3n—1)/2
=1 (@ a),, ‘

Applying the operator 1®0(ll; q, — 09) to both sides of (13) with respect to

the variable a. We have
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iAn 1CD0(11§ q, - ce){(aq", aoq”; q)‘x’} = (a5 q)y 1CD0(9§ q, - 06){1}-(14)
n=0

(@5 )y,
From (7), we have

1‘Do(’i; q, - ce){l} =1,

and

-n n.
1¢kié;q,—-dﬂ{(aq 2 ’Q)w}

(a5 q)y

_ (ag™, aaq”, beag"; @), o (b g, qlfn/aa
( " ) 3P ,q, q |
a, caq"; q),

Combined with (14), we can obtain:

o0 —

(aq™™, acq™, becag™; q),, R

S o0 ) e 0
a,caq";q), :

Let b =¢q/a in (15), then using ¢g-Chu Vandermonde’s identity and
simplifying, we, then get the following identity

(aq” ,Q) (cg' ™" /a, cbag"; q), _ (o q),
ZA (acs; g),, (cq /a: q)y " (aws ), (ca; @) (16)

Further applying the operator 1CDO(E; q, — fe) to the both sides of (16)

with respect to the variable ¢, and using (7), (9) we obtain

iA (ag™; q), (cg'™ / a, cbag”, efbag™; q).,
(acs q), (cq/a, fbog™; q),

17

o glon (o5 @), (ca, efa; q)
xa®o| @ 4 @ /beca : j _ o o
3 2( afe. " fbfa’ 1 (ao; q),  (fo; @),

Using (1) and (2), noting that @ = g / b, we get
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S —n? (b’ Q/bC, fb(X,, q) -n 1-n b
A n® n n ol " a / ca, )
,LZ(:) nd e (ag / b, abe, efba; q), 3 2( a/be, ¢ bfa q, 9

(o, ca, efa, bfo; q),,
~ (ag /b, bea, fo, efba; q),,

replacing g / bc by ¢, we have

Z 4nq (bc
n=0

)n (b’ ¢, fbas; Q)n
(ag /b, ag /c, efba; q),

e a" ¢ cla . _ (o, ag/be, efo, bfo; q),,
X3®2( " pvf q) (ag /b, ag/c, fa, efbo; q),

¢

Hence

i(_ l)nqn(n—l)/Q(%)n (o, qx/a, - qx/a, b, ¢, fbo; q)n
n=0 be (g, \/a, - “/E, aq /b, aq /¢, efba; q)n

e, q—n’ q_nc/(x . _ (OL(], (X.q/bC, efoc, beL; Q)Do
X?’(DQ( " pofe’ P qj (aq /b, aq/c, fo, efbo; q),,

c,

as desired.
Remark. If we set e=c¢ in (10), then applying ¢-Chu

Vandermonde's identity and setting f = q /bed, we, then obtain a non-

terminating @5 series summation:

a, gvo, -gJa, b, c, d .
G(DE’( Vo, Vo, oag/b, aq/e, oag/d’ 2 aq/de)

_ (th, QQ/bc’ aq/bd’ aq/cd; Q)oo (18)
~ (ag/b,ag/c, aq/d, ag/bcd; q),

3. g-Analogue Barnes’ Contour Integral

Gasper and Rahman [5] and Watson [14] gave a g-analogue of

Barnes’ contour integral (also cf. [6, 11]):
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1+s

ds, (19)

(a b q)oo 10 (q ,CCIS; q)oo - s
20y (% % q, 2) (2m J - z2)

(q’ (6 q) —j0 (aqs’ bq57 q)oo sin ©s
where |z| < 1 and |arg(-z)| < n. The following extension was given in [5]

Theorem 3.1. If |z| < 1, |arg(-z)| < =, we have

a1, ag, as, ’ar+1
r+1q)r( b, by, b, 0D F )

_ (a1, a9, 0415 9) (-1 J“"‘“ (¢"*°, byg®, -, 5,9% @), (- 2)° s
(q’ bl’ ) br; q)oo 2mi ") (alqs’ a2qs’ - ar+1qs; q)oo sin ms

(20)

Gasper and Rahman [5] applied Cauchy's residue theorem to prove (20).
Here, we can recover it with our operator method which only require

Watson’s g-analogue of Barnes’ contour integral formula (19).

Proof. We first prove

ay, a9, ag.
3(D2(1 bf’ b235q’ Z)

1)

_ (a1, a3, a3; q), (=1 Ji‘" (¢, b1g°, bq°; @), n(— 2)°
(q, b1, b5 )y~ 210 oo (a19°%, a9q®, asq®; q),, sin ms

From (19), we obtain

1+s

0 . 1) S. _ S
z—(cz’ ” ;I)’” (cg™; q),2" = ((z i ;1)00(2 )I " o — 7 @ 2l 2 g
ot 9 9)n q; q T ) oo (aq®, bq®; q),, Sm7s

(22)

Applying the operator 1CI)0(§ ;q, — he) to both sides of (22) with respect to

the variable ¢, we have

Z(“ 5 Do (2 g, - h0){(cq™s ), e = BB (=1

(@ @) (¢ q), ~ 2mi
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© 1+s. S

x _[l CINEE D ) (¢: ¢, - h0)i(ca®; q),, Jds. (23)
. 10 ®©

-i= (ag®, bq®; q),, SIS

By (9), we immediately get:

1+s

. cq’, ghq®; q), n(- 2’ 4
sm TS

b hia), -1, (g
) a, b, h 1 q, 2= (a7 ’ ’ 00 — I
3 2( ¢ gh ) (q, c, gh; q)oo 2ni ") o (aq bq hq q)

(29)

Replacing @ by a;,b by ay, h by a3, c by b, and g by by /as
respectively, we, then complete the proof of (21).

Using (1), we rewrite (21) as follows:

- (al, ag, (13; q)m
boq™; q), 2™
Z (g, b5 q),, (50" 0)

m=0

_ (a1, a9, a3; q),, =t J‘i“’ (¢, ;ua", bag®s @), m(-2) 25)
(Qa b17 q)oo 2m —io (alqs’ azqs, GSQS; q)oo sin 1ts

Applying the operator 1CD0(§1; q, — a49) to both sides of (25) with respect

to the variable by, we have

~ a1>a25a37 q) g1. _a m. M (al’a27a3;Q)oo -1
z (q’ bl q) lq)O(— > 4, 46){(b2q ’ q)oo} - (q, bl; q)oo (ZTEi )

m=0

o () 1+s s,
XJ‘ TC(' Z) (q ’ blq ) q)oo 1(130(51; q, - a49){(b2qs; q) }ds (26)
1 S S S 0

—in SIATS (a,9%, agq®, agq®; q).,

From (9), we obtain
a, ag, as,
4(1)3( bl’ bz, g1a4’ q’ )

_ (a1, a9, ag, ag; 9),, -1 i (¢, b1g%, boq®, 81040%; q)., n(—z)s
(q’ bl, b2; g1(14; q)oo 27 —i0 (alq azq a3q a4q q)oo Sln S

27)
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Replacing g; by b3 /a4 in (27), we get

a, a9, ag, ay4.
4(1)3(1 b127 b3 b34’q’ 2)

25

(g, a9, a3, ay; q), (=1 J“"” (a™*%, big®, byg®, b3q®; q),, n(- 2)° ds

. s s s s. 1
-in (a19°, asq®, azq®, auq’®; q), SMTS

(28)

Repeating the arguments above and applying induction, we, then obtain

(20).

Remark. Equation (20) can be found in [5, p. 109, Equation 4.5.1].
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