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Abstract

In this paper, we derive three bilateral generating relations of Gegenbauer
matrix polynomials C,‘:l(x) associated with hypergeometric matrix polynomials

o Fy, 1F9 and 3Fs by using series rearrangement technique.

1. Introduction

It 1s well known that special matrix functions appear in the study in
statistics, theoretical physics , groups representation theory and number
theory [1, 2, 5, 8, 12]. Jo'dar and Cortes [6] introduced and studied the
hypergeometric matrix function F(A, B; C; z) and the hypergeometric

matrix differential equations, and they also presented the explicit closed

form general solution of it in [7]. Moreover, some applications of matrix
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polynomials for Fourier series expansions are given by Defez and Jo’dar

[3].

Throughout the paper, the symbol CN*N gstands for the set of all
square complex matrices of common order N and o(A) stands for the set

CNxN CNXN

of all eigenvalues of A e . The matrix A € is called positive
stable if Re(h) > 0 for all & € o(A). If Ay, Ay, ..., A, are elements of

CN*N and A, # 0, then we call

a matrix polynomial of degree n in x.

CNXN

For any matrix p in we will exploit the following relation due

to Jo’dar and Corte’s [6].

1-x)P = Z%(p)nxn, x| < 1.

n>0

Let A e CNV*N such that Re(d) > 0 for every eigenvalue A e o(A), then

the Gegenbauer matrix polynomials C,‘:l(x) is defined by Sayyed et al.
[11] as follows:

[n/2] k n-2k
Apy (=1)°(A),_p(2x)
Ci @) = ; R (n — 2k) @
and
F = (1 — %t + tz)_A = ZC,‘?(x)t", 2
n=0

where C,‘? (x) is a Gegenbauer matrix polynomials of degree n in x, and

satisfies the following relation.
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Cil(-x) = (-1)"Ci(x)

ci - B4,

n.
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The main objective of this paper is to present some bilateral generating

functions for Gegenbauer matrix polynomials.

2. Some Auxiliary Results

For the sake of clarity in the presentation we recall some generating

relations for the Gegenbauer matrix polynomials and some notations

which will be used throughout the next section. The following results are

given, respectively, by Sayyed et al. [11], Defez and Jo’dar [4] and Defez

and Jo’dar [3]:

(24), | —n1, 2440 1 -
1- Citx) = = F ”’2A+1"j—2x ,
. +=1;
2
and
[n/2] 1 (2 Y _n-2k
1 x“ —-1) x
CAx) = (24) Km_z) } .
" ”,;) 2 k] 22k (n - 2k)
Also,
0fF  (=n) ., (=nl)
R LT I Osksn
1 _ (-n), |
(n—k)!l_ R 0 <2k < n,
and

(- nl)yy, = 2—2’@(% I]k(# Ijk.

3)

4)

®)

(6)

(M

2- For D & C € C™, suppose that D is positively stable, BC = CB,

and that
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C-D + KI and C + KI are invertible for all nonnegative integers k.
Then, for || <1,

F(onl, D; C:t)=(1- t)nF(— nl, C - D; C: 1‘—_ttj n=0,1,23, .3

3- For matrices A(k, n) and B(k, n) in CV*N  where n >0, k > 0,

the following relations are satisfied.

oon2

iiA(k, n) = Z Z Ak, n — 2k) )
n=0%=0

n=0 k=

and

iiB(k, n) = iiB(k, n-k). (10)

n=0k=0 n=0k=0
3. Main Bilateral Generating Relations

In this section, we will study and derive some bilateral generating

relations starting with replacing x by (XT_tj and t by y/p in Equation

(2), we get:
o -A
A(X =1\ —n.n x—=1 2
D¢ Py =|1-2 == ly+(¥/p)
n=0 p P

iCﬁ(x__t)p—n‘%y” = [1 —2x(t + y)+ (¢t + y)2TA
n=0

P

which by (2), yields
A(X 1) n-24n nl it (x)t*y"*
ZC ( ) ZZ El(n-Fk)

By using (10) and, then equating the coefficients of y"” in the above, we
find that
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B 0 1A k 1/2
pn2Acr,;1[xptjzz(n+k).lggk(x)t  in which p:(l—th+t2)/ . an
~ n!

