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Abstract 

In this paper we study the kernel estimator of Foster, Greer and Thorbecke class 

of measures ( ) ( ) ( ) ,,
0

dxxfz
xzzP

z α−=α ∫  where z is the poverty line, ( )xf  the 

density of the income distribution and α  the so-called poverty aversion [1]. The 
asymptotic normality of the estimator is established. 

1. Introduction. The Kernel Estimate of The Poverty Index 

Let F be the cumulative distribution function of the income variable X 
from a population, ( )nXX ,,1 …  a sample of this distribution. The F.G.T 

class of poverty measures is defined by ( ) ( ) ( ),,
0

xdFz
xzzP

z α−=α ∫  

.0≥α  If 0≤z  we set ( ) .0, =αzP  These poverty measures are commonly 
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estimated by ( )
α

+=






 −=α ∑ z

X
nzP i

n

i
n 11,ˆ

1
 where max=+x  ( )0,x  [7]. This 

empirical estimator is unbiased, consistent and has a limit normal law 

with zero mean and variance equal to ( ( ) ( ( )) ).,2, 21 α−α− zPzPn  

Therefore, the statistic ( ) ( )

( ( ( ( )) )2,ˆ2,ˆ
,,ˆ

α−α

α−α
=

zPzP

zPzPnT
nn

n  can be used to 

built confidence interval for the poverty measure. So, asymptotic normal 
estimator with smaller variance will be in generally preferable to 

( ).,ˆ αzPn  

In a previous work [2] we proposed a new method of kernel estimate 
based on Riemann sum, namely the following estimator : 

( )
[ ]

( ) ( )h
ihX

Kz
ih

nzP j

i

n

j
n

h
z

−
−=α α

==
∑∑ 11,

01
  for  0=α   or  ,1≥α  

where 



 ∗
h  stands for the integer part of hh ,∗  is a positive function of 

the sample size n such that 0→h  as +∞→n  and K a Riemann 
integrable kernel. We note that if 0=α  then ( ) ( )zFzP =α,  the 
distribution funtion of X, therefore the earlier estimator is new compared 
with the one proposed by Sing et al. [8]. 

Two hypotheses are made about the density f we suppose bounded. 
That is : 

f:1C  is uniformly continuous 

f:2C  admits almost everywhere a derivative f ′  belonging to ( ).1 RL  

For each case, the convergence of the above estimator was established. 

The following hypotheses are considered about the kernel K, that is : 

) ( ) ) ( ) ) ( ) .0lim,1,sup ==+∞<
±∞→+∞<<∞− ∫ xxKdxxKxK

xx
3

R
21 HHH  
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) K4H  is of bounded variation KV u
∞−  on R. 

) ( ) .+∞<∫ duuuK
R

5H  

)6H  There exists a nonincreasing function ,λ  such that for all xx ′,  we 
have ( ) ( ) ( )xxxKxK ′−λ≤′−   and ( ) .0,0,0 ≥→→λ uuu   

Moreover ( ) ( )h0h
u =λ   on bounded intervals. 

) ( ) .as,2
10,01 +∞→<ε<→

ε+ h
x

h
xK

h
x

7H  

We showed that the asymptotic efficientcy of ( )α,zPn  relatively to 

( )α,ˆ zPn  is 

( ) ( ( ) ) ( ) ( ( )) ( ) ( ( )) .,2,,2,, 222 α−α






 α−α=α ∫ zPzPzPzPdyyKzeK
R

 

We have ( ) ( ) 1, 2 <≤α ∫ dyyKzeK
R

 for the usual kernels [6] p. 1068, 

see also Remark1 below. 

