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Abstract 

Under a martingale difference error sequence, a semiparametric 
regression model is considered by wavelet method. Under some general 
conditions, strong convergence rates of parametric and nonparametric 

estimators are ( ).log31 nnO −  Hence our results are extensions of Qian 
and Cai [12] and Hu and Hu [5]. 

1. Introduction 

Considering the following semiparametric regression model 

( ) ,1, nitgXy ii
T
ii ≤≤ε++β=  (1) 
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where { }iy  are scalar response variables, β  is an unknown d 
-dimensional parameter vector, ( )⋅g  is an unknown function on [ ],1,0  
{ }it  is a constant sequence on [ ] iX,1,0  are known design points and 
each is a fixed d-dimensional vector with ,nd ≤  random errors { ,, ii Fε  

}ni ≤  is a martingale difference sequence. 

Following Speckman [13], denote 

( ) ,1,1, drnitfx iririr ≤≤≤≤η+=  (2) 

where ( )⋅rf  is some unknown smooth function on [ ] { }iη,1,0  is a 

stochastic sequence with ( )Tidii ηη=η ,,1  i.i.d. and 

( ) ,,0 VVarE ii =η=η  (3) 

 here ( ) ( )djiVV ij ,,2,1, ==  is a positive definite matrix with d 

-order. Moreover, { }irη  and { }iε  are independent each other. 

Since a semiparametric regression model contains linear components 
and a nonparametric component, it is more flexible than the usual 
standard linear models and attractive in some applications (See [2, 4, 6, 
8, 11, 12, 14]). When the error sequence { }iε  is independent and 
identically distributed, using wavelet method, the semiparametric 
regression model has been studied by Qian and Cai [12], Qian et al. [11], 
Xue [14] and Chai and Xu [2]. When the error sequence { }iε  is a 

martingale difference, the semiparametric regression model with 1R∈β  

and 1RXi ∈  is studied by using near neighbour method (See Yan et al. 
[15]), and the strong consistencies of wavelet estimators are investigated 
by wavelet method (See Hu and Hu [5]). 

In this paper, using wavelet method, we continue to discuss the 
semiparametric regression model with a martingale difference error 
sequence, and obtain the strong convergence rates of wavelet estimators. 
The organization of this paper is as follows. In Section 2, the wavelet 
estimators of parameter β  and nonparameter ( )tg  are given by wavelet 
smoothing method. Under some general conditions, the strong 
convergence rates of the wavelet estimators are investigated in Section 3. 
The main proofs are presented in Section 4. 
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2. Wavelet Method 

In the following, we apply the wavelet technique to estimate β  and 
( ).tg  Suppose that there exists a scaling function ( )xφ  in the Schwartz 

space lS  and a multiresolution analysis { }mV  in the concomitant Hilbert 

space ( ),2 RL  with its reproducing kernel ( )stEm ,  given by 

( ) ( ) ( ) ( ).2222,22, 0 ksktstEstE mm

Zk

mmmm
m −φ−φ== ∑

∈

 (4) 

 Let [ ]iii ssA ,1−=  denote intervals that partition [ ]1,0  with ii At ∈  

and .1 ni ≤≤  Then we can define some wavelet estimators as the 
following: 

Firstly, suppose that β  is known, we define estimator of ( )⋅g  by  

( ) ( ) ( ) .,,ˆ
1

0 dsstEXytg m
A

T
ii

n

i i∫∑ β−=β
=

 (5) 

In succession, we define wavelet estimator nβ̂  by minimizing 

( )( ) ( ) ,~~~~,ˆminargˆ 12
0

1
YXXXtgXy TT

i
T
ii

n

i
n

−

=
β

=β−β−=β ∑  (6) 

where 

( ) ( ) ( ) ( ) ,,,,,,, 1 dsstESSSyyYXX im
A

ijnnij
T

ndnir
j∫====

××  

( ) ( ) .~,~ YSIYXSIX −=−=  

Finally, we define linear wavelet estimator of ( )⋅g  by 

( ) ( ) ( ) ( ) .,ˆˆ,ˆˆ
1

0 dsstEXytgtg m
A

n
T
ii

n

i
nn

i∫∑ β−=β=
=

 (7) 

To obtain our results, the following four conditions are sufficient. 

