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Abstract

In this paper, the concept of multiplicative orthodox transversals is first
introduced, and some properties on multiplicative orthodox transversals are
investigated. Then a construction of a regular semigroup with a multiplicative
orthodox transversal is established. Finally, two examples are given to show a
regular non-orthodox and an orthodox semigroup with a multiplicative orthodox

transversal, respectively.
1. Introduction

The concept of an inverse transversal of a regular semigroup was first
introduced by Blyth and McFadden in 1982 [1]. Afterwards, this class of
regular semigroups attracted several author’s attention and a series of
important results were obtained [1, 2, 7, 8]. If S is a regular semigroup,

then an inverse transversal of S is an inverse subsemigroup S° such that
S° meets V(a), precisely once for each a € S (that is, |V(a) N S°| = 1),

where V(a) = {x € S : axa = a and xax = x} denotes the set of inverses
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of a. The intersection of V(a) and S° is denoted by Vo (a) and the
unique element of Vi, (a) is denoted by a’. It is well known that, the

sets I ={eeS:ee’ =e} and A={feS:[f°f =/f} are left regular

and right regular bands, respectively, and play an important role in the
study of regular semi groups with inverse transversals. Orthodox
transversals were introduced by Chen [3] as a generalization of inverse
transversals, and an excellent structure theorem for regular semi groups
with quasi-ideal orthodox transversals was also given. Afterwards, Chen
and Guo [4] considered the general case of orthodox transversals and
investigated some properties concerning the sets I and A (defined below).
The second author [6] constructed regular semigroups with quasi-ideal
orthodox transversals by a formal set. Analogous to the inverse
transversal, the concept of a multiplicative orthodox transversal can be
introduced. The main purpose of this paper is to introduce and study the
class of regular semigroups with multiplicative orthodox transversals.

Let S be a semigroup and S° be a subsemigroup of S. As usual, we

shall write the set S° N V(x) as Vo (x) for every x € S, x° as an

element of V, (x), and
I={aa’:ae8 a’c VSo(a)}, A={a’a:aeS, a’e Vso(a)}.

Then S is said to be an orthodox transversal of S, if the following

conditions are satisfied.

(1.1) Foralla e S, V_,(a) # 0;
(1.2) If Va,b e S, and {a, b}(NS° # 0, then VS" (a)VSO ®) c VS"
(ba).

Note that, if S° is an orthodox transversal of S, then S is a regular

semigroup by (1.1) and S° is an orthodox subsemigroup of S by (1.2).

A subsemigroup S° of S is said to be a quasi-ideal of S, if
S°SS° < S°.
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Finally, the following theorem will be frequently used without further

mention.

(1.3) Let e and f be D -equivalent idempotents of a semigroup S. Then
each element a of R, (1 L; has a unique inverse a' in R; (] L,, such that

aa' = e and d'a = f;

(1.4) Let a, b be elements of a semigroup S. Then ab € R, N L, if

and only if L, N R, contains an idempotent.

We adopt the terminology and notation of [3, 6, 7].
2. Multiplicative Orthodox Transversals

Definition 2.1. Let S be a regular semigroup with an orthodox

transversal S°. Then we shall say S° is multiplicative, if

(Vx, y € S)(vx° € VS° (x), ¥° € VS" (v)) x°xyy° € E(S?),

where E(S?) is the band of idempotents of S°.

It 1s well-known that, the sets  and A play an important role in both
the inverse transversal and the orthodox transversal. By I and A, an

orthodox transversal S° is said to be multiplicative and a quasi-ideal can

be equivalently defined. An orthodox transversal S° is
(1) multiplicative, if AI < E(S°).

(2) a quasi-ideal, if AI c S°.
By Lemma 2.1 in [7], we have

Lemma 2.2. Let S be a regular semigroup with a multiplicative
orthodox transversal S°. Then S° is a quasi-ideal of S.

Theorem 2.3. Let S be a regular semigroup with an orthodox
transversal S°. If S° is a band, then S° is multiplicative, if and only if

S° is a quasi-ideal.
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Proof. By Lemma 2.2, the condition is clearly necessary. Conversely,

if S° is a quasi-ideal, then AI < S°. So, AI < E(S?) since we also have

E(S°) = S° by S° is a band. That is, S° is multiplicative.

If S is a regular semigroup with an inverse transversal S°, Green’s

relations £ and R are given by
(x, ) e Lo x% =%, (x,9)eR o xx® = yy°.

