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Abstract

In this paper we study the kernel estimator of Foster, Greer and Thorbecke class

Z2—X
z

of measures P(z,a)= JOZ( )*f(x)dx, where z is the poverty line, f(x) the

density of the income distribution and Q the so-called poverty aversion [1]. The

asymptotic normality of the estimator is established.

1. Introduction. The Kernel Estimate of The Poverty Index

Let F' be the cumulative distribution function of the income variable X

from a population, (Xj, ..., X,,) a sample of this distribution. The F.G.T
z 5

class of poverty measures is defined by P(z, o) :J (% ) dF(x),
0

a>0. If z <0 weset P(z,a)=0. These poverty measures are commonly
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n . o
estimated by P,(z, o) = %Z(l - é) wherex, = max (x, 0) [7]. This

i=1 +
empirical estimator is unbiased, consistent and has a limit normal law
with zero mean and variance equal to n '(P(z, 20)- (P(z, o))?).

P,(z, a)- P(z, o)
V(By(z 20 - (B (2 0)))

built confidence interval for the poverty measure. So, asymptotic normal

Therefore, the statistic T = Vn can be used to

estimator with smaller variance will be in generally preferable to

Isn (2, a).

In a previous work [2] we proposed a new method of kernel estimate

based on Riemann sum, namely the following estimator :

H
P,(z, a):%ZZ(l—%)“K(JTL) for « =0 or a>1,
‘300

where [%} stands for the integer part of %, h 1is a positive function of

the sample size n such that A > 0 as n —» +o and K a Riemann
integrable kernel. We note that if o =0 then P(z, a)= F(z) the

distribution funtion of X, therefore the earlier estimator is new compared

with the one proposed by Sing et al. [8].

Two hypotheses are made about the density f we suppose bounded.
That is :

C; : f is uniformly continuous
C, : f admits almost everywhere a derivative f' belonging to L;(R).
For each case, the convergence of the above estimator was established.

The following hypotheses are considered about the kernel K, that is :

H;) sup |K(x) < +w, Hy) I K(x)dx =1, Hg) lim |[xK(x)| = 0.
R X —>Fo0

—00<X <+00
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H, ) K is of bounded variation V¥ K on R.

Hjy) I [uK(u)| du < +o.

R
Hg) There exists a nonincreasing function A, such that for all x, x' we
have |K(x)- K(x')| < M(]x — x'|) and AMu)—>0, u—>0, u>0.

Moreover A( %) = 0(h) on bounded intervals.
h

|K(%)|—>0,0<a<%,as%—>+oo.

d
|h|1+8

Hy)

We showed that the asymptotic efficientcy of P,(z, o) relatively to

P,(z, ) is
e 0) = ([ K20 dPle, 20~ (Pley ) | PGe, 20) - (Pl o)

We have eK(z, a) < I KZ%(y)dy < 1 for the usual kernels [6] p. 1068,
R

see also Remark1 below.

Throughout this paper the hypotheses H;, Hy, H3 are supposed

verified. We consider a family of kernels K,, v e I' ¢ R}, R} being the
set of strictly positive real numbers, about which we make respectively

the same hypotheses H; — H;. Denote by P> the estimator of P(z, o)

when we replace Kby K, in P,. We suppose I Kg(y) dy <1 for all v.
R

2. The Limit Law

Our main results are the following :
Theorem 2.1. Assume that

(1) f satisfies a C-Lipschitz condition of order vy, 0 < y <1,

2) j |y'K,(y)| dy < +o for all v >0 and hypotheses Hg and Hy
R
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hold. If nh®' — 0 as n — +m,

then

Pl(z, o) - P(z, a)
Var(P}(z, a.))

— N(0,1), n — +o

provided (J‘ K2(y)dy)P(z, 2a) - (P(z, oc))2 > 0.
R
Theorem 2.2. Assume that
(1) hypotheses Co, Hs — Hy hold,
2) nh? > 0asn — +00,
then

PJ(z, a) - P(z, a)
\/Var(P,f(z, a))

— N(0,1), n — +o

provided j K0 dy)P(z, 20) = (P(z @) > 0.