Throughout this paper the hypotheses 321 HHH ,,  are supposed 

verified. We consider a family of kernels ∗
+

∗
+⊂Γ∈ RR ,, vKv  being the 

set of strictly positive real numbers, about which we make respectively 
the same hypotheses .71 HH −  Denote by v

nP  the estimator of ( )α,zP  

when we replace K by vK  in .nP  We suppose ( ) 12 <∫ dyyKv
R

 for all .v  

2. The Limit Law 

Our main results are the following : 

Theorem 2.1. Assume that 

(1) f satisfies a C-Lipschitz condition of order ,10, ≤γ<γ  

(2) ( ) +∞<γ∫ dyyKy v
R

 for all 0>v  and hypotheses 6H  and 7H  
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hold. If 02 →γnh  as ,+∞→n  

then 

( ) ( )

( ( ))
( ) +∞→→

α

α−α nN
zPVar

zPzP
v
n

v
n ,1,0

,

,,  

provided ( ( ) ) ( ) ( ( )) .0,2, 22 >α−α∫ zPzPdyyKv
R

 

Theorem 2.2. Assume that 

(1) hypotheses 752 HHC −,  hold, 

(2) 02 →nh  as ,+∞→n  

then 

( ) ( )

( ( ))
( ) +∞→→

α

α−α nN
zPVar

zPzP
v
n

v
n ,1,0

,

,,  

provided ( ( ) ) ( ) ( ( )) .0,2, 22 >α−α∫ zPzPdyyKv
R

 

Var stands for variance. 

Evidently assumption (1) of Theorem 2.1 implies hypothesis 1C  is 
satisfied.   

We need the following lemma which is valid if hypothesis 1C  or 2C  
is verified : 

Lemma 2.1. Let .3,2,1;10 =≤θ≤ ii  Then for all tyx ,,  pairwise 

different we have : 

( ) [ ] [ ] [ ]
( ) ( )



 θ+−θ+−∫−

××∈θθθ+∞→ h
hyuKh

hxuKh
n

213
1,01,01,0,, 321

suplim
R

 

( ) ( ) .03 =

θ+− duufh

htuK  
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Proof. It is a generalisation of Lemma 2.3 [2]. 

Let .0>δ  Define, as in Masry [5], 

( ) ( ) ( ) ( ) ( )duufh
htuKh

hyuKh
hxuKhyxIn

3213, θ+−θ+−θ+−
= ∫−

R
 

( ( )) ( ( ))h
hyhxvKhh

vKh
R

2111 θ+−θ−+
= −−∫  

( ( )) ( )dvhvxfh
hthxvKh 1

311 θ−+
θ+−θ−+−  

.∫∫ δ>δ≤
+=

vv
 

Since f is bounded on [ ],, δ+δ−= xxI  we have for h large enough 

( ) ( ) ( )uh
hyhxKuKhvxf

hh uvv
+

θ+−θ−
θ−+≤ ∫∫ δδ ≤≤−δ≤δ≤

21
1sup  

( ) duhuh
hthxKh 1311 −− +

θ+−θ−  (1) 

( ) ( )( ) ( ) ( ) 121
1sup −

≤≤−δ≤
+

θ+−θ−
χθ−+= δδ∫ huh

hyhxKuKuhvxf
hh uv R

 

( ) .131 duhuh
hthxK −+

θ+−θ−  

Write 

( ) =+
θ+−θ− −121 huh

hyhxK  

( ) ( ) .1
21

2121
huhyhxuh

hyhxKuh
hyhx

+θ+−θ−
+

θ+−θ−
+

θ+−θ−  

We have: 

.
1

11
2121 hyxhuhyhx
yx

u
−

−θ−θ−−
=

+θ+−θ−
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Since hu δ≤  we may choose δ  small enough and 0n  such that for 

0nn ≥  we have .1
2

1
21 0 <η=

−

δ+
≤

−
−θ−θ

yx
h

hyx
u n  Therefore 

( ) .1
11

121 η−−
≤

+θ+−θ− yxhuhyhx  (2) 

We deduce that 

( ) ( )uh
hyhxhuh

hyhxK +
θ+−θ−

≤+
θ+−θ− − 21121  

( ) ( ) .1
121

η−−
+

θ+−θ−
yxuh

hyhxK  

Since ,112 ≤θ−θ  for fixed u, the right-hand side of this inequality 

tends to zero uniformly with respect to ( )21, θθ  because of assumption 

.3H  

On the other hand, hypothesis 3H  implies there exists a constant B 
such that 

( ) ( ) .2121 Buh
hyhxKuh

hyhx
≤+

θ+−θ−
+

θ+−θ−  

We then have 

( )( ) ( ) 121 −
≤≤−

+
θ+−θ−

χ δδ huh
hyhxKu

hh u  

is bounded by ( ) .1 1η−− yx
B  

Similarly there exists a constant C such that 

( ) ( ) .3121 Cuh
hthxKuh

hyhx
≤+

θ+−θ−
+

θ+−θ−  

and 

( )( ) ( ) 131 −
≤≤−

+
θ+−θ−

χ δδ huh
hthxKu

hh u  
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is bounded by ( ) .1 2η−− tx
C  

