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Abstract

Under a martingale difference error sequence, a semiparametric
regression model is considered by wavelet method. Under some general

conditions, strong convergence rates of parametric and nonparametric

estimators are O(n_l/ 3 log n) Hence our results are extensions of Qian

and Cai [12] and Hu and Hu [5].

1. Introduction

Considering the following semiparametric regression model

yi= XIB+g(t;)+ei,1<i<n, )

2000 Mathematics Subject Classification: 62G20.

Keywords and phrases: semiparametric regression model, wavelet estimation, martingale
difference sequence, strong convergence rate.

Supported by Scientific Research Item of Department of Education, Hubei (D20092207), and
Scientific Research Item of Ministry of Education, China (209078).

Received August 14, 2008
© 2009 Scientific Advances Publishers



8 HONGCHANG HU

where {y;} are scalar response variables, B is an unknown d
-dimensional parameter vector, g(-) is an unknown function on [0, 1],

{t;} is a constant sequence on [0, 1], X; are known design points and

each is a fixed d-dimensional vector with d < n, random errors {g;, F;
i < n} is a martingale difference sequence.
Following Speckman [13], denote
Xip = fr(ti)+ny, 1<i<n, 1<r<d, @

where f,(-) is some unknown smooth function on [0, 1], {n;} is a
stochastic sequence with T; = (n;1, -+, n;¢) i.i.d. and
Eﬁi =0, Var(ﬁi) = V, (3)

here V = (VL]) (i,j=1,2,--,d) is a positive definite matrix with d

-order. Moreover, {n;.} and {¢;} are independent each other.

Since a semiparametric regression model contains linear components
and a nonparametric component, it is more flexible than the usual
standard linear models and attractive in some applications (See [2, 4, 6,
8, 11, 12, 14]). When the error sequence {g;} is independent and

identically distributed, using wavelet method, the semiparametric
regression model has been studied by Qian and Cai [12], Qian et al. [11],
Xue [14] and Chai and Xu [2]. When the error sequence {g;} is a

martingale difference, the semiparametric regression model with B e R!

and X; € R! is studied by using near neighbour method (See Yan et al.

[15]), and the strong consistencies of wavelet estimators are investigated
by wavelet method (See Hu and Hu [5]).

In this paper, using wavelet method, we continue to discuss the
semiparametric regression model with a martingale difference error
sequence, and obtain the strong convergence rates of wavelet estimators.
The organization of this paper is as follows. In Section 2, the wavelet
estimators of parameter B and nonparameter g(t) are given by wavelet
smoothing method. Under some general conditions, the strong

convergence rates of the wavelet estimators are investigated in Section 3.
The main proofs are presented in Section 4.
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2. Wavelet Method
In the following, we apply the wavelet technique to estimate p and

g(t). Suppose that there exists a scaling function ¢(x) in the Schwartz

space S; and a multiresolution analysis {V,,} in the concomitant Hilbert

space L2(R), with its reproducing kernel E,,(t, s) given by

Bt s) = 2" Eolz™t, 27s) = 27 Y glemt ~klol™s - k). @
keZ

Let A; =[s;_;, s;] denote intervals that partition [0, 1] with ¢; € A;
and 1<i<n Then we can define some wavelet estimators as the

following:

Firstly, suppose that B is known, we define estimator of g(-) by

0= Y s - XTB)f e s ®

i=1

In succession, we define wavelet estimator ,, by minimizing

A

f, = arg min Z(yi - xTp- a0, pf = (R7R)RTT, ©)

where
T
X = (Xir)nxd7 Y = (yl’ T yn) , S = (Sij)nxn’ Sl] = J-A‘Em(tb S)dS,
J
X=(1I-9XY=(-8Yy.
Finally, we define linear wavelet estimator of g(-) by
A n A
an®) = 2olt. B) = 2l = X7, )| Bt 9)ds ™
i=1 4
To obtain our results, the following four conditions are sufficient.

(A;) g(), f,() e H* (Sobolev space), for some o >1/2,1 < r < d;
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(Ag) g() and f£.(") are Lipschitz functions of order y > 0,1 < r < d;

(Ag) ¢() belongs to S;, which is a Schwartz space for [ > a. ¢ is a
Lipschitz function of order 1 and have compact support, in addition to

|(i)(<§) - 1| = 0(t) as £ > 0, where ¢ denotes Fourier transform of ¢;
(A4) S;(i =1, -+, n) and m satisfy max(s; —s;_1)= O(n_l) and 2™ =
1<i<n

0] (nl/ 3 ), respectively.