Now from (4), which by inserting (6) with the help of (7) yields

G- 3 Ayl 1wy ar) (5 ne 51

= 92k I ) (A + % I)

k

. el ) )
Cn (x) = = v
= 94 11 ! [A + %I)

k

.2
_(24),x" 2F1{_%n1, (Lned)r _1}' 12)

n! A+%I; (4x)2

By applying (8), then (4) implies that

Cil(x) = 4), (“_xjnz F{"” , ((%—”)I -A) x - 1}

n! 2 A+%I;x +1

. (24), (- nI)k(— A- (n - %)1) (x + 1) (@ - 1)
i l;) 2%l ! (A + % ];) ' )

k

By using (5), then Equation (13), yields the Bateman generating relation
k n-k
(xz—lJ (x;rl) (14)
J
n—k

i Cf;xjtzl) =ii t" (x;)’*(x;)”*k

= (24), IR (0 - k)!(A N % Ijk(A + %Ij )
-

n (2A)n(A + % Ij

k=okz(n—k)!(A+11) (A+
2 g

Ci(x) = -
2
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"2 ! .(A+lzjk(,4+%1jn( 2 j( ? )

2

:OF{A +_lI§ —t(x2— 1)} OF{A +_%If t(x2+ 1)} (15)

For arbitrary y & & and using (15) we have:

(1), (8),, G ("
= (2A)n(A ; % 1)

i C (v)nl(S)nt” Ij (x;l) (x;l)n k
n-k

1
=0k= ! - -
n=0k k n k) (A+ Ijk(A+

i

B ) I L j( e 1) (o)

=0}l ! 2 2
kokn(A+21jk(A+21

- F{y, 5 A +%I, A +%I; (%t(x - 1)), (%t(x + 1))}. (16)

Lemma 1. Let B, C and D € C"™" such that C and (I - D + B + C)

are positively stable, then

F,B,C;D,I-B+C+D; -ulll-u)1-v)],~v/[1-u)1-v)])

B C; — B :
_,F ,C; —u % , C s v | a7
D ;l1-u], [I-D+B+C;1-v

Now, in F,;2.9) set (A+@/2))=1-(A+Q1/2))+y+8 or
§=2A4-v) and —u/[0-u)A-v)]=[tx-1)/2], -v/[0Q-u)Q-v)]
=[t(x +1)/2] and using Lemma 1, we get Barafman’s generating

function
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0 ('Y)n(ZA_’Y)nC;Lq(x)tn —2F |:Y, 2A_Y; 1+t—0:| 2F,1|:y7 2A—y; 1-t-(5:|
- 17. 17. ’

= (2A)n(A +2 I) Argl 2 Al 2

n

2
where p = (1 — 2xt + t2)1/ . 18)
. A o} 4 . x—t
Since z Cilrxn™ = (1 — 2xt + ¢ ) , then replacing x by and ¢ by
n=0
L to get
p

or

iC,‘?(x — t)p”2Av” = [1 - 2x(t +v)+ (¢t + V)ZTA
n=0

p

from (2), we have

P e e W O Y
n=0 P n=0

n,CAx k n—k
zz%

n=0k=0

PRl

n=0k=0

by identification of the coefficients of v", another form for the

Gegenbauer matrix polynomials follows

B 0 1A k 2
R B YA T
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Corollary 1. Let D and C € C™" such that D is positively stable,
BC =CB, and that C—-D+ KI and C+ KI are invertible for all

nonnegative integers k.

Then, for |t| <1,

F(-nl, D; C; t) = 1 - )" PF(C +nl, C - D; C; t).