Therefore, if δ  is small enough and n sufficiently large we have, for 

huh
δ≤≤δ−  

( ) ( ) ( ) 131121 −− +
θ+−θ−

+
θ+−θ− huh

hthxKhuh
hyhxKuK  

( )
( ) ( ) .11 21 η−η−−−

≤ txyx
uKBC  

( )uK  being integrable , by dominated convergence theorem, the integral 
in the right-hand side of (1) tends to zero as ,+∞→n  uniformly with 

respect to ( ).,, 321 θθθ  Hence 0→∫ δ≤v
 as +∞→n  uniformly with 

respect to ( ).,, 321 θθθ  

Let ;∫ δ>v
 write it in the form 

( ) ( ( h
hyhxvKhh

vKvh
vv

2111 θ+−θ−+
= −−

δ>δ> ∫∫  

( )) ( ) .1311 dvv
hvxf

h
hthxvKh θ−+θ+−θ−+−  

It does not exceed 

( ) ( ) 1211sup1 −−

δ>δ>

θ+−θ−+
δ ∫ hh

hyhxvKhh
vKh

v
vv

 

( )) ( ) .1
31 dvhvxfh
hthxvK θ−+

θ+−θ−+  (3) 

Making the change of variable ,1hxvu θ−+=  this integral is less than 

( ) ( ) ( ) ,3121 duufh
htuKhh

hyuKh θ+−θ+− −−∫R  

and this quantity tends to zero as +∞→n  uniformly with respect to 
( )32, θθ  according to the Lemma 2.3 [2] (valid under assumption 1C  or 
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2C ). Since ( ) 0sup →
δ> h

vKh
v

v
 as ,+∞→n  the proof of the lemma is 

complete. 

Theorem 2.3. Assume that 

hypothesis 1C  or 2C  verified. 

Then, under hypothesis 6H  and ,7H  we have for all ,0>b  

[ ] [ ]
( ) ( )αα

≤≠≠≠≤
∈+∞→

−−∑ z
jh

z
ih

h
zilji

bzn
11suplim

0
,0

 

( ) ( ) ( ) ( ) ( ) .01 =−−−− ∫α duufh
lhuKh

jhuKh
ihuKz

lh
R

 

Proof It is an extension of theorem 2.5 [2] in three dimensional 
space. 

Let [ ] [ ] [ ].,0,0,0 bbb ××=∆  We can write for all z in [ ],,0 b  

[ ]
( ) ( ) ( ) ( ) ( ) ( ) ( )duufh

lhuKh
jhuKh

ihuKz
lh

z
jh

z
ih

h
zilji

−−−−−− ∫∑ ααα

≤≠≠≠≤
R

111
0

 

{( ) }
( ) ,,,

0:,,
dtdydxtyxn

yttxyxtyx
Φ≤ ∫∫∫ >−−−∆∈

 

where 

( )
[ ]

( ) ( )h
ihuKtyx

h
tyx lhjhih

h
zilji

n
−χ=Φ ∫∑ ∆×∆×∆

≤≠≠≠≤
R

,,1,, ,,,
0

3  

( ) ( ) ( ) .duufh
lhuKh

jhuK −−  (4) 

Let ( ) .,,, ,,, iljityx lhjhih ≠≠≠∆×∆×∆∈  

With the representation ihhlthhjyhhix θ≤θ+=θ+=θ+= 0,,, 321  

.3,2,1,1 =< i  (4) becomes 

( ) ( ) ( ) ( ) .1 321
3 duufh

htuKh
hyuKh

hxuK
h

θ+−θ+−θ+−∫R  
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Let ( ).2,2,2min yttxyx −−−
=δ  With the change of variable 

,1hxuv θ+−=  we split the integral above in the following form 

( ) ( ) ( ) ( ) .1 3121
3 ∫∫∫ δ>δ≤

+=
θ+−θ−θ+−θ−

vv
duufh

hthxKh
hyhxKh

vK
h R

 

