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Abstract
We prove the existence of a solution for the nonlinear third-order boundary value
problem.
The techniques used here are Green’s function and fixed point theorem in Banach
space.

1. Introduction

In this paper, we are concerned with uniqueness of solution for the
nonlinear third-order boundary value problem as follow:

X"(t) = f(¢, X(¢), X'(t), X"(t)), ¢t e]l0,w],
(1.1)
X(0) = X(w) = 0,
where f : [0, w]x Rx Rx R - R is continuous. Associated with (1.1) we

consider the following related family of problems:
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X"(t) = M(t, X(@), X'(¢), X"(t)), tel0,w],
(1.2)
X(0) = X(w) = 0.
For A € [0, 1].

In [3], we studied existence of a solution for the nonlinear third-order

differential equation X"(¢) = f(¢, X(t), X'(¢), X"(t)) for t [0, w] and
. ) - ~

X(t) e R™ when f, aX ax’ ax” Are continuous and bounded functions

with use of Arzela-Ascoli theorem and Schauder theorem. The

uniqueness of a solution for second-order homogeneous Dirichlet

problems discussed in [1].

Define an operator 7' : C2[0, w] — C2[0, w] by
w
TX() = [ G, s)f(s, X(s), X'(5), X'())ds(e),
0
where the Green’s function G(t, s) is given by

5 W,z 0<t<s<uw,
2w

G(t, s) =

Then the equivalence (*) is expressed briefly by

X solves (1.1) if and only if X = TX, T : C2[0, w] » CZ?[0, w].

In other words, By the properties of the Green’s function the fixed

points of T are the classical solutions of (1.1).

Under an appropriate local Lipschitz condition on f, we will use the
nonlinear alternative for contractive maps to establish that T restricted
to the closure of a suitable open set U < C! [0, w] is contractive and has a
fixed point (in fact a unique fixed point) in U. Hence (1.1) has a unique

solution in U.
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To this end we assume that f satisfies the following local Lipschitz
condition :

(1) (There are a subset D c R3 and constants ky, By and kg such
that f restricted to [0, w]x D satisfies

(&, X1, Xq, X7) = f(t, Xy, Xi, X{)| < ko| Xy = Xo| + Iy X7 — X + ko[ X{ — X3].)
Define a modified maximum norm on C2[0, w] by
|1X]| = Eo|X]y + ki | X' + k2| X"|y, Where
Xlp = tes[gfpw]lX(t)l, X'y = tesi&pw]lX’(t)l and | X", = tes[&pw]lX”(t)l-
Theorem 1.1 ([1]). Suppose U is an open subset of a Banach space

X,0eU and T:U - X a contraction with T(U) bounded. Then

either
(1) T has a fixed point in U, or

(i1) There exist A € (0, 1) and u € oU with u = AT (u) holds.
2. Existence and Uniqueness of the Solution of Equation (1.1)

Proposition 2.1. The operator T in Definition (*), has Lipschitz
property, i.e.,

3 2
ITX) - TX,| < [ko Tg + 1 g+ o 5 1|X1 = Xo. @

Proof. For function X; and X, whose values and derivative values

lie in the region where fis locally Lipschitz, we have

|TX1 - TX2| = |I:G(tv s)[f(s, XI(X)’ Xi(s)’ Xi’(s) - f(S, XZ(X)’ Xé(s)’ X%(s)]ds|

3
w
< T3 e = %2

Since
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[ﬁ_t2w] w3
6

w
G(t, s)|ds = —
max]J.O |G(¢, s)|ds max 1

tel0, w telo, w]

thus
03
|Txy — Txg| < 5”901 - xg.

For function X; and X, whose values and derivative values lie in the

region where fis locally Lipschitz, like wise
) !, w3
|T%, - T | < =g~y - %2,

since

ﬁ_tw]:w2

w
max jo |G; (¢, s)lds = max ][ -5 =g

tel0, w] tel0, w 8

Thus for functions X; and X9 whose values and derivative values

lie in the region where f is locally Lipschitz, we have

|T"%; — T'q]| < %”xl - xa,

since
max jw|G (t, s)|ds = max [¢ e
telo, w]do telo, w] 2 27
consequently
w? w? w
”TXI—TXZ”S [kOE+k1?+k2§]"X1_X2”‘ ]

Theorem 2.2. Let f:[0, w]x Rx Rx R — R be continuous and

satisfy (1) in a set D with constants kg, ky and ko such that

3 2
w w w
(A)koﬁ+k1?+k2§<1
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is true. Suppose there is a bounded open set of function U < C2[0, w]

with 0 € U such that

() u e U implies (ult), u'(t), u'(t)) € D forall t € [0, w],
and

(0) X solves (1.2) for some A € (0, w) implies X ¢ 0U hold, then (1.1)
has a unique solution in U.

Proof. Evidently 7 : % — C'[0, w] is contravtive by () and (A).
Apply Theorem (2.1) and note that (A ) can not occur because of (0). [

Inequity (f), Theorem 1.1 and Theorem 2.2 enable us to establish the

following existence and uniqueness Principle for (1.1).

Corollary 2.3. If the Lipschitz constant of operator T in Proposition

2.1 satisfies
3 2
w w w
k0§+kl?+k25<1'
Then T has a Unique fixed point and this fixed point is the unique

solution of Equation (1.1).

Example 2.4. The boundary value problem

X"(t) = -5, t <o, w],
2.1)

X(0)=X@) =0,
has a unique solution with maximum norm at most 1. To establish the

above claim we apply Theorem 2.2 with f = f(¢, X) = —eX,

By the mean value theorem we have that |X;| <1 and |X5| <1 imply
X1 = eX2| < oML Xaf| X, _ x| < o X; — x.
We take

D=[-1,1] and U = {X e C[0, 1] : ||, = ts[lé’pl]|X(t)| <1}



134 MANOCHEHR KAZEMI and HASSAN NARAGHI

. ko e
in Theorem 2.2, then 12 =13

< 1. Suppose that y solves
X"(t) = —keX(t), t €0, w],
X(0)=X(1) =0,

for some A € (0, 1).

1 ¥ o
Then X(¢) = —XIOG(t, s)eX)ds, and therefore |X ()| < 5 for
o
t € [0, 1]. Consequently |X]|, < B and this implies that [X|, # 1 and

therefore X ¢ 6U. Now Theorem 2.2 implies that (2.1) has a unique

solution with norm at most 1.
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