( )1A  ( ) ( ) a
r Hfg ∈⋅⋅ ,  (Sobolev space), for some ;1,21 dr ≤≤>α   
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( )2A  ( )⋅g  and ( )⋅rf  are Lipschitz functions of order ;1,0 dr ≤≤>γ    

 ( )3A  ( )⋅φ  belongs to ,lS  which is a Schwartz space for φα≥ .l  is a       
Lipschitz function of order 1 and have compact support, in addition to 

( ) ( )ξ=−ξφ O1ˆ  as ,0→ξ  where φ̂  denotes Fourier transform of ;φ   

( ) ( )niSA i ,,14 =  and m satisfy ( ) ( )1
11

max −
−

≤≤
=− nOss ii

ni
 and =m2  

( ),31nO  respectively. 

3. Statements of the Results 

Theorem 3.1. Suppose that conditions ( ) ( )41 AA −  hold. If 
1

sup
≥i

 

( ) ∞<≤ε −
θ CFE ii 1  for some ,3>θ  ( )djE j ,,2,12

1 =∞<η  and  

,sup 2 ∞<εh
h

E  then for 31≥γ  and ,23>α  

( ) .,.logˆsup 31
1

sannOini
di

−

≤≤
=β−β  

 where ( ){ } nicPc β=≤ξ>=ξ ˆ,1,0inf  is the ith component of in ββ ,ˆ   

is the ith component of .β  

Theorem 3.2. Under the same assumptions as in Theorem 3.1. Then 

( ) ( ) ( ) ..,.logˆsup 31
10

∞→=− −

≤≤
nsannOtgtgn

t
 

  Remark 1. Our results are the same as in Qian and Cai [12], where 
the errors are i.i.d. random variables. In the paper, however, the errors 
are martingale difference sequences. Hence our results are extensions of 
Qian and Cai [12]. Moreover, it is illustrated that the wavelet method can 
be successfully applied to semiparametric regression models with the 
martingale difference errors. In addition, we easily obtain strong 
consistencies of the wavelet estimators by the above results. Hence our 
results are extensions of Hu and Hu [5]. 
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4. Proofs of Theorems 

Throughout this paper, let C denote a generic positive constant which 
could take different value at each occurrence. To prove the main results, 
we first introduce some lemmas. 

Lemma 4.1 (Antoniads et al. [1]. If condition ( )3A  holds, then 

(I) ( )
( )k

k

st
CstE
−+

≤
1

,0  and ( )
( )

,
21
2, km

k
m

m
st

CstE
−+

≤  where k 

is a positive integer and kC  is a constant depending on k only. 

(II) ( ) ( ).2,sup
10

m
m

s
OstE =

≤≤
 

(III) ( ) ,,sup
1

0
CdsstEm

t
≤∫  where C is a positive constant. 

Lemma 4.2 (Hu and Hu [5]. Let ( )212 −α−=τ m
m  when α<21  

,23<  m
m m −⋅=τ 2  when m

m
−=τ=α 2,23  when .23>α  If 

conditions ( ) ( )41 AA −  hold, then 

( ) ( ( ) ) ( ) ( ) ( ),,sup
1

mkjm
A

n

k
j

t
OnOtfdsstEtf

k
τ+=− γ−

=
∫∑  

( ) ( ( ) ) ( ) ( ) ( ).,sup
1

mkm
A

n

kt
OnOtgdsstEtg

k
τ+=− γ−

=
∫∑  

Lemma 4.3. Let { }1,, ≥ε iFii  be a martingale sequence with 

( ) CFE ii
i

≤ε −
θ

≥
1

1
sup  for some .3>θ  Assume that ( )tani  is a 

nonnegative function on [ ]1,0  such that ( ) ctani
n

i
≤∑

=1
 and ( )tanini≤≤1

max  

cn ≤32  for any [ ],1,0∈t  and ( ) ( ) 21211
max ttctata ninini

−≤−
≤≤

 for any  

[ ].1,0, 21 ∈tt  Then 
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( ) ( ) ..logsup 31

110
sannOta ini

n

it
−

=≤≤
=ε∑  

The proof is easy by using Lemma 3.3 of Li and Liu [9], and hence 
omitted here. 