As for an orthodox transversal S°, we have to get a weaker result.
Theorem 2.4. Green’s relations L and R are given by

(x, 7)€ L& Voo (x)e = Vo (9)y, (%, 7) € R & &V (x) = 3V (9)-

Proof. If V, (x)x = Vo (7)y, then for any x° € Voo (x), there exists
% e Vo (y) such that x°x = y°y. So xLx°x = y°yLy. If (x, y) e L,
then for any x° e VSo(x) and y° e VSO(y), we have yRyy° and

yLxLx®x. Since yy° and x°x are idempotents, it follows from (1.3) that

there exists an inverse y' in Lyy" N Rx"x of y such that x°x = y'y. Since

x°Rx®xRy' Lyy°Ly°, it following from Theorem 2.4 in [4] that y' € S°.

That is, to say for any x° e VSO (x), there exists y' e VSO (y) such that

x°x = y'y, and thus, Veo (x)x < Vo (v)y. Similarly, we have Vo )y c

Vo (x)x. Therefore, Vo (x)x = Vo (¥)y. The dual result can be proved
similarly.

Theorem 2.5. Let S be a regular semigroup with an orthodox

transversal S°. Suppose that V_,(e) = E(S°) for every e e E(S). If
x' e V(x) for any x € S, then for any x° e Vo (x), there exists x°° e

Veo (x?%), such that

00..0 n o 0 0..00 o 0
x%x eVSo(xx)—VSO(xx ), x°x eVSo(xx)—VSo(x x),
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and
(x7) = Vo (xxx%) = Vo (x%xx") = Vo (7).

Proof. Let x € S and x' € V(x). Since xxRx, it follows from

Vo (xx") = x - Vo (x) that there exists (xx')’ e Vo (xx") such that
xx' - (xx")° = xx°. By the assumption, (xx')’ € E(S°). So that

xx? (xx”)° = (')’ (2ex")° = ' (xx”)° = 2,
and
(ocx")2x® = (aex")° 2ex"(2ex")° = (ax”)°,

which shows that xx°L(xx")°. So x°L(xx')’ since x°Lxx°. Since (xx')°
E(S°), sofor (xx')° e VSO((xx’)O), there exists x%° e Vo (x°) such that
x%x° = (xx")(xx")° = (xx")°, that is, x%°x° e Vo (xx'). And since, we
also have x%°x° e Vo (xx%), so x%°x° € Vo (xx") = Vo (xx°). Similarly,
there exists x° e Vo (x°) such that x°x° e Vo (x'x) = Vo (x%x).
Since, we also have x°x% < Vo (x°x), so x°x°° e Vo (x'x) = Vo (x°x).

By using the above facts, we have

190 172:00 00,.0,.00

(]
xx% = x%xxx'x%xx% = x%x'xx’ - (xx")° xx®

x%%x"xx%x%° = x%° - x°x%%x'x - x°x°

— xOOxOxOO — xOO’

and

(]
xx%x’ = xxx'xx°xx" = x'xx(xx")’ x%x’

= xxx%x%x" = x'x(x'x)°x’ = x".
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00

Consequently, x%° e VSO (x"). Also, we have

(0
xx® - x% - xax® = xlx(x'x)’x'x - x% = x'xx”,

and

xOO . xrxxO . xOO — xOO . xxOO . xrx . xOxOO — xOO . xOxOO — xOO.

That is to say x® e Vo (x'xx?). Similarly, x%° € Vo (x°xx"). Therefore,

00 ry _ ! oY _ o ry _ o
x eVSO(x)—VSO(xxx )—Vso(x xx)—VSO(x ).

Theorem 2.6. Let S be a regular semigroup with an orthodox

transversal S°. Suppose that V_,(e) < E(S°) for every e € E(S). Then
forany x, y € S, V(x)N V(y) # 0, if and only if Vo (x) = Vo (»)-
Proof. Take a' € V(x)NV(y). Then by Theorem 2.5, for any
x° e Vo (x),y° e Vo (v), there exist x%° e Vo (x%), y° € Vso(yo ), such
00 ! 00 ' 0\ _ ry _ ]
that x%° e Vso(a ), ¥° € VSO(a ). Thus, VSO(x ) = VSO(a ) = Vso(y ).

Take x% e Vo (x%) = VSO(yO). Then

o 00\ : . _ 00
x% e Vg (x)N Vo (x%?) implies Vo (x) = Vo (x99),
0 00\ : . _ 00
¥’ € Vo ()N Vo (x°°) implies Vo (v) = Vo (x°?),
and therefore, V, (x) = Vo (¥).
The converse is obvious.

Theorem 2.7. Let S be a regular semigroup with an orthodox
transversal S°. Then S° is multiplicative, if and only if S° is a quasi-

ideal of S and VSO(e) c E(S°) for every e € E(S).
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Proof. If S° is multiplicative, then by Lemma 2.2, S° is a quasi-

ideal of S and for any e € E(S), e’ € Vo (e), we have e° = e%e’ =

e®eee’ € E(S°). Conversely, let e € A, f € I, and let x Vso(ef). Then
(fxe)2 = fxe and ef € V(fxe)N S°, so by assumption, we have that ef e
E(S°). Thus AI c E(S?), and consequently, S° is multiplicative.