Var stands for variance.

Evidently assumption (1) of Theorem 2.1 implies hypothesis C; is

satisfied.

We need the following lemma which is valid if hypothesis C; or Cq

is verified :

Lemma 2.1. Let 0<0; <1;i =1, 2, 3. Then for all x, y,t pairwise

different we have :

lim sup (hg-.‘ |K(u—x+61h)K(u—y+62h)
n—+ (6;, 05, 05 )<[0, 1]x[0, 1]x[0, 1] R h h

k(UL )|f(u)duj _ 0.
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Proof. It is a generalisation of Lemma 2.3 [2].
Let 6 > 0. Define, as in Masry [5],

I,(x, y) = h_g-.‘RlK( u —xh+ 01h K ( u —yh+ 09h K ( u —t};i— 03h )|f(u)du

- [ (R (ARSI )

V+x—-601h—t+03h
h

(W LK( Nf(x +v—6h)dv

o S
<8 [v|>&

Since fis bounded on I = [x — §, x + 8], we have for h large enough

x —0;h—y+05h
J. | Ssupf(x+v—91h)J. 5 6|K(u)K( 1 hy 2 tu)
bl<8  |u<d —ySusy
(- elh}: L 0sh T du Q)
_ _ x—0h—y+065h 1
= suplf(x + v~ 01h) | by WKWK = +ulh
(X elh}: LTSS IE
Write
|K(x—61h;ly+62h +u)h71 _
x—elh—y+92h x—elh—y+92h 1
I h +u)( h MLy w ey eyl
We have:
1 1

|x—91h—y+92h+hu|_ |x—y||1—91_92_uh|'
x-y
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Since |y S% we may choose & small enough and n; such that for

_62_”h|s 2hp, +0
e = o] e = o]

0
n > ny we have | -1 =1y < 1. Therefore

1 1

<
|x—91h—y+92h+hu|_|x—y|(1—n1)' @

We deduce that

x—01h—y+65h
A +

x—elh}—ly+62h+u)

| K( wh™| < |(
x—01h—y+09h 1

K : S S

Since |65 — 0;] < 1, for fixed u, the right-hand side of this inequality
tends to zero uniformly with respect to (61, 05) because of assumption

Hj.

On the other hand, hypothesis Hg implies there exists a constant B
such that

x—Olh—y+62h+

( . x—Olh—y+62h+

WK

u) < B.

We then have

( ]K(x—elh;ly+62h+u)h_1|

(-2<u<
Fsus

b|oa

B
e —2(1-mp)°

Similarly there exists a constant C such that

is bounded by

x—Glh—y+92h+

' - x—0ih—t+0sh

WK (=

u) <C.

and

x—0h—t+03h _
(“d<u %()|K( L A = uh

h™
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¢
lx —#/(1-mg)

Therefore, if & i1s small enough and n sufficiently large we have, for
)

u<—

5
[

1s bounded by

x—elh—y+92h+

x—elh—t+93h+
h

|K(@)K( -

w)h 1K( u)h !

BC|K(u)
- 0-m)d-ny)

|K(u)| being integrable , by dominated convergence theorem, the integral

in the right-hand side of (1) tends to zero as n — +oo, uniformly with

respect to (0;, 09, 03). Hence J — 0 as n — +o uniformly with
v|<d

respect to (01, 09, 03).

Let I ; write it in the form
[o]>8

J‘ :J' |vh_1K(2)(h_1K(v+x—91h—y+92h
p>5  Jf>5 h h
_ v+x—01h—t+03h x+v-0{h
h IK( lh 3 ))l f( . 1 )dv.