3. Statements of the Results

Theorem 3.1. Suppose that conditions (A;)-(Ay) hold. If sup

i>1

“E([sir‘;)‘ Fi—l)“ <C <o for some 0 > 3, En%j <wo(j=12-,d) and

supE|sh|2 < o, then for y >21/3 and o > 3/ 2,
h

sup |[§m - Bi| = O(n_l/?’ log n) a.s.,
1<i<d

where ||g| = inf{c > 0, P(g < ¢) = 1}, B,; is the ith component of B, B;
is the ith component of P.

Theorem 3.2. Under the same assumptions as in Theorem 3.1. Then

-1/3 log n) a.s., n — oo,

ossli£1|§”(t) - ()| = Ol

Remark 1. Our results are the same as in Qian and Cai [12], where
the errors are 1.1.d. random variables. In the paper, however, the errors
are martingale difference sequences. Hence our results are extensions of
Qian and Cai [12]. Moreover, it is illustrated that the wavelet method can
be successfully applied to semiparametric regression models with the
martingale difference errors. In addition, we easily obtain strong
consistencies of the wavelet estimators by the above results. Hence our

results are extensions of Hu and Hu [5].
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4. Proofs of Theorems

Throughout this paper, let C denote a generic positive constant which
could take different value at each occurrence. To prove the main results,

we first introduce some lemmas.

Lemma 4.1 (Antoniads et al. [1]. If condition (Ag) holds, then

Cy,
1+t —s|)*

2mCy,

—_— where k
(1+2™-9|)

@ [Eo(t, s)| < and |E,,(t, s)| <

is a positive integer and C}, is a constant depending on k only.

D) sup B, s)| = oe™).
0<s<1
1
(I11) sup‘[ |E,,(t, s)|ds < C, where C is a positive constant.
t 0

Lemma 4.2 (Hu and Hu [5]. Let t,, = 9 m(@=1/2) yhen 1/2<a
<3/2, 1, =vm-2™ when a=3/2 1, =2"™ when o>3/2. If
conditions (A;) — (A4) hold, then

= 0fn1)+ O(xy,),

sup|
t

FO-D(] | Enlt, )ds)f;(00)
k=1 "k

= 0fn")+ O(xy,).

suple(t) = ) (| | Enlt, s)ds)a(ts)
t k=1 ©

Lemma 4.3. Let {g;, F;,i >1} be a martingale sequence with

EQSile Fi_l)“SC for some 0 >3. Assume that a,(t) is a

sup
1>1

n
nonnegative function on [0, 1] such that Zani(t) <c¢ and max a,;(t)
ia 1<i<n

2/3

n“’° <c forany t € [0, 1], and 1n<1.a<x|am<(tl) —ap;(ta)] < dty —to| for any
sSisn

tl’ tz S [O, 1] Then
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n

Zani (t)e;

=1

sup = O(nfl/?’ log n) a.s.

0<t<1

The proof is easy by using Lemma 3.3 of Li and Liu [9], and hence

omitted here.
Lemma 4.4. Let {g;, F;,i > 1} be a martingale sequence. Suppose
that conditions (As) and (A4) hold, and S’-E{’“quim Fi71X‘ <C <o for
i>
some 0 > 3. Then

n

sup = O(n_l/3 log n) a.s.

0<¢<1

sij E,(t, s)ds
T o4

i=

Proof. Let q;(t) = JA_ E,, (¢, s)ds. Then by Lemma 4.3,

n

sup

1
< sup j |E,, (¢, s)|ds < c.
0<t<1 im1 0<t<14J0

E_(t, s)ds
R

sup max n23 < entoamp2l3 < ¢

0<t<11<i<n

E,(t s)d
[, Ente s)ds

Since E(t, s) satisfies Lipschitz condition with order 1 for any ¢, we

obtain

max
1<i<n

J E, (t;, s)ds —J E, (o, s)ds
4 A

<[ |Enlt. 9)- s, 9)lds

i

IA

cn_12m‘E0(2mt1, oms) - Hol2mty, 2’"3)‘

IA

cn_12m‘2mt1 - zmtz‘ < dy o).