Lemma 4.4. Let { }1,, ≥ε iFii  be a martingale sequence. Suppose 

that conditions ( )3A  and ( )4A  hold, and ( ) ∞<≤ε −
θ

≥
CFE ii

i
1

1
sup  for 

some .3>θ  Then  

( ) ( ) ..log,sup 31

110
sannOdsstEm

A
i

n

it i

−

=≤≤
=ε ∫∑  

Proof. Let ( ) ( ) ., dsstEta mAi
i∫=  Then by Lemma 4.3,  

( ) ( ) ,,sup,sup
1

010110
cdsstEdsstE m

t
m

A

n

it i
≤≤ ∫∫∑

≤≤=≤≤
 

( ) .2,maxsup 32132
110

cncnndsstE m
m

Anit i
≤≤ −

≤≤≤≤ ∫  

Since ( )stE ,0  satisfies Lipschitz condition with order 1 for any t, we 
obtain 

( ) ( ) ( ) ( ) dsstEstEdsstEdsstE mm
A

m
A

m
Ani iii

,,,,max 21211
−≤− ∫∫∫≤≤

 

( ) ( )stEstEcn mmmmm 2,22,22 2010
1 −≤ −  

.222 2121
1 ttcttcn mmm −≤−≤ −  

 By Lemma 4.3, we obtain the Lemma 4.4. 

Lemma 4.5 (Yang [16]). Let .
1

j
i

j
i XS ∑

=
=  If { }1,, ≥iFS ii  is a 

martingale sequence, then for any ,2>r  
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( ) .2max
22

2
11

r

rr
i

n

i
r

r
ini

XECSE 












≤ ∑

=
≤≤

 (8) 

Moreover, if there exist some α  with 20 ≤α<  and a positive constant 

sequence { }1, ≥nMn  such that ( ) ..1
1

saMFXE ni
a

i
n

i
≤−

=
∑  hold, then for 

any ,2>r  

,2max
2

21
1

2

1
α+

α
+≤ ∑

=
≤≤

r
r nr

r
i

n

i
r

r
ini

MCXECrSE  (9) 

where ( )( ) ( ) .,21 23
121

r
rr

rr
r rCCrrrC =−= −  

Lemma 4.6. Suppose that conditions ( )3A  and ( )4A  hold, and 2
1 jEη  

( ).,,2,1 dj =∞<  Then 

( ) ( ) ..log,sup 31

1
sannOdsstEm

A
kj

n

kt k

−

=

=η ∫∑  

  Proof. Note that  

( ) ( ) ( )( ) ( )dsstsIssEstEdsstE iijmm

n

iA
kj

n

kt
m

A
kj

n

kt kk
≤<−η≤η −

==≤≤=≤≤
∑∫∑∫∑ 1

1110110
,,sup,sup  

( ) ( ) .ˆ,sup 211
1110

TTdsstsIssE iiim

n

iA
kj

n

kt k
+=≤<η+ −

==≤≤
∑∫∑  (10) 

By (2.10) of Qian and Cai [12], we obtain  

( ) ..log31
1 sannoT −=  (11) 

By lemma A.3 of Hardle et al. [3], we obtain  

( ) ..log31
2 sannOT −=  (12) 

Therefore, combining (10)-(12), we obtain the Lemma 4.6. 
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Remark 2. The above results are sharper than ( )( )2161 log nnO −  in 
Qian and Cai [12]. 

