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Abstract

In this paper, we study the uniqueness problem of derivatives of entire functions
that share one value and improve the results of C. C. Yang and H. X. Yi.

1. Introduction

Let f be a nonconstant meromorphic function defined in the whole
complex plane. It is assumed that the reader 1s familiar with the

notations of the Nevanlinna theory such as T(r, f), m(r, f), N(r, f),

S(r, f), and so on, that can be found, for instance, in [1], [2], [7].

Let f and g be two nonconstant meromorphic functions. Let a be a
finite complex number. We say that f, g share the value a CM (counting
multiplicities), if f, g have the same a-points with the same multiplicities,

and we say that f, g share the value a IM (ignoring multiplicities), if we
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do not consider the multiplicities. We denote by Nj;(r ), the

1
) f—l
counting function for common simple 1-points of f and g, where

multiplicity is not counted. N7 (r, ) is the counting function for

_1
£
1-points of both f(k) and g(k) about which f(k) has larger multiplicity

than g(k), with multiplicity being not counted. For any constant a, we

define

0(a, =1-lm —F—"——+—.
(@ /) s T(r 1)
Let f be a nonconstant meromorphic function. Let a be a finite complex

1
f-a

number, and & be a positive integer, we denote by Ny )(r, )(or Nk)

1

(r,

), the counting function for zeros of f — a with multiplicity < %

. . TR 1 ~ 1
(ignoring multiplicities), and by N((r, T a ) (or N (r, T a )), the

counting function for zeros of f —a with multiplicity at least & (ignoring

multiplicities). Set

L N 1 g 1 _
Ny (r, f-a )= N(r, e )+ No(r, —a )+ ..+ Ng(r, f——a)'
We further define
_Nk(r’f%)
dpla, f)=1- Tim L

In 1976, Yang [3] posed the following question: What can be said about
two nonconstant entire functions (denoted by f, g) and their first
derivatives, if f and g share the value 0 CM and f' and g’ share the
value 1 CM. Yi answer the question in [4], [5], [6], proved the following

result.
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Theorem A. Let f(z) and g(z) be two nonconstant entire functions,

k > 1 be a positive integer. If f and g share the value 0 CM, f(k) and g(k)

share the value 1 CM, and §(0, f) > %, then either f(k) = g(k) or f = g.

Naturally, what can we say if we only considered the uniqueness
problem of derivatives of entire functions that share one value? In this
paper, we answer the above question and prove the following theorem.

Theorem 1.1. Let f(z) and g(z) be two transcendental entire

functions, k be a positive integer. If f(k) and g(k) share the value 1 CM,

and
®(07 f) + ®(07 g) + 6k+1(0’ f) + 6k+1(0’ g) > 3’ (1)
then f(k)g(k) =lorf=g.

Theorem 1.2. Let f(z) and g(z) be two transcendental entire

functions, k be a positive integer. If f(k) and g(k) share the value 1 IM,

and

20(0, f)+20(0, g) + 58,,1(0, f) +53,,1(0, g) > 12, (2)
then f(k)g(k) =lorf=g.
2. Some Lemmas

Lemma 2.1(see [1, 2]). Let f(z) be a transcendental entire function, k

be a positive integer, and ¢ be a nonzero finite complex number. Then

1 1 1
T(r, f)SN(’“,7)+N(7‘,W)—N(7‘,W)+S(r,f)
< Npuy(r, 1)+ N(r, = ) = Ny(r, —— ) + S(r, f)
k+1 ’f ’ f(k)_c 0 ,f(k+1) s .

Here, N(r, ) is the counting function which only counts those

1
f(k+1)

points such that f&) = 0, but f(f(k) —-¢c)#0.
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Lemma 2.2 (see [1, 2]). Let f(z) be a transcendental meromorphic
function, and let ay(z), as(z) be two meromorphic functions such that

T(r,a;)=S(r, f),i =1, 2. Then

T(, f) < N(r, f) + N(r, — N(r, -t

3. Proof of Theorems
We prove Theorem 1.2 only because Theorem 1.1 can be proved using
the same method as Theorem 1.2.

Proof of Theorem 1.2

_ f(k+2)(2)_2 f(k+1)(2) _g(k+2)(z) 5 g(k+1)(2)
© fENE) W) -1 gk () : gW)-1

3)

If 25 is a common simple 1-point of f(k) and g(k), substituting their
Taylor series at z, into (3), we see that z; is a zero of h(z). Thus, we

have
1 1 =1
Nn(’"ym)—Nn(", 2P 1 )< N(r, h)

<T(r, h)+0(Q)
< N(r, h)+ S(r, f)+ S(r, g). (4)

k+1) (k+1)‘

By our assumptions, h(z) have poles only at zeros of f ( and g

Thus, we deduce from (3) that

N, h) < N )+ N(r, )+ Nofr. )

1 — 1 - 1
+N0(’“,g—)+NL(7”,W)JFNL(’%W), )