Proof. By replacing y = 1_tt in the right hand side of (8), becomes

F(-nl,C-D;C; y)=(1- )C+DF(C+nIC D; C; yj,

since 1-y=(1-¢)" and —y/(1 — y) = ¢, then we have
.ot C-D . -
F(—nI,C—D,C,m):(l—t) F(C+nl, C-D; C; 1)

which combines with (8) to yield
F(-nl,D; C;t) =1 -8)°""PF(C +nI, C-D;C;t).
Now, we consider the following cases

(1) for arbitrary y and, using (4), one gets

© r n+2k

Dy CA N _ oD (o =1
Z T A, ;;;) 22kk!n!(A+%Ij

k

_ i ((1 / 2)"/1)k( (1 / 2)y + (1 / 2))I)kx ( Y‘tZk
RI(A+(1/2)I),0- xt)1 2k

b

which gives another hypergeometric matrix representation in the form:

L1, Ry )1 42(,2 —
:(l—xt)_yzFl{Qy (2V+2) M} (20)

A+%I; (1- xt)2
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(1) From (20) replace x by (XT_t) and t by —ty/p, where p =

(1 — 2xt + t2)1/2, we get

v /2,52 e -af

1 9 \2n
n=0 (A+§I)nn!(p+xyt—yt)z

Z&) A=) @

with application of (8), then (21) implies that

0% (p2 + xyt — yt2)

P (P + xyt — yt ) {(Y/Z)I (Vj)i’l ' (yt)2(x2 - 1)

2 ’(p + xyt — yt2)2

) _1) n 2A ©
- Y Y e =

Now, the main results for bilateral generating relations are given by:

(1) By using the identity 10 in the right hand side of (22), we get

o2 (p% + xyt — 2| 2 Fy {(W)I’ ) 0 }

+%I; (p + xyt — yt2)2

(= k) (1), 9" 0™
- oty

”yt‘yt)yzﬂlm (712 sz_—lL]

2y-2A
( EI (p + xyt — yt2)z

p P

- icfé‘(x)m PEL (23)
k=0
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For special case, setting y =1 and using the Corollary (1), we get the

following generating relation:
24 - yp*
ch (2A)k

= (1-xt)' 24, F{A(Y/ml’ (Iﬂ#); alas }

ALl (1 - xt)?
(2) Replacing x by (xT—t) and t by —ty/p in Equation (15), where
2\l/2
p = (1—2xt+t )1 , we get

k
i(_ty)n[xz.;pj s =

1 1
= — ! — — !
n=0 (A+ B Ijnn. n=0 (A+ ZIjkk.

o0

) n; (2A)n(Al+%I)n e

gl T oole-t-p)| p| T zylx-i+p)|
0 1A+1I 9p7 0 1A+11 22

From (10), it follows that

—24 T —yt(x—t—p)} { - —yt(x—t+p)}
p ok L - 5
{A+%I,; 2p? A+l 22
_ A -k; k
= ];)Ck (x) 1F2|:2A7 A+%I; y:|t . (24)

(3) By replacing x by (xT_tj and ¢t by —ty/p in Equation (18), where

2
p= (1 — 2xt + t2)1/ and, then using the right hand side of relation (8),
yields
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[>e}

(1), (24 - 1), (p—ty—& ] 2 (124 - 7), [pny—p?J’“
nz(:) (A+%I) 2p ;Z‘) (A+%Ij 2p
n k

o 0

aCA-7),(k+n) 4k
= 1 1 C +n( )t ’
nZOkO (24), K n! (A - 1) b

(25)

which can be write in the form

o0
CA x) oFo| T 2A-y; tk
kz_;) i () 3P 2A,A+%I;y

— 524 v, 24—y ; (p+yt-p2) 24—y ; (p—yt —p2)
= F o |2F Lol 26
P2 1{ A+l 2p 2 sl 2 (29

where

p= (1 — 2xt + t2)1/2, and

z= \/p2 +2y(x —t)+t2y% I p or x/l + (2ty(x —1)+ tzyz)/(l — 2xt + t2).
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