We then have 

{( ) }
( ) dtdydxtyxn

yttxyxtyx
,,

0:,,
Φ∫∫∫ >−−−∆∈

 

{{( ) } [ ]
( )( ).,,,

0
0:,, ,, ∫∫∑∫∫∫ δ>δ≤

∆×∆×∆

≤≠≠≠≤
>−−−∆∈

+χ≤
vv

lh
ilji

yttxyxtyx
tyxjhih

h
b

 

The proof is conducted as follow: 

First consider 

{( ) } [ ]
( ) .,,,,,

0
0:,, ∫∑∫ ∫ ∫ δ≤

∆×∆×∆

≤≠≠≠≤
>−−−∆∈

χ
v

ilji
yttxyxtyx

tyxlhjhih

h
b

 

Let ( ).sup xfA x R∈=  The notations being as in the proof of Lemma 2.1 

and we suppose 4
bh ≤  for n large enough. We have, following inequality 

(1) 

( )( ) ( ) ( ) 121 −
≤≤−δ≤

+
θ+−θ−

χ≤ δδ∫∫ huh
hyhxKuKuA

hh uv R
 

( ) .131 duhuh
hthxK −+

θ+−θ−  (5) 

Write 

( ) ( )uh
hyhxKhuh

hyhxK +
θ+−θ−

=+
θ+−θ− − 21121  

( )uh
hyhxbK +

θ+−θ−+
− 212  
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( ) 1212 −+
θ+−θ−+

+ huh
hyhxbK  

( ( ) ( ) ) .22 121 −+
θ+−θ−+

+λ≤ huh
hyhxbKh

b  

Express ( ) ) 1212 −+
θ+−θ−+ huh

hyhxbK  as 

( ) .2
122 21

huyxbuh
hyhxbKh

huyxb
+−+

+
θ+−θ−++−+  

Let ( )yyKB y R∈= sup  and ( ) ,sup yKC y R∈=  then we have 

( ) .222 21 CBuh
hyhxbKh

huyxb
+≤+

θ+−θ−++−+  

Hence 

( ) ) .2
22 121

huyxb
CBhuh

hyhxbK
+−+

+≤+
θ+−θ−+ −  

Therefore 

( ) ( ) .2
22 1121

huyxb
CBhh

bhuh
hyhxK

+−+
++λ≤+

θ+−θ− −−  

Similarly 

( ) ( ) .2
22 1131

hutxb
CBhh

bhuh
hthxK

+−+
++λ≤+

θ+−θ− −−  

Since δ+≤≤δ− hu  we have huyxbb +−+≤ 24  and +−+≤ txbb 24  

.hu  Hence 

( )hO
b
AD

v
+≤∫ δ≤ 2

16  

D being the finite bound of ( ) ( ) ,2 duCBuK +∫R  and this inequality is 

true for all ( )tyx ,,  in ( ){ }.,,, xtyxtyx ≠≠≠∆∈  
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For all u, we have from the proof of the Lemma 2.1 

( ) [ ] [ ] [ ] ( )( ) ( ) ( ) 121
1,01,01,0,, 321

sup −
≤≤−××∈θθθ

+
θ+−θ−

χ δδ∫ huh
hyhxKuKu

hh uR
 

( ) duhuh
hthxK 131 −+

θ+−θ−  

tends to zero as +∞→n  except on the complement in ∆  of  
( ){ }xtyxtyx ≠≠≠∆∈ ,,,  which is dxdydt- measure nul. 

Therefore, by Lebesgue-dominated convergence theorem 

( ) dtdydxtyx
v

h
bilji

n lhjhih ∫∫ ∑∫ ∫ δ≤
∆×∆×∆





≤≠≠≠≤

∆+∞→
χ ,,lim ,,,

0

 

.0lim == ∫∫ ∫ ∫ δ≤+∞→∆
dtdydx

vn
 

Consider finally 

( ){ } [ ]
( ) .,,,,,

0
0:,, ∫∑∫ ∫ ∫ δ>

∆×∆×∆

≤≠≠≠≤
>−−−∆∈

χ
v

ilji
yttxyxtyx

tyxlhjhih

h
b

 (6) 

We use expression (3) in the second part of the proof of Lemma 2.1 by 
analogous reasoning. 