Let S be a regular semigroup with a multiplicative inverse

transversal S°, and let (E(S)) be the idempotent-generated regular
subsemigroup of S. In [1], it has been shown that (E(S)) = {x € S : x°

€ E(S?)}. As for the orthodox transversal, we have a similar result.

Theorem 2.8. Let S be a regular semigroup with a multiplicative

orthodox transversal S°. Then (E(S)) = {x € S : Vo (x) c E(S?)}.

Proof. For any x € S, if V, (x) c E(S?), take x° € Vo (x), then

we have

x = xx’x = xx° - x%x e (E(S)).
For the converse inclusion, it suffices to prove that V, (xy) < E(S?) for
all x, y € E(S). Let x° e VSO (x) and y° € VSO(y), then by Theorem 2.7,
x°, y° € E(S?). Since S° is a multiplicative orthodox transversal of S,
we have x°xyy’ € E(S°), and so y°x%xyy°x° € E(S°). But
y°x°xyy°x® € V(xy), so we have that Vo (xy) contains an idempotent,

so by Corollary 2.1 of [4], it consists of idempotents only. Now, the proof
of this theorem is completed.

3. The Structure Theorem

In 1999, Chen [3] gave a structure theorem for regular semigroups
with quasi-ideal orthodox transversals. There a regular mapping * means
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a mapping A x I — S°, denoted by (%, i) - A *i, which satisfies three

conditions:
@) (Ve, f € E°) e(r i)f = (er) * (if ).
M) If L e E° orie E°, then A *i = Ai.
(© If A, i* € E° and A*RALL and i*LiRi', then (i*i’)-VSO (A 7'

(AN7) € Vo (1 %),

If the mapping * is Ax I — E° instead of A x I — S, then we can

construct a regular semigroup with a multiplicative orthodox transversal,
and the condition (c¢) can be removed. Since, this construction is a
modification of that Chen gave in [3], the proofs have a good deal in
common. So, we only give the outline of the proof, for more details, see

[3].
In what following, S° denotes an orthodox semigroup, E° denotes
the set of the set of idempotents of S°, and ¢ denotes the minimum

inverse semigroup congruence on S°. For a € S°, the idempotents in

L,(R,) are denoted by a., ., - (a,, a,., -+ ), the o -class containing
a will be denoted by T'(a). Let I and A are bands such that TN A = E°.
The triple (I, S°, A) is said to be permissible, if E° is a quasi-ideal
orthodox transversal of both I and A, and L(I) = I, R(A) = A. Denote
the elements of I by i, i, i, ---, and the R -class of I containing i by R;.
Denote the elements of A by A, A;, A'---, and the L -class of A
containing A by L, .

Theorem 3.1. Suppose that (I, S°, A) is a permissible triple with a
mapping *: A* I — E°, denoted by (A, i) = A *i, which satisfies the
following:

(3.1) (Ve, f € E?) e(r *i)f = (er) * (if ),
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(B.2)If L\ € E° ori € E°, then L *i = M.
We define a subset of I /R xS° /o x A/ L as follows:
I ={(R;, T(x), L,): (3i", A" € E°)iLli"Rx, \RA" Lx},

where x € S°. Define multiplication in T' by

(B, T(x), L) (Ryy, T(x1), Ly ) = (Rig, > T(@), Loy ),
where a = x(A *i; )x;. Then T' is a regular semigroup containing a
multiplicative orthodox transversal isomorphic to S°.

Conversely, every regular semigroup with a multiplicative orthodox
transversal can be constructed in this way.

Proof. Since condition (c¢) is crucial to the proof of that the
multiplication in T" is well-defined [3], we first proved that (c) is valid
under our assumption.

If A, A" € E° and ATRALA and i"LiRi', take s € VSO (A" *i'). Then,

we have
(A 0) (@ sAAT ) (L % i) = (L% ii"i)s(MATA 1)

= *i")s(A *1)
= (M % i")s(\ *i'1)
=ML *1")s(M *0')i
= MA * i)
= A i,

and

(T TsAAT )Y (0 2) (F5i'sAAT) = i s(MATA * i) sA AT

=i"'s(A" *1)sAAF

ok .
=i s,
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Thus

(i*i)- Vo (W 1) - (MA") € Vo (A * 1)

Up to now, all the conditions of Theorem 3.4 in [3] are satisfied.
Therefore, as the proofs in [3], ' is a regular semigroup containing a
quasi-ideal orthodox transversal W, where

W = {(R;, T(x), L, ) : (3% € T(x), i’ € R; N E°, ' € L, N E° W LERi'}.