Here, Ny(r, ﬁ ) has the same meaning as in Lemma 2.1.
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By Lemma 2.1, we have

1

1 = 1
T(’”,f)SNk+1(’",7)+N(V,W)—N0( f(kl))+S(7” ). ©

70, £) < N )+ N )= No(rs —5) + 80 ). (D)

Thus, we deduce from (4)-(7) that

Nll(r 1)+T(r,f)+T(r,g)

1
O

TR 0. 1 ~ 1
SN(T,7)+N(T,§)+NL(T,W)

+mmg%:nNmm%nNMm§>
+N(r,—)+N(r ( )+S(r f+Sr, g). (8
- g

Since f (%) and g(k) share one value 1 IM, we have

- - 1
N(r, 1)+N(r,m)

N
f(k)_
1 - 1 1
< Nu(",m)JFNL(V,W)“LN(Ew)
< Nll(r, ﬁ)""ﬁL(r, ﬁ)ﬁ—T(r, g(k))+0(1)
1 - 1
< Nu(",m)JFNL(’”’W)“LT(’U g)+S(r, g). (9

Noting that

N, ﬁ)s NG, f(k) )+ N(r, L )

k
ﬁ)+ﬁ(r,%

; LY+ s, f).

)S Nk+1(7', f

< T(r,
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f(k)

_ 1 1 ~ 1
NL(T',W)SN(T,W)—N(V,W)SN(I"W)

f(k+l) . 1
< N(r, FQ )+ S(r, f) = N(r, W )+ S(r, f).
So, we have
N ) = NGy )+ S0 /) N )+ 862 ) 10)
Similarly,
N ) S N0y G5+ S0 £) £ Nea (. )+ 80 2) (1D

Thus, we deduce from (8)-(11) that

T(r, f) < 3Nj (r, ; )+ 2Ny (7, g )+ N(r, ; )

+ N(r, é )+ S(r, f) + S(r, 2). 12)
Similarly,
T(r, g) < 3Npy (1, é )+ 2N (7, % )+ N(r, % )
+ N(r, é )+ S(r, )+ S(r, g). (13)

We obtain from (12)-(13) that

T(r, )+ T(r, 8) < 5Ny (r, % )+ 5Ny (1, é )+ 2N (r, % )

+2N(r, é )+ S(r, f)+S(r, g).

Without loss of generality, we suppose that there exists a set I with

infinite measure such that 7'(r, f) < T(r, g), for r € I. Then, we have

{[20(0, f) +20(0, g) + 58,11 (0, f) + 551,41 (0, &) —12] - £}
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xT(r, f) < S(r, f), 14)

for r € I, and 0<¢&<20(0, f)+20(0, g)+55,1(0, f)+55,1(0, g)—12.
Thus, we obtain from (2) and (14) that T(r, f) < S(r, f), for re I, a

contradiction.

Hence, we get h(z) = 0; that is,

52, 106 g% ), g% V)

_ = - . 15
) Pe)-1 g" e gMe) -1 o
By solving this equation, we obtain
(k) _
1 _bg" +a-b , (16)

f(k) 1 - g(k) 1
where a, b are two constants. Next, we consider three cases.

Case 1. b # 0 and a = b. From (16), we obtain that g(k) # 0. Thus,

there exists an entire function ¢(z) such that g®)(z)=e%?), and

(k) 1 1 -4)
f 1+b be .

If b=-1, then fP)g®(z)=1. If b= -1, then f® —(1 +%)=

- % e 02 o 0, and thus , we deduce from Lemma 2.1 that

T(r, f) < Nja O % )+ S, £) < [1 -850, NITC, £)+ SCr, f),

that is,
8k+1(0a f)T(l", f) < S(}", f)
Hence, by (2), we deduce that T'(r, f) < S(r, f), a contradiction.

Case 2. b # 0 and a # b. Then from (16), we have g(k) + aT—b # 0.

From Lemma 2.1, we deduce
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1
T(r7 g) < Nk+1(r’ E )+ S(I", g)

Next, by using the argument as in Case 1, we get a contradiction.

Case 3. b = 0 and a # 0. From (16), we obtain

f= %g + p(2), an

where p(z) is a polynomial. If p(z) # 0, then by Lemma 2.2, we have

)+ S(r, f)
gﬁu%q+ﬁuéq+anﬂ

<[1-00, NTE, f+[1-0(0, T, g)+ S, f). (18

Obviously, by (17), we have T(r, f)=T(r, g)+ S(r, f). Hence, substituting
this into (18), we get

[0, /)+©(0, g) -1]T(r, f) < S(r, f). (19)

Thus, by (2) and (19), we deduce that T(r, f) < S(r, f), a contradiction.
Therefore, we deduce that p(z) = 0, that is,

f=Lg 20)
a

If a #1, then by f %) and g(k) sharing the value 1 IM, we deduce from

(20) that g(k) #1. Next, we can deduce a contradiction as in Case 2. Thus,

we get a =1, that is, f = g. We complete the proof of the Theorem 1.2.
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