( ) ( )h
hyhxvKhh

vKh
v

vvv
211sup1 θ+−θ−+

δ
≤ −

δ>δ>δ> ∫∫  

( )) ( ) .1
311 dvhvxfh
hthxvKh θ−+

θ+−θ−+−  (7) 

Making the change of variable ,1hxvu θ−+=  the integral of the right-
hand side of (7) does not exceed  

( ) ( ) ( ) .3121 duufh
htuKhh

hyuKh θ+−θ+− −−∫R  

Let .2
10, <ε<≥δ εh  We have 
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( )
( ) [ ] [ ]

( ) 121
1,01,0,1

32
supsup −−

×∈θθε+
>δ>

θ+−
≤ ∫∫ ε

hh
hyuKhh

vK
h

v

hvv R
 

( ) ( ) .3 duufh
htuK θ+−  (7) 

When writing ( ) ( ) ( ) +≤
θ+−θ+− ∫∫ δ≤

−−

v
duufh

htuKhh
hyuKh 3121

R
 

∫ δ>v
with the change of variable ,3htuv θ+−=  and 2

yt −
=δ  we 

proved in [2] that, under the hypothesis 1C  or 2C  we had, for ,ε≥δ h  

( ) ( ) ( ) ( ) .supand,4
2

1
1 duhyufh

uKhh
vK

h
vtyh0b

AD
hvvv

θ−+≤≠+≤ −
ε+

>δ>δ≤ ∫∫∫ ε R
 

Since ( ) ( ) ( ) ,2
1 duuKAduhyufh

uKh ∫∫ ≤θ−+−

RR
 we deduce that the 

right-hand side of (7) is bounded except on the set .0=δ  Hence ∫ δ>v
 is 

bounded except on ( ){ }0:,, =δ∆∈tyx  which is dxdydt- measure nul. ∆  
being bounded, hypothesis 7H  implies that the integral in (6) tends to 
zero as .+∞→n  

The proof of the lemma is then complete. 

Proof of Theorem 2.1. For sake of simplicity in the notations, K 
stands for vK  and nP  for .v

nP  

It is sufficient to prove : 

on the one hand ) ( ( )( ) ( ) 0,,1 →α−α zPzPEn n  as +∞→n  

and on the other hand ) ( ) ( ( ))
( ( ))

( )1,0
,

,,2 N
zPVar

zPEzP

n

nn →
α

α−α  as  

.+∞→n   

Let 00 ≥x  be the infimum of the support of f. Observe first that 
( ) 0lim

0
=

→ z
zF

z
 if 00 >x  and ( )0f  if .00 =x  Therefore ( )

z
zF  is bounded. 
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Let [ ]zihih ,0,, ∩∆=∆  and Bχ  the indicator function of a set B. We have 

( ( ))
[ ]

( ) ( ) ( ) ;1,
0

duihuhfuKhz
ihzPE

h
z

i
n +−=α ∫∑ α

= R
 

which can be written in the following form 

[ ]
( ) ( ) ( ) ( ) dxduihuhfuKz

ihx
ih

h
z

i

z
+−χ ∫∑∫ α

∆
=

R
1

,
00

 

( ( ) ) (
[ ]

) ( ) (
[ ]

) .11 duz
h

uhfuKz
h

zh
zh h

z
h
z

+−−+



+ ∫α R

 (8) 

We have 

( ( ) ) (
[ ]

) ( ) (
[ ]

) ( ) ( ) .sup11sup duuKxfhduz
h

uhfuKz
h

zh
zh

z
h
z

h
z

z ∫∫ ∈

α

∈
≤+−−+





RRRR

(9) 

Because of assumption 2H  we can write 

( ) ( ) ( ) ( ) .1,
0

dxxdufuKz
xzP

z

∫∫ α−=α
R

 (10) 

Let .,ihx ∆∈  By considering the terms in (8) and (10) we get : 

