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Abstract 

In this paper, we study the uniqueness problem of derivatives of entire functions 
that share one value and improve the results of C. C. Yang and H. X. Yi. 

1. Introduction 

Let f be a nonconstant meromorphic function defined in the whole 
complex plane. It is assumed that the reader is familiar with the 
notations of the Nevanlinna theory such as ( ) ( ) ( ),,,,,, frNfrmfrT  

( ),, frS  and so on, that can be found, for instance, in [1], [2], [7]. 

Let f and g be two nonconstant meromorphic functions. Let a be a 
finite complex number. We say that f, g share the value a CM (counting 
multiplicities), if f, g have the same a-points with the same multiplicities, 
and we say that f, g share the value a IM (ignoring multiplicities), if we 
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do not consider the multiplicities. We denote by ( ),1
1,11 −frN  the 

counting function for common simple 1-points of f and g, where 

multiplicity is not counted. ( ( ) )
1

1,
−kL

f
rN  is the counting function for  

1-points of both ( )kf  and ( )kg  about which ( )kf  has larger multiplicity 

than ( ),kg  with multiplicity being not counted. For any constant a, we 

define 

( )
( )

( ) .,

1,
lim1, frT

afrN
fa

r
−−=Θ

∞→
 

Let f be a nonconstant meromorphic function. Let a be a finite complex 

number, and k be a positive integer, we denote by )( ) ( )kk NafrN or1,
−

 

( ),1, afr
−

 the counting function for zeros of af −  with multiplicity k≤  

(ignoring multiplicities), and by ( ( ) ( ( ( )),1,or1, afrNafrN kk −−
 the 

counting function for zeros of af −  with multiplicity at least k (ignoring 

multiplicities). Set 

( ) ( ) ( ( ) ( ( ).1,1,1,1, 2 afrNafrNafrNafrN kk −
++

−
+

−
=

−
…  

We further define 

( )
( )

( ) .,

1,
lim1, frT

afrN
fa

k

rk
−−=δ

∞→
 

In 1976, Yang [3] posed the following question: What can be said about 
two nonconstant entire functions (denoted by f, g) and their first 
derivatives, if f and g share the value 0 CM and f ′  and g ′  share the 

value 1 CM. Yi answer the question in [4], [5], [6], proved the following 
result. 
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Theorem A. Let ( )zf  and ( )zg  be two nonconstant entire functions, 

1≥k  be a positive integer. If f and g share the value 0 ( )kfCM ,  and ( )kg  

share the value 1 CM, and ( ) ,2
1,0 >δ f  then either ( ) ( )kk gf =  or .gf =  

Naturally, what can we say if we only considered the uniqueness 
problem of derivatives of entire functions that share one value? In this 
paper, we answer the above question and prove the following theorem. 

Theorem 1.1. Let ( )zf  and ( )zg  be two transcendental entire 

functions, k be a positive integer. If ( )kf  and ( )kg  share the value 1 CM, 
and 

( ) ( ) ( ) ( ) ,3,0,0,0,0 11 >δ+δ+Θ+Θ ++ gfgf kk   (1) 

then ( ) ( ) 1≡kk gf  or .gf ≡  

Theorem 1.2. Let ( )zf  and ( )zg  be two transcendental entire 

functions, k be a positive integer. If ( )kf  and ( )kg  share the value 1 IM, 
and 

( ) ( ) ( ) ( ) ,12,05,05,02,02 11 >δ+δ+Θ+Θ ++ gfgf kk   (2) 

then ( ) ( ) 1≡kk gf  or .gf ≡  

2. Some Lemmas 

Lemma 2.1(see [1, 2]). Let ( )zf  be a transcendental entire function, k 

be a positive integer, and c be a nonzero finite complex number. Then 

( ) ( ) ( ( ) ) ( ( ) ) ( )frS
f

rN
cf

rNfrNfrT kk ,1,1,1,, 1 +−
−

+≤
+

 

( ) ( ( ) ) ( ( ) ) ( ).,1,1,1, 101 frS
f

rN
cf

rNfrN kkk +−
−

+≤
++  

Here, ( ( ) )10
1,
+kf

rN  is the counting function which only counts those 

points such that ( ) ,01 =+kf  but ( ( ) ) .0≠− cff k  
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Lemma 2.2 (see [1, 2]). Let ( )zf  be a transcendental meromorphic 

function, and let ( ) ( )zaza 21 ,  be two meromorphic functions such that 

( ) ( ) .2,1,,, == ifrSarT i  Then 

( ) ( ) ( ) ( ) ( ).,1,1,,,
21

frSafrNafrNfrNfrT +
−

+
−

+≤  

3. Proof of Theorems 

We prove Theorem 1.2 only because Theorem 1.1 can be proved using 
the same method as Theorem 1.2. 