In the following, we only need to prove that Wis a multiplicative orthodox

transversal of T.
Let (R;, T(x), L, ) € W, by Lemma 3.7 in [3] , we can assume that

i, \ € E°. Then (R;, T(x), L, ) € E(W), if and only if x = xAix. In fact,

(R;, T(x), L) = (Riwnia), » Tix), Ligin), . )-

If x =axhix, then T(x)=T(xhix), and Rjy), = Ri, = Ry, = Ry,
since iR¥R, . Similarly, Lir), = Ly. Thatis, (R;, T(x), L) € E(W).
Conversely, if (R;,T(x), L) )e E(W), then T(x) = T(x\ix). Let x' be the
common inverse of x and xiix. Then x'xAixx’ = x', hence xxxiixx'x =

xx'x, and consequently, x\Aix = x.
Take

k= (R, T(x), L), 1 = (R;, T(y), L) T,
and

(Ri'7 T(x,)7 Lk') € VW(k)9 (Rj" T(y’)’ Lu’) € VW(l)7

where T(x'), T(y') are the inverses of T(x), T(y) in S° / o, respectively,

and Vjy(a) as described in Lemma 3.8 in [3]. We can assume that i, 2/,

js 1w e E°. Then

(Ri" T(x’)’ Lk’)(Ri’ T(x)’ Lk)(Rj’ T(y)’ Lp)(Rj" T(y')’ Lu')
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= (Ri'a+’ T(a)’ La*k)(ij+’ T(b)’ Lb*p')
= (Ri’a+c+7 T(C), Lc*b*u’) eW,

where a=x'(M *i)x = x\ix, b = y(u*j)y = yw'y, c=ala*r*jb,)
b= a(h* j).

Also, we have
c b -ila,c, - c

ch.wi'a,c

a(h * jb,mu'i'a, - a(h * j)b

M ix(h* ywi'y WiV iz )’y

Vi (ko Jlyw'y' - V(o x fyw'y’

(since v/, 1" € E° and i'"Rx’, u'Ly")

I
o
o

Thus xA'ix ¢ x’E°x < E°, since x,x' € S° and S° is orthodox.
Similarly, yu'y' € E°. Consequently, ¢ = x'A'ix - (A * j)- yw'y' € E° - E°
-E° < E° since S° is orthodox. Therefore, Vi (k)kIViy(l) < E(W), and

so Wis a multiplicative orthodox transversal of T.

Conversely, let S be a regular semigroup and S° be a multiplicative

orthodox transversal of S. For every (A, i) € Ax I, put A *i = Ai. Then,

L*i e E° since S° is a multiplicative orthodox transversal of S. All the

other conditions in Theorem 3.1 are satisfied as in [3].

In the following, we will give two examples, both of which are based
on 2 x 2 matrices. In Example 2, we take use of the semigroup Singg,oR
of singular real 2 x 2 matrices. We let Sings,oR be the subset of those

matrices, whose leading element (i.e., that in the (1, 1)-position) is non-

zero. Example 1 is to show a regular non-orthodox semigroups with a
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multiplicative orthodox transversal, and the orthodox transversal is not
an inverse transversal. Example 2 is to show an orthodox semigroup with
a multiplicative orthodox transversal, and the orthodox transversal is

neither the orthodox semigroup itself, nor the inverse transversal.

Example 1 [non-orthodox]. Let F be a field of characteristic 2 and
consider the subset S of Matg,oF' given by

Skl oo ollo oo o)

The only non-idempotent of S is a, and clearly, d € V(a). Hence S is

{a, b, c, d, e}.

regular. That S is not orthodox follows from the equality bc = a. It is

readily verified that
V(a) = {d}, V(b) = {d, b}, V(c) = {d, ¢}, V(d) = {d, a, b, c}, V(e) = {e}.

Let S° = {b, d, e}. Then S° is an orthodox subsemigroup of S. It is easy

to check that S° is an orthodox (in fact, band) transversal of S. Simple
calculation reveal that I = {b, d, e} and A = {b, c, d, e}. It follows that

Al = {b, d, e} and so S° is multiplicative.

Example 2 [orthodox]. Let S; be the subset of Singj,oR described

by
81:{9(; (ﬂ, x,y € R, x;tO}.
x T x

-1 -1 -1
Then S; is a semigroup. It is readily seen that {3(; ((ﬂ, { 0 0 } eV

B g}, and so S; is regular. The idempotents are the matrices of the

1
form [0 ﬂ, and consequently S; is orthodox. Let

a5 9 oo
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Then Slo is an orthodox subsemigroup of S and

Qo st = ok [0 )

It is easy to check that S is an orthodox transversal of S. Again as can

readily be verified, we have

I={XX" XeS8)}= {Ll) (0)}, B H} = E(SY),

{B Z}; ze R} - E(S,),

A=1{XX; X e S}

from which it follows that AI = E(Sy), and therefore, S{ is

multiplicative.
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