( ) ( ) ( ) ( ) ( ) ( )xdufuKz
xduihuhfuKz

ih ∫∫ αα −−+−
RR

11  

( ) ( ) ( ) ( ) ( )duuKxfz
xihuhfz

ih




 −−+−= αα∫ 11

R
 

( ) ( ) ( ) ( ) duuKxfz
x

z
ih αα −−−≤ ∫ 11

R
 

( ) ( ) ( ) ( ) .1 duuKxfihuhfz
ih −+−+ α∫R

 (11) 

If ihx ,∆∈  we have by the mean value theorem applied to the function 
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( ) ( ) ( ) ( ) z
h

z
x

z
ih

z
xxg α≤−−−−= ααα 211,1  because 0=α  or .1≥  

Therefore, denoting by ( )xI i
1  the first integral of the right hand-side of 

(11) and ( )
[ ]

( ) ( ),1
0

1 ,
xIxxI i

i
ih

h
z

∆
=

χ= ∑  we have 

( ) ( ( ) ( ) ) ( ) ( ) .22
0

1
0 z

zFduuKhdxduuKxfz
hdxxI

zz







α=α≤ ∫∫∫∫ RR
 (12) 

Denoting by ( )xI i
2  the second integral of (11) and 

( )
[ ]

( ) ( ).2
0

2 ,
xIxxI i

i
ih

h
z

∆
=

χ= ∑  We have : 

( )
[ ]

( ) ( ( ) ( ) ( ) )dxduuKxfhxuhfxdxxI ih

h
z

i

zz
−θ−+χ≤ ∫∑∫∫ ∆

= R,
00

2
0

 

( ) ( ) .1
0

dxduuKuzCh
z








 +≤ γγ ∫∫ R
 (13) 

Since 

( ) ( ) ( ) ,21
0 z

zFduuKhdxxI
z








α≤ ∫∫ R
 

we get, together with the right hand side of (9) 

( ( )) ( )( ) ( ) ( ) dxduuKuCznhzPzPEn
z

n 






 +




≤α−α γγ ∫∫ 1,,
0 R

 

( ) ( ) ( ) ( ) .2sup 11










α++ ∫∫ γ−

∈

γ−
z
zFduuKhduuKxfh

x RRR
 

The integrals in the braces exist. Hence the first part is proved. 

For the second part, define 

[ ]
( ) ( ) ( ) ( ).,111 3

0
iiiii

i

l
i UEetUEnih

lhXKz
lh

nU

h
z

µ−=β=µ=
−

−= α

≤≤
∑ …  
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Let ( ) .3
1

1 i
n

inB β= ∑ =
 We shall obtain the statement 2) if, by 

Liapounov's theorem, we prove 
( ( ))

0
,

→
αzPVar

B

n

n  as .+∞→n  

Consider ( ) .33
iUEn  If we develop it, we have 
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The first term of the right hand-side of this inequality tends to 

( ) ( )zFdyyK 






∫ 3
R

 as +∞→n  because of Corollary 2.1 [2] (with  

2,0 K=α  replaced by 3K ). The second term does not exceed 

( )
[ ]

( ) ( ) ( )duufh
jhuKh

ihuKyK

h
zji

y

−−∫∑
≤≠≤

∈ RR
0

sup  and tends to zero with 

the third term because of Theorem 2.5 [2] and Theorem 2.3 ( ).0with =α  

The remainder terms in ( 33
iiUEn µ−  are expressed in Theorem 2.3 [2] 

and 2.4 [2] and their limits exist. Hence, since ( ( )) ( )nOzPVar n
1, =α  

[2], we have 

( ( ))
(

( ( ))
)

α
=

α ,,
3
1

zPVarn
nO

zPVar
B

nn

n  

( )2/1

3/1

n
nO≅  

which tends to zero as .+∞→n  This completes the proof. 

Proof of theorem 2.2. We have ( ( )) ( )( ) 0,, →α−α zPzPEn v
n  as 

+∞→n   by Lemma 2.2 [2]. The second part remains unchanged. The 
proof is complete. 