It does not exceed

elh—y+ ezh

v+x -1
ssup| L KGOI[ - Jh )
8o h >3 h

K

(v+x—91h—t+93h

A )|f(x + v —061h)dv. 3)

Making the change of variable u = v + x — 0;h, this integral is less than

_ u—-7y+09h _ u-—t+03h
N e O N O

and this quantity tends to zero as n — +oo uniformly with respect to

(89, 83) according to the Lemma 2.3 [2] (valid under assumption C; or
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C,). Since sup|%K(%)| — 0 as n — 4w, the proof of the lemma is
[o]>6

complete.
Theorem 2.3. Assume that
hypothesis Cy or Cq verified.
Then, under hypothesis Hg and Hy, we have for all b > 0,

lim sup Z (1- % ) (1 - % )

n—+o0
z<l0, o] 0Si¢j¢l¢is[%]

u-1h

7 )f(w)du = 0.

(-2 [ KSR K

Proof It is an extension of theorem 2.5 [2] in three dimensional
space.
Let A = [0, b]x [0, b] x [0, b]. We can write for all zin [0, b],
iAoy jhapn e w=ih o u—jh
> a-Sra-Lra-ef KSR

0<i=j#l#i< %

K () du

< j_” @, (x, y, t)dx dy dt,
{(x, y, t)eA:|x—y||x—t|[t-5/>0}

where
1 u-—1ih
(Dn(x, Y, t) = _3 Z X‘Ah,iXAh,jXAh,l(x’ Y, t) leK( h )

0£i¢j¢l¢i£%

u-—1h
h

K k(A ) du. @

Let (x, y’t)eAh,i XAh,jXAh,l,iijilii.
With the representation x = hi+01h, y=hj+09h, t =hl+03h, 0<0;
<1,i=1,2,3. (4) becomes

1 u-—x+06h u—y+0sh u-—t+06sh
h—3JR|K( R R (R e (A ) ) d
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_ min( oA ot -
Let & = min( T

U =u—x+ 01h, we split the integral above in the following form

IJ‘ v x—01h—y+05h x—01h—t+03h J' J'
— | |[K(+)K K u)du = + .
e e L R LLCE e

yl) With the change of variable

We then have

J.J.J. @, (x, y, t)dx dydt
{(x, y, t)eA:|x—y||[x—¢|[t -5/ >0}

= J.J.J‘{{(x, 3.8 A: fe—ylx—lt—y]>0} 2 ]XA’WXAh’J‘XAh’l(x’ Y t)(J.‘U‘§8+LU‘>6).

0<i#j#l#i< %

The proof is conducted as follow:

First consider

XA . X, y,t j‘ .
”I{(x 3. 0) €0 =lle—tle—3]>0} 2 it e ) <5

_z¢]¢l¢z<—

Let A =sup,.g f(x). The notations being as in the proof of Lemma 2.1

and we suppose h < % for n large enough. We have, following inequality

1)

.[US;;SAJ.R K(-3<usd) WK (u )K(x—elh;lywzh !
K(x—elh;—lt+93h +u)ht|du. -
Write
e AL L AL

h

2b+x—61}l;—y+92h+u)

- K(
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2b+x —01h —y+ 050
h

+ K( +u)ht

2b+x —01h—y+ 050
h

< (x(%b)+|K( fu))hL.

2b+x—61h—y+92h

Express | K( A

+u))h 7t as

|20 +x—y+hu| . 2b+x—0h—y+05h 1
h & h Yy

Let B = sup,.g|yK(y) and C = sup,.g|K(y)|, then we have

|2b+x;ly+hu||[<(2b+x_91:_y+e2h+u)|sB+zc.
Hence
2b+x—61h—y+92h *1< B +2C
|K( A +u)|)h T2b+x—-y+hy’
Therefore
x—01h—y+065h -1 ¢ 2b\, 1 B+2C
| K( A +uh |—}‘(h)h +|2b+x—y+hu|'
Similarly
x—0h—t+0sh g 2. 4 B +20
(20 _ b+
| K( 7 +u)h |—7‘(h )h +|2b+x—t+hu|.