Proof of Theorem 1.2 

( )
( )( )
( )( )

( )( )
( )( )

( )( )
( )( )

( )( )
( )( )

.
1

2
1

2
1

1

21

1

2

−
+−

−
−=

+

+

++

+

+

zg
zg

zg
zg

zf
zf

zf
zfzh k

k

k

k

k

k

k

k
 (3) 

If 0z  is a common simple 1-point of ( )kf  and ( ),kg  substituting their 

Taylor series at 0z  into (3), we see that 0z  is a zero of ( ).zh  Thus, we 
have 

( ( ) ) ( ( ) ) ( )hrN
g

rN
f

rN kk
1,

1
1,

1
1, 1111 ≤

−
=

−
 

( ) ( )1, OhrT +≤  

( ) ( ) ( ).,,, grSfrShrN ++≤  (4) 

By our assumptions, ( )zh  have poles only at zeros of ( )1+kf  and ( ).1+kg  
Thus, we deduce from (3) that 

( ) ( ) ( ) ( ( ) )10
1,1,1,,
+

++≤ kf
rNgrNfrNhrN  

( ( ) ) ( ( ) ) ( ( ) ),
1

1,
1

1,1, 10
−

+
−

++
+ kLkLk g

rN
f

rN
g

rN  (5) 

Here, ( ( ) )10
1,
+kf

rN  has the same meaning as in Lemma 2.1. 
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By Lemma 2.1, we have 

( ) ( ) ( ( ) ) ( ( ) ) ( ).,1,
1

1,1,, 101 frS
f

rN
f

rNfrNfrT kkk +−
−

+≤
++  (6) 

( ) ( ) ( ( ) ) ( ( ) ) ( ).,1,
1

1,1,, 101 grS
g

rN
g

rNgrNgrT kkk +−
−

+≤
++  (7) 

Thus, we deduce from (4)-(7) that 

( ( ) ) ( ) ( )grTfrT
f

rN k ,,
1

1,11 ++
−

 

( ) ( ) ( ( ) )
1

1,1,1,
−

++≤ kL
f

rNgrNfrN  

( ( ) ) ( ) ( )grNfrN
g

rN kkkL
1,1,

1
1, 11 ++ ++
−

+  

( ( ) ) ( ( ) ) ( ) ( ).,,
1

1,
1

1, grSfrS
g

rN
f

rN kk ++
−

+
−

+  (8) 

Since ( )kf  and ( )kg  share one value 1 IM, we have 

( ( ) ) ( ( ) )
1

1,
1

1,
−

+
− kk g

rN
f

rN  

( ( ) ) ( ( ) ) ( ( ) )
1

1,
1

1,
1

1,11
−

+
−

+
−

≤ kkLk g
rN

f
rN

f
rN  

( ( ) ) ( ( ) ) ( ( ) ) ( )1,
1

1,
1

1,11 OgrT
f

rN
f

rN k
kLk ++

−
+

−
≤  

( ( ) ) ( ( ) ) ( ) ( ).,,
1

1,
1

1,11 grSgrT
f

rN
f

rN kLk ++
−

+
−

≤  (9) 

Noting that 

( ( ) ) ( ( ) ) ( )frN
f

frN
f

rN kk
1,,1, +≤  

(
( )

) ( ) ( ) ( ).,1,1,, 1 frSfrNfrNf
frT k

k
+≤+≤ +  
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( ( ) ) ( ( ) ) ( ( ) ) (
( )

( ) )1,
1

1,
1

1,
1

1,
+

≤
−

−
−

≤
− k

k

kkkL
f
frN

f
rN

f
rN

f
rN  

(
( )

( ) ) ( ) ( ( ) ) ( ).,1,,,
1

frS
f

rNfrS
f

frN kk

k
+=+≤

+
 

So, we have 

( ( ) ) ( ( ) ) ( ) ( ) ( ).,1,,1,
1

1, 1 frSfrNfrS
f

rN
f

rN kkkL +≤+≤
−

+  (10) 

Similarly, 

 ( ( ) ) ( ( ) ) ( ) ( ) ( ).,1,,1,
1

1, 1 grSgrNgrS
g

rN
g

rN kkkL +≤+≤
−

+  (11) 