Proof of Theorem 3.1. Let ( ) ( )gSIgSI −=ε−=ε ~,~  and =g  

( ) ( )( ) .,,1
T

ntgtg  Then 

( ) ( ).~~~~~~ˆ 1111 ε+=β−β −−−− TTT
n XngXnXXn  (13) 

 By the proof of Theorem 2.1 of Hu and Hu [5], we obtain 

( ).~~ ..1 ∞→ →− nVXXn saT  (14) 

Next we shall prove that  

( ) ( ) .,.log~~ 311 sannOgXn i
T −− =  (15) 

where ( )iT gXn ~~1−  is the ith component of .~~1 gXn T−  In fact, 

( ) ( ) ( ) ( ) ( )












−η−













−η= ∑∑∑∑∑

=====

−
rhr

n

r
hkihk

n

k

n

h
rhr

n

r
hhi

n

h
i

T tgStgSntgStgngXn
11111

1 11~~  

( ) ( ) ( ) ( ) .ˆ1
321

111
JJJtgStgtfStfn rhr

n

r
hkihk

n

k
hi

n

h
++=













−













−+ ∑∑∑

===

 (16) 

 Using Markov inequality and Lemma 3.2, we obtain  

( ) ( ) ( ) .logloglog 21

1

2312
1

1

31
1

1
∞<≤






≤≥ −−

∞

=

−
∞

=

−
∞

=
∑∑∑ nnCnnEJnnJP
nnn

 

Hence by Borel-Cantelli lemma,  

( ) ..log31
1 sannOJ −=  (17) 

By Lemma 4.2 and Lemma 4.6, it is easy to get that 

( ) ..log31
2 sannoJ −=  (18) 

 By Lemma 4.2, we obtain 
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( ) ( ) ( ).log3122
3 nnoOnOJ m

−γ− =τ+=  (19) 

 Hence the (15) follows from (17)-(19). 

The end, we shall show that 

( ) ( ) ..log~~ 311 sannOXn i
T −− =ε  (20) 

In fact,  

( ) 












ε−ε













η−η=ε ∑∑∑

===

−
rhr

n

r
hkihk

n

k
hi

n

h
i

T SSnXn
111

1 1~~  

( ) ( ) .ˆ1
21

111
TTStfStfn rhr

n

r
hkihk

n

k
hi

n

h
+=













ε−ε













−+ ∑∑∑

===

 (21) 




























ε













η+η













ε−ε













η−εη= ∑∑∑∑∑

=====
rhr

n

r
kihk

n

k
hirhr

n

r
hkihk

n

k
hhi

n

h
SSSSnT

11111
1

1  

( ) ( ) ( ) ( ).ˆ 4
1

3
1

2
1

1
1 TTTT +−−=  (22) 

Note that { }hiη  and { }hε  are independent each other, and 

∞<ε 2sup h
h

E  and .2
1 ∞<η jE  Thus, by Lemma 3.3 of Yang [16], we can 

easily obtain 

( ) ( ) ..,.log311
1 ∞→= − nsannoT  (23) 

 By Lemma 4.6 and strong law of large numbers, we obtain 

( ) ( ) ..log1.max 31

11

2
1 sannOnST h

n

h
kihk

n

kh
−

==

=












ε













η≤ ∑∑  (24) 

 By Lemma 4.4 and strong law of large numbers, we obtain 

( ) ( ) ..log1.max 31

11

3
1 sannOnST hi

n

h
rhr

n

rh
−

==

=η












ε≤ ∑∑  (25) 

 By Lemmas 4.4 and 4.6, we obtain 
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( ) ( ) ..logmax 31

11

4
1 sannoSST rhr

n

r
kihk

n

kh
−

==

=












ε













η≤ ∑∑  (26) 

 Hence from (22)-(26), we obtain 

( ) ..,.log31
1 ∞→= − nsannOT  (27) 

 Let ( ) ( )( ) EyqnInI nini
q

iini
q

iini −ε=>>εε=η≤εε=ε ,1~, 11  

( ) ( ),~~, 11 −− η−η=ε inininiini FEzF ( ) ( ).ˆ
1

kihk
n

k
hihi tfStfa ∑

=
−=  Then  

nhhi

n

h
nhhi

n

h
rhr

n

r
hhi

n

h
zanyanSanT ∑∑∑∑

====

+=












ε−ε=

1111
2

111  

( ) ( ) ( ).ˆ1 3
2

2
2

1
2

11
TTTSan rhr

n

r
hi

n

h
++=ε− ∑∑

==

(28) 