Since —§ < hu < +8 we have %S|2b+x—y+hu| and %S|2b+x—t+

hu|. Hence

J‘ < 16AD

s g2 +O(h)

D being the finite bound of I |K(u)|(B +2C)du, and this inequality is
R

true for all (x, y,¢) in {(x, y,t) e A, x # y #t # x}.
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For all u, we have from the proof of the Lemma 2.1

- 0:h - 05h
o e (W K@K (222220

su u)h
(01,049,053 )el0, %x[o, 1]x[0, 1] J.RX(‘ES“—E h )

K( whtdu

x—01h—t+063h
h

tends to zero as n — +oo except on the complement in A of

{(x, y,t) e A, x # y # t # x} which is dxdydt- measure nul.

Therefore, by Lebesgue-dominated convergence theorem

li “j o ,,tjdddt
nlgkloo A Z ) XAhleAh’]XAhyl(x y ) <5 x ay

<i#j i<| —
O_z¢]¢l¢z_[h}

:J” lim [ dxdyd: = o0.
A N—>+0 ‘U‘SS

Consider finally

jjj {5 3 e fe—letle-510) Z ]XAhLXAhJXAhl( , Vs t)jv> (6)

_l¢j¢l¢l<—

We use expression (3) in the second part of the proof of Lemma 2.1 by

analogous reasoning.

1 v J‘ V+x—6h—y+05h
< —sup|—
-[v>6 5\v\>r8)|h )l K h )
V+x—-0h—t+03h
h

hK( DIf(x +v—6,h)dv. (7

Making the change of variable u = v + x — 6;h, the integral of the right-

hand side of (7) does not exceed

[ R [ e VL

h

Let § > A%, O<a<— We have
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[v

v WK y+02h 101
< sup ) sup I (—) h
Jops 2 K it |
t+03h
K(—3)|f( )du. (7
When writingJ. |h_1K(%+e2h)||h_1K(t—+e3h)|f(u)du < J' e
R <3

J _ with the change of variable v=u—-t+6sh, and 8= ; _2y|
v>0

proved in [2] that, under the hypothesis C; or Cy we had, for 8 > h,

\J“ \<S‘< 4AD+0(h) yitand\j < sup|

lof>3

sl KRG [ IR RGO+ = 030
[v|>A®

Since |J |n LK ( % Wf(w+y—65h)du < AJ |K(u) du, we deduce that the
R R

right-hand side of (7) is bounded except on the set & = 0. Hence |I ‘ 1s
v|>0

bounded except on {(x, y,¢) € A : § = 0} which is dxdydt- measure nul. A
being bounded, hypothesis H; implies that the integral in (6) tends to
Zero as n — +o.
The proof of the lemma 1s then complete.

Proof of Theorem 2.1. For sake of simplicity in the notations, K
stands for K, and P, for P}.

It is sufficient to prove :

on the one hand 1)vVn(E(P,(z, a)) - P(z, a) = 0 as n — +»

Py(z, a) - E(P, (2, 0))
VVar(B,(z, o))

and on the other hand 2) — N(0,1) as

n — +oo,

Let x9 >0 be the infimum of the support of f. Observe first that

lin%@ =0 if x5 >0 and f(0) if xy = 0. Therefore @ is bounded.
z—>
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Let Aj; = Ap; N[0, 2] and 3 the indicator function of a set B. We have

A
E(Py(z,0))= Y (1~ % )R j K(@)fh + ih)du
i=0

which can be written in the following form

J.OZ gXAhJ (x) (1 - % )(XJ.RK(u)f(uh + ih) du dx

hlz hlz
(5 |+ -2)0- M F | K@ + M Jaw. ®
We have
Sup|(h([ }1)_ )a j K(w)f(uh + i ])du|<hsupfx)j |K ()| du.
€
Because of assumption Hy we can write
P(z,a) = J.OZ (1- g )aJRK(u)duf(x)dx. (10)
Let x € Kh,i- By considering the terms in (8) and (10) we get :
1 - % ) J' RK(u)f(uh +ih)du - (1-3)* IRK (w) duf(x)|
- |j [ (L= 22) fluh +ih) - (1- = )“f(x)}K(u)dul
< IR|(1 S - K ()
o [ 0= h + i) = FIK @) du D

If x € Aj,; we have by the mean value theorem applied to the function
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g(x)=(1—§)°‘,|(1—%)a—(1—§)G|S% because a=0 or >1.