Thus, we deduce from (8)-(11) that 

( ) ( ) ( ) ( )frNgrNfrNfrT kk
1,1,21,3, 11 ++≤ ++  

( ) ( ) ( ).,,1, grSfrSgrN +++  (12) 

Similarly, 

( ) ( ) ( ) ( )frNfrNgrNgrT kk
1,1,21,3, 11 ++≤ ++  

( ) ( ) ( ).,,1, grSfrSgrN +++  (13) 

We obtain from (12)-(13) that 

( ) ( ) ( ) ( ) ( )frNgrNfrNgrTfrT kk
1,21,51,5,, 11 ++≤+ ++  

 ( ) ( ) ( ).,,1,2 grSfrSgrN +++  

Without loss of generality, we suppose that there exists a set I with 
infinite measure such that ( ) ( ),,, grTfrT ≤  for .Ir ∈  Then, we have 

{[ ( ) ( ) ( ) ( ) ] }ε−−δ+δ+Θ+Θ ++ 12,05,05,02,02 11 gfgf kk  
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( ) ( ),,, frSfrT ≤×  (14) 

for ,Ir ∈  and ( ) ( ) ( ) ( ) .12,05,05,02,020 11 −δ+δ+Θ+Θ<ε< ++ gfgf kk  

Thus, we obtain from (2) and (14) that ( ) ( ),,, frSfrT ≤  for ,Ir ∈  a 

contradiction. 

Hence, we get ( ) ;0≡zh  that is, 

( )( )
( )( )

( )( )
( )( )

( )( )
( )( )

( )( )
( )( )

.
1

2
1

2
1

1

21

1

2

−
−=

−
−

+

+

++

+

+

zg
zg

zg
zg

zf
zf

zf
zf

k

k

k

k

k

k

k

k
 (15) 

By solving this equation, we obtain 

( )

( )

( ) ,
11

1
−

−+=
− k

k

k g
babg

f
 (16) 

where a, b are two constants. Next, we consider three cases. 

Case 1. 0≠b  and .ba =  From (16), we obtain that ( ) .0≠kg  Thus, 

there exists an entire function ( )zφ  such that ( )( ) ( ),zk ezg φ=  and 

( ) ( ).111 zk ebbf φ−−+=  

If ,1−=b  then ( )( ) ( )( ) .1≡zgzf kk  If ,1−≠b  then ( ) ( ) =+− bf k 11  

( ) ,01 ≠− φ− zeb  and thus , we deduce from Lemma 2.1 that 

( ) ( ) ( ) [ ( )] ( ) ( ),,,,01,1,, 11 frSfrTffrSfrNfrT kk +δ−≤+≤ ++  

that is, 

( ) ( ) ( ).,,,01 frSfrTfk ≤δ +  

Hence, by (2), we deduce that ( ) ( ),,, frSfrT ≤  a contradiction. 

Case 2. 0≠b  and .ba ≠  Then from (16), we have ( ) .0≠−+ b
bag k  

From Lemma 2.1, we deduce 
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( ) ( ) ( ).,1,, 1 grSgrNgrT k +≤ +  

Next, by using the argument as in Case 1, we get a contradiction. 

Case 3. 0=b  and .0≠a  From (16), we obtain 

( ),1 zpgaf +=  (17) 

where ( )zp  is a polynomial. If ( ) ,0≠zp  then by Lemma 2.2, we have 

( ) ( ) ( ) ( )frSpfrNfrNfrT ,1,1,, +
−

+≤  

( ) ( ) ( )frSgrNfrN ,1,1, ++≤  

[ ( )] ( ) [ ( )] ( ) ( ).,,,01,,01 frSgrTgfrTf +Θ−+Θ−≤  (18) 

Obviously, by (17), we have ( ) ( ) ( ).,,, frSgrTfrT +=  Hence, substituting 

this into (18), we get 

[ ( ) ( ) ] ( ) ( ).,,1,0,0 frSfrTgf ≤−Θ+Θ   (19) 

Thus, by (2) and (19), we deduce that ( ) ( ),,, frSfrT ≤  a contradiction. 

Therefore, we deduce that ( ) ,0≡zp  that is, 

.1 gaf =  (20) 

If ,1≠a  then by ( )kf  and ( )kg  sharing the value 1 IM, we deduce from 

(20) that ( ) .1≠kg  Next, we can deduce a contradiction as in Case 2. Thus, 

we get ,1=a  that is, .gf ≡  We complete the proof of the Theorem 1.2. 
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