By Lemma 4.3, we obtain the Lemma 4.4.

i
Lemma 4.5 (Yang [16]). Let S; = ZXJ-. If {S;,F,i>1} is a
a

martingale sequence, then for any r > 2,
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n 2\2

r r

E max|S;[" <2C,| x| ®

i=1

Moreover, if there exist some o with 0 < a < 2 and a positive constant
n

sequence {M,, n > 1} such that ZEQXi|a|Fi_1) < M, as. hold, then for
=1

any r > 2,

n 2 r
C,12E|Xi|’" +Cr Mg, )

}"2
i=1

2
2+r
E max|S;|" <
1<i<n a

where C, = (r/(r - 1)Y2’_3r, C,, = (Crlr)7/2.

Lemma 4.6. Suppose that conditions (Ag) and (A,) hold, and En%j
<ow(j=1,2 --,d). Then

sup = O(n_l/3 logn) as.
t

n
anjj E,(t, s)ds
k=1 Ak

Proof. Note that

n n n
su ; E. (¢, s)ds| < su J. E (¢, s)—E, |s:, s)(s; 1 <t <s;)ds|
OétglkZ;nkJJ.Ak m( ) OétglkZ;nkJ Ak;( m( ) m( J )) ( i-1 l)

n n
+ Osﬁltlls)lgnijAAk ;Em(si, s)(sj_y <t <s;)ds| =Ty + Ts. (10)
By (2.10) of Qian and Cai [12], we obtain
T = o(n_l/?’ log n) a.s. (11)
By lemma A.3 of Hardle et al. [3], we obtain
Ty = O(n_l/?’ log n) a.s. 12)

Therefore, combining (10)-(12), we obtain the Lemma 4.6.
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Remark 2. The above results are sharper than O(n_l/ 6(log n)l/ 2) in
Qian and Cai [12].

Proof of Theorem 3.1. Let € =(I -S), g =(I-S)g and g =
(g(tr), -, lt)) . Then
By P = (XTI (11X + 1R 7E) (13)
By the proof of Theorem 2.1 of Hu and Hu [5], we obtain
nIXTX — %% sy (n > ). (14)
Next we shall prove that

(n‘l)?Tg)i = O(n_l/3 log n) a.s., (15)

where (n‘l)?Tg)- is the ith component of n 'X” g. In fact,

2

n

(X758~ % Zn:nhi[g(th) - Zn:Shrg(tr)] - % Zznlshknki[g(th) - Zn:Shrg(tr )]
h=1 r=1 r=1

h=1k=1

+%Z[fi(th)_Zshkfi(tk)J{g(th)_Zshrg(tr)] 2Jy+dy+dg.  (16)
h =) —

Using Markov inequality and Lemma 3.2, we obtain

iPQJﬂ > p1/3 log n) < f:(EJi2 / (n_l/S log n)zj < Cin_l(log n)_2 < .
n=1

n=1 n=1

Hence by Borel-Cantelli lemma,
Ji = O(n_l/3 log n) a.s. am
By Lemma 4.2 and Lemma 4.6, it is easy to get that
Jg = o(rfl/3 log n) a.s. (18)

By Lemma 4.2, we obtain
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Jg = O(n_2Y)+ O(r,zn) = o(n_l/3 log n) (19)
Hence the (15) follows from (17)-(19).

The end, we shall show that

(n_l)?TE)i = O(n_l/3 log n) a.s. (20)
In fact,
- 1 n n n
(n_lXTE)F - (nhi - Shknkz} (Sh - Zshrgr]
h=1 k=1 r=1
1 n n n
e [fi(th)_ Shkfi(tk)J {Sh - Zshrng =T +Tp. (21)
h=1 k=1 r=1
1 n n n n n
h=— Z(nhigh - [Z ShiMki }h - [Z Shrgr]nhi + [Z ShknkiJ {Z ShrSrD
h=1 k=1 r=1 k=1 r=1
=p® @ 7B ), (22)

Note that {ng;} and {g,} are independent each other, and

sup E|sh|2 < o and En%j < o, Thus, by Lemma 3.3 of Yang [16], we can
h
easily obtain
Tl(l) = o(n_l/3 log n) a.s., n — o, (23)