Therefore, denoting by Ili (x) the first integral of the right hand-side of
0

(11) and I(x) = ngh ()11 (x), we have
i=0

I I (x)dx < @ (J f(x)|K(w)|du)dx = 2ah(j |K(u)du|j F(Z) (12)

Denoting by I é (x) the second integral of (11) and
;]

Iy(x) = Z L, (x)I%(x). We have :
i &l
Iolz(x)dx < jo ;XAh’i(x)(J.RV(uh tx — k)~ f(x)||| K()|du) dx
< o'z 02 [ [ (" + 1)|K(u)|duj dx. (13)
Since

J: I, (x)dx < 20h [JR|K(u) |duj @ ,

we get, together with the right hand side of (9)
z

R(E(P,(z, @) - P(z, a)) < hwﬁ{cz j [ I (" + 1)|K(u)|duj dx
0 R

+ Al 3561611% f(x)IR|K(u)| du + 2ah1_V(JR|K(u)| duj @}

The integrals in the braces exist. Hence the first part is proved.

For the second part, define

z

1 Lh X;-lh..
Ui=— (1-—)* K (= )i=1..nu; =EU;)etp; = B(|U; - [*).
0<l<2]
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n 1 . .
Let B, :(Zilei)S' We shall obtain the statement 2) if, by

. B
Liapounov's theorem, we prove L — 0 as n > +o.

VVar(P,(z, o))

Consider n’E(U; )?. If we develop it, we have

% u-—1ih u—ih u-jh
E(U3)) s;;j K dus Y r[RKQ( KT ) f(w)du +

Osi¢js[%

= JR'K(uiih IR ) .

Osi¢j¢l¢is[%

The first term of the right hand-side of this inequality tends to

(I |K3(y)|dij(z) as n — +o because of Corollary 2.1 [2] (with
R

o =0,K2 replaced by |K3|). The second term does not exceed

sup|K ()| Z J |K( u—ih K (Y= ]h )|f(w)du and tends to zero with
yeR R h

0sizj<[2

the third term because of Theorem 2.5 [2] and Theorem 2.3 (with a = 0).
The remainder terms in nSE(|Ui - |3 are expressed in Theorem 2.3 [2]
and 2.4 [2] and their limits exist. Hence, since Var(P,(z, o)) = O( %)

[2], we have

B n%
n - o
JVar(P,(z, a)) n\/Var (2, o)) )
n1/3
= O( L7z )

which tends to zero as n — +o. This completes the proof.

Proof of theorem 2.2. We have J;(E(P,f(z, a))- P(z, oc))—) 0 as
n — 4o by Lemma 2.2 [2]. The second part remains unchanged. The

proof is complete.
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Remark 1. To construct a confidence interval we proceed as follow.
For 0<B<1, let q, p be the B-quantile of the standard normal
2

distribution; for exemple p = 0.05.