Note that ( )( ) ( )21
1

2 2 naCnFnyaE hi
q

inhhi ≤−  and 













≤∑
=

nmyan nhhi

m

h
,1

1
 is a martingale sequence, and by Lemma 4.5, we 

obtain 

( )


























+≤ ∑∑

==

2
12

11

1
2

r
q

hi

n

h

r
nh

r
hi

n

h

r
nnayEnaCTE  

( )( ) ( )( ){ } ( )( ) .216521212121 qrr
m

qrqr CnnnC −−−−γ+−− ≤τ+≤  

Hence for all large r, 

( )( ) ( ) ( ) rrr

nn
TEnnnnTP 1

2
3

1

311
2

1
loglog −

∞

=

−
∞

=
∑∑ ≤≥  

( )( )( ) .log2121

1
∞<≤ −−−

∞

=
∑ rqr

n
nn  

 Thus  
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( ) ( ) ..log311
2 sannOT −=  (29) 

Let ( ) ( ) ρ

=
− ζ=ξ+ξ=ζ>εε=ξ ∑ iSFEiI i

n

i
niiii

q
iii

1
1

1 ,,  (where  

).32=ρ  Then there exists a random variable S such that 

SS sa
n  → ..  and .∞<ES  Thus  

( ) ( ) h

n

h
mnhhi

n

h
nnCzanT ζτ+⋅⋅≤≤ ∑∑

=

γ−

= 11

2
2

11  

( ) .
1

31
ρ

=

γ−− ζ
τ+≤ ∑ h

nCn h
n

h
m  (30) 

Hence  

( ) ( ) ..log312
2 sannoT −=  (31) 

By Lemma 4.2 and Lemma 4.4, we obtain 

( ) ( ) ..logmax1 31

111

3
2 sannoSaSanT rhr

n

r
hihrhr

n

r
hi

n

h

−

===

=












ε=ε= ∑∑∑ (32) 

Hence by (28), (29), (31) and (32),  

( ) ..log31
2 sannoT −=  (33) 

Thus, the (20) follows from (21), (27) and (33). 

By (13), we obtain  

( ) ( ) ( ) .~~~~sup~~supˆsup 11
1

11
11

j
T

j
T

dj
ij

T
dj

ini
di

XngXnXXnd ε+⋅≤β−β −−

≤≤

−−

≤≤≤≤
 (34) 

Hence the Theorem 3.1 follows from (14), (15), (20) and (34). 

Proof of Theorem 3.2. Note that 

( ) ( ) ( ) ( ) ( ) ( )dsstEXtgtgtgtg m
A

n
T
i

n

jtt
n

t j
,ˆsup,ˆsupˆsup

1
0 ∫∑ β−β+−β≤−

=
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( ) ( ) ( ) ( )dsstEtgdsstEtg m
A

j

n

jt
m

A
j

n

jt jj
,sup,sup

11
∫∑∫∑ ε+−≤

==

 

( ) ( ) ( ) 












ηβ−β+













β−β+ ∫∑∑∫∑∑

====

dsstEdsstEtf m
A

ij

n

it
jnj

d

j
m

A
ij

n

it
jnj

d

j ii
,supˆ,supˆ

1111

 

.ˆ 4321 KKKK +++=  (35) 

 By Lemma 4.2, we obtain  

( ) ( ) ( ).log31
1 nnoOnOK m

−γ− =τ+=  (36) 

By Lemma 4.4, we obtain  

( ) ..log31
2 sannOK −=  (37) 

Let ( ) .sup
,

ij
tj

tfM
i

=  Then by Lemma 4.1 and Theorem 3.1, we obtain 

( ) ( ) jnjjm
t

ij
tj

dsstEtfdK
i

β−β⋅⋅⋅≤ ∫ ˆmax,supsup
1

0,
3  

( ).logˆmax 31
1

nnOC jnjdj
−

≤≤
=β−β≤  (38) 

 By Lemma 4.6 and Theorem 3.1, we obtain 

( ) ( ).log,supmaxˆsup 31

111
4 nnodsstEdK m

A
ij

n

itdjjnj
dj i

−

=
≤≤≤≤

=ηβ−β≤ ∫∑ (39) 

 From (35)-(39), the desired conclusion follows. 
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