By Lemma 4.6 and strong law of large numbers, we obtain

[i Shknki} [% ilahlJ = O(n_l/?’ 10g I’L) a.s. (24)
k=1 h=1

By Lemma 4.4 and strong law of large numbers, we obtain

o

By Lemmas 4.4 and 4.6, we obtain

‘T1(2)‘ < m].;;lx

‘T1(3)‘ < mﬁlx

%ilnhll = O(n_l/3 log n) a.s. (25)
h=1
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n n
‘T1(4)‘ = m}?X [Z Shknki}(zshrSJ = o(rfl/‘3 log n) a.s. (26)
k=1 r=1
Hence from (22)-(26), we obtain
T = O(rfl/‘3 log n) a.s., n — oo, @7

Let €ni = siIQai| < nl/q), Npi = 8i108i| > nl/q)(q >1), ¥pi = &p; — E

(gni

Fi—1)> Cni = ﬁni - E(ﬁm

n
Fi—1)7 api = f;(ty) = D, Sprfi(t). Then
s

%Z%ZSM = 41 4 1) (28)
h=1 r=1

Note that E((ahiynh /n)2‘ Fi—l) < 2Cn1/q(ahi / n)? and

m
{%Zahiﬁ’nh’ m < n} is a martingale sequence, and by Lemma 4.5, we

h=1
obtain
. n n r/2
BT < &Y Jani / nf" Blyuil” + [Zm /nlzn”"J
h=1 h=1

< Cl /2101 4 (/210 r | < 0 6/6-1/Ca)

Hence for all large r,

iP(‘TQ(ﬂ‘ > n—l/S log n) < inr/S(IOg n)—rE‘Tz(l)‘r

n=1 n=1

< 3 2@ log n) T < oo

n=1

Thus
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Tz(l) = O(n_l/3 log n) a.s. (29)

Let &; = SiIQSil > il/q)’Ci = |él| + Eqall

n
Fi_l), S, = Zgi/ip (where
=1

p=2/3). Then there exists a random variable S such that

S, —%% S and ES < «. Thus

n n
‘T2(2)‘ = Z%lahillznhl <C- % L Tm)zgh
h=1 h=1
< C’n_l/a(n_y + ‘cm)h:}i—];- (30)
Hence

T2(2) = o(n_l/3 log n) a.s. (31)
By Lemma 4.2 and Lemma 4.4, we obtain
T2(3) - liahiishrgr = max{ahiish,gr] = o(n_l/3 log n) a.s. (32)
n h=1 r=1 h r=1
Hence by (28), (29), (31) and (32),
Ty = o(n_l/3 log n) a.s. (33)
Thus, the (20) follows from (21), (27) and (33).

By (13), we obtain

(1X7R)

ij (”_1XT§)J' + (”_IXTE),"- (34)

sup [, —B;| < d- sup
1<i<d 1<j<d

sup
1<j<d

Hence the Theorem 3.1 follows from (14), (15), (20) and (34).
Proof of Theorem 3.2. Note that

n

X BB | Enlt. 9)ds

j=1

s1;p|§n(t) - g(t)| < Sltlp|§o(t, B)— &) + s1t1p
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t

n
< sung(tj)J‘A'Em(t, s)ds — g(t)| + s?pZajJ‘A'E’m(t, s)ds
i J j=1 J

d
+Z[an —Bj\SItlp

d
J+Z[ﬁnj —Bj\Sttlp

|

S 560 | Eutes)ds S | Eutes)ds
i=1 ' i=1 :

Jj=1 j=1
= Ki+Ky + K3+ Ky. (35)
By Lemma 4.2, we obtain
K, = Oln")+ O(1,,) = on™/3 log n). (36)
By Lemma 4.4, we obtain
K, = O(n_l/3 log n) a.s. 37

Let M = sup|fj (ti)|. Then by Lemma 4.1 and Theorem 3.1, we obtain
It

1 A
Ky <d- s%p|fj(ti)|- s1t1p J0|Em(t, s)|ds - m?x|[3nj - Bj|
Jiti

< C@fg’fim”f - Bj| = O(n_l/3 log n) (38)

By Lemma 4.6 and Theorem 3.1, we obtain

n
Ky <d suplp, —B: j E, (t s)ds| = o[n"3 log n). (39
4 lzljlgd|ﬁn, B; ggés?;m] A m(t, 8)ds O(n Ogn)( )

From (35)-(39), the desired conclusion follows.
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