Since Var(Pi(z,a))>0 for all z and lim nVar(P)(z,a))=

n—>+o0

(IRKg(y)dyjP(z, 20) - (P(z, a))* (see Theorem 2.3 and 2.4 in [2]), we

have lim,,_,,, nVar(P;(z, o)) =0 for z such that (I K2 (y)dy]P(z, 20.) —
R

(P(2, 0))? < 0. Therefore, the asymptotic efficientcy eXv(z, o) satisfies

v
0<eKo(z o) = Tim V@ Un(2a)) s_[ K2(y)dy. The 100(1-pB)%
n=>+o nVar(P,(z, o)) JR

confidence interval for P(z, a) is then

CL = Pz, o)t q,_y ([ KZ()dy)Py (2. 20) = (P (2 )2 1

as long as (J K2(y)dy)P?(z, 20.) - (PY(z, a))? > 0. We conclude that, the
R
length of the confidence interval for P(z, o) associated with our

estimator is asymptotically lower than that of the empirical estimator,

- . 9 1
the coefficient being {I K;(y)dy}z <1.
R

Remark 2. J. KZ%(y)dy may be considered as a weight. Greater
R

weight is attached to higher poverty line. So, in order to perform a
normality test or to construct a confidence interval concerning P(z, a),

we must have the constraint P(z, o) < P(z, 0) < j K2(y)dy, a > 1.
R

Remark 3. Let us consider the following family of kernels K, (x) =
K(vx)
I K(vx)

R

,0>0. It is easy to verify that they satisfy assumptions



THE LIMIT LAW 37

H,; - H;. Moreover, J K2(y)dy = vj K?(y)dy. Therefore T can be the
R R

1

interval 0,2— .
IRK (v)dy

As an illustrative exemple for the Gauss's kernel, let v be equal to l,
(e}

2

X
1 2 2 1
then K, (x)= e 2 We have j K (y)dy = . Let
(%) ovV2rn R v () 26vVn
pr,k=1,2,..., be any increasing sequence of real numbers,

0 < pr <1, and converging to 1. (pg :%,kzl,...,9 if we are

interested in the deciles or p; = %, k =1, 2,3 for the quartiles). By

1
26V

corresponding to © =

setting

=p, for k=1,2,..., we obtain successive kernels

1
2pk«/; .

interval will concern all z,, quantile of the distribution P(z, 0) such that

Therefore, the test or the confidence

pP<pp, k=12 ...

This just described process can be thought of as a test or confidence
intervals generated by a moving kernel process.

Finally, we give the following theorem which will be useful for
further research on testing statistical dominance method, different from
the version of Kolmogorov-Smirnov type statistic ( see [3] and the
references therein).

Theorem 2.4. Assume the conditions of Theorem 2.1 or 2.2 hold.
Then P}(z,o)— E(P)(z, o)) is asymptotically normal with mean zero

and covariance such that, for 0 < z; < z9, we have

lim nCou(P} (a1, o), PY(z3, ) = (| KZ(»)dy)
n—>+o0 R



38 GALAYE DIA

[ A== ) de - Pl )Pl ).
0 21 22

Proof. After straightforward calculations, the only equality that

remains to show is the following

2

a ih \a u—ih
Jim 2 (- S e [ KU
= ([ K| - E - ) ) (a4

Let o be an integer. As in [3] we use the binomial formula

(22 —ih)* = (21 —ih)+ (29 = 21))" = D Cl(z1 —ih)* N (zg =21 ).
=0

The sum in the left-hand side of (14) becomes

Gal

[T} ;2 ih \20-1 l 2, U—
Co (=2 Nz -2 ) [ KE(

= 1 R

o
i=0 [=0 22

which is equal to

(Z—1>“§ajcl<z—2—1>l[z§<l—ﬁ)zwj KH(Y
2l A i=0 21 R
)

since - (1- 3% | X5 w)du > ([ KZ0)dy)P(zr. 20-1)
i=0

(15)

as n — +o by Corollary 2.1 [2] and the sum with respect to [/ in (15) is

finite, (15) becomes as n — +ow

(| KE)an|” ch

This expression is the binomial form of the right-hand side of (14).

(22 —2 ) (2 —%)* Mz —x)*dx.  (16)
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If a is not an integer, we can obtain, in a slight general setting of our

previous paper [2], that the result is again true.

The proof is then complete.

(1]

(2]

(3]

(4]

(5]

(6]

(7

(8]
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