GALAYE DIA 36

Remark 1. To construct a confidence interval we proceed as follow. 
For ,10 <β<  let 

21 β−
q  be the −β quantile of the standard normal 

distribution; for exemple .05.0=β  

Since ( ( )) 0, ≥αzPVar v
n  for all z and ( ( )) =α

+∞→
,lim zPnVar v

nn
 

( ) ( ) ( ( ))22 ,2, α−α






∫ zPzPdyyKv
R

 (see Theorem 2.3 and 2.4 in [2]), we 

have ( ( )) 0,lim =α+∞→ zPnVar v
nn  for z such that ( ) ( ) −α







∫ 2,2 zPdyyKv
R

 

( ( )) .0, 2 ≤αzP  Therefore, the asymptotic efficientcy ( )α,ze vK  satisfies 

( ) ( ( ))
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( ) .
,ˆ
,lim,0 2 dyyK

zPnVar
zPnVarze v

n

v
n

n
Kv ∫≤α

α
=α≤

+∞→ R
 The ( )%1100 β−  

confidence interval for ( )α,zP  is then 

( ) {( ( ) ) ( ) ( ( )) } nzPzPdyyKqzPCI v
n

v
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v
n /,2,, 2

1

2

22
1

α−α±α= ∫β− R
 

as long as ( ( ) ) ( ) ( ( )) .0,2, 22 >α−α∫ zPzPdyyK v
n

v
nv

R
 We conclude that, the 

length of the confidence interval for ( )α,zP  associated with our 
estimator is asymptotically lower than that of the empirical estimator, 

the coefficient being { ( ) } .12
12 <∫ dyyKv

R
 

Remark 2. ( )dyyKv
2∫R  may be considered as a weight. Greater 

weight is attached to higher poverty line. So, in order to perform a 
normality test or to construct a confidence interval concerning ( ),, αzP  

we must have the constraint ( ) ( ) ( ) .1,0,, 2 ≥α<<α ∫ dyyKzPzP v
R

 

Remark 3. Let us consider the following family of kernels ( ) =xKv  
( )
( )

.0, >

∫
v

vxK
vxK

R

 It is easy to verify that they satisfy assumptions  
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.71 HH −  Moreover, ( ) ( ) .22 dyyKvdyyKv ∫∫ =
RR

 Therefore Γ  can be the 

interval 
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
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
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R

 

As an illustrative exemple for the Gauss's kernel, let v be equal to ,1
σ

 

then ( ) .
2

1 22

2

σ
−

πσ
=

x

exKv  We have ( ) .
2

12
πσ

=∫ dyyKv
R

 Let 

,,2,1, …=kpk  be any increasing sequence of real numbers, 

,10 << kp  and converging to 1. ( 9,,1,10 …== kkpk  if we are 

interested in the deciles or 3,2,1,4 == kkpk  for the quartiles). By 

setting kp=
πσ2

1  for ,,2,1 …=k  we obtain successive kernels 

corresponding to .
2

1
π

=σ
kp

  Therefore, the test or the confidence 

interval will concern all pz  quantile of the distribution ( )0,zP  such that 

.,2,1, …=< kpp k  

This just described process can be thought of as a test or confidence 
intervals generated by a moving kernel process. 

Finally, we give the following theorem which will be useful for 
further research on testing statistical dominance method, different from 
the version of Kolmogorov-Smirnov type statistic ( see [3] and the 
references therein). 

Theorem 2.4. Assume the conditions of Theorem 2.1 or 2.2 hold. 
Then ( ) ( ( ))α−α ,, zPEzP v

n
v
n  is asymptotically normal with mean zero 

and covariance such that, for ,0 21 zz ≤<  we have 

( ( ) ( )) ( ( ) )dyyKzPzPnCov v
v
n

v
nn

2
21 ,,,lim ∫=αα

+∞→ R
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( ) ( ) ( ) ( ) ( ).,,11 21
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Proof. After straightforward calculations, the only equality that 
remains to show is the following 
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 (14) 

Let α  be an integer. As in [3] we use the binomial formula 
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which is equal to  
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Since ( ) ( ) ( ) ( ( ) ) ( )lzPdyyKduufh
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
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as +∞→n  by Corollary 2.1 [2] and the sum with respect to l in (15) is 
finite, (15) becomes as +∞→n  

( ( ) ) ( ) ( ) ( ) .1
1

1
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2 dxxzxzzz
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This expression is the binomial form of the right-hand side of (14). 
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If α  is not an integer, we can obtain, in a slight general setting of our 
previous paper [2], that the result is again true.  

The proof is then complete. 
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