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Abstract 

In this paper, we derive three bilateral generating relations of Gegenbauer 

matrix polynomials ( )xC A
n  associated with hypergeometric matrix polynomials 

2112 , FF  and 23 F  by using series rearrangement technique. 

1. Introduction 

It is well known that special matrix functions appear in the study in 
statistics, theoretical physics , groups representation theory and number 
theory [1, 2, 5, 8, 12]. Jo’dar and Cortes [6] introduced and studied the 
hypergeometric matrix function ( )zCBAF ;;,  and the hypergeometric 
matrix differential equations, and they also presented the explicit closed 
form general solution of it in [7]. Moreover, some applications of matrix 
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polynomials for Fourier series expansions are given by Defez and Jo’dar 
[3]. 

Throughout the paper, the symbol NNC ×  stands for the set of all 
square complex matrices of common order N and ( )Aσ  stands for the set 

of all eigenvalues of .NNCA ×∈  The matrix NNCA ×∈  is called positive 
stable if ( ) 0Re >λ  for all ( ).Aσ∈λ  If nAAA ,,, 10 …  are elements of 

NNC ×  and ,0≠nA  then we call 

( ) 01
1

1 .......... AxAxAxAxp n
n

n
nn ++++= −

−  

a matrix polynomial of degree n in x. 

For any matrix p in NNC ×  we will exploit the following relation due 
to Jo’dar and Corte’s [6]. 

( ) ( ) .1,!
11

0
<=− ∑

≥

− xxpnx n
n

n

p  

Let NNCA ×∈  such that ( ) 0Re >λ  for every eigenvalue ( ),Aσ∈λ  then 

the Gegenbauer matrix polynomials ( )xC A
n  is defined by Sayyed et al. 

[11] as follows: 
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[ ] ( ) ( ) ( )
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( ) ( ) ,21
0

2 nA
n

n

A
txCtxtF ∑

∞

=

−
=+−=  (2) 

where ( )xC A
n  is a Gegenbauer matrix polynomials of degree n in x, and 

satisfies the following relation. 
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( ) ( ) ( )xCxC A
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n 1−=−  

( )
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1 n
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C nA
n =  

The main objective of this paper is to present some bilateral generating 
functions for Gegenbauer matrix polynomials. 

2. Some Auxiliary Results 

For the sake of clarity in the presentation we recall some generating 
relations for the Gegenbauer matrix polynomials and some notations 
which will be used throughout the next section. The following results are 
given, respectively, by Sayyed et al. [11], Defez and Jo’dar [4] and Defez 
and Jo’dar [3]: 
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Also, 
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2- For ,& rrCCD ×∈  suppose that D is positively stable, ,CBBC =  
and that 
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KIDC +−  and KIC +  are invertible for all nonnegative integers k. 
Then, for ,1<t  

( ) ( ) ........,3,2,1,0,1;;,1;;, =






−
−−−−=− nt
tCDCnIFttCDnIF n  (8) 

3- For matrices ( )nkA ,  and ( )nkB ,  in ,NNC ×  where ,0,0 ≥≥ kn  
the following relations are satisfied. 
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and 
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3. Main Bilateral Generating Relations 

In this section, we will study and derive some bilateral generating 

relations starting with replacing x by 







ρ
− tx  and t by ρy  in Equation 

(2), we get: 
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which by (2), yields 
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By using (10) and, then equating the coefficients of ny  in the above, we 
find that 
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Now from (4), which by inserting (6) with the help of (7) yields 
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By applying (8), then (4) implies that 
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By using (5), then Equation (13), yields the Bateman generating relation 
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For arbitrary δγ &  and using (15) we have: 
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Lemma 1. Let B, C and rrCD ×∈  such that C and ( )CBDI ++−  

are positively stable, then 

( ) ( )[ ] ( ) ( )[ ]( )ννν −−−−−−++− 11,11/;,;,4 uuuDCBIDCBF  

.1;
;,
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Now, in ( )9.24F  set ( )( ) ( )( ) δ+γ++−=+ IAIIA 2121  or 
( )γ−=δ A2  and ( ) ( )[ ] ( )[ ] ( ) ( )[ ]ννν −−−−=−−− 11,2111 uxtuu  
( )[ ]21+= xt  and using Lemma 1, we get Barafman’s generating 

function 
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by identification of the coefficients of ,nν  another form for the 
Gegenbauer matrix polynomials follows 
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Corollary 1. Let D and rrCC ×∈  such that D is positively stable, 
,CBBC =  and that KIDC +−  and KIC +  are invertible for all 

nonnegative integers k. 

Then, for ,1<t  
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(ii) From (20) replace x by 
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with application of (8), then (21) implies that 
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Now, the main results for bilateral generating relations are given by: 
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For special case, setting 1=y  and using the Corollary (1), we get the 
following generating relation: 
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From (10), it follows that 
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(3) By replacing x by 







ρ
− tx  and t by ρ− /ty  in Equation (18), where 

( ) 21221 txt +−=ρ  and, then using the right hand side of relation (8), 
yields 
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which can be write in the form 
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where 

( ) ,21
212txt +−=ρ  and 

( ) ρ+−+ρ= /2 222 yttxtyz  or ( )( ) ( ).21/21 222 txtyttxty +−+−+  
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