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Abstract 

In this paper, the concept of multiplicative orthodox transversals is first 
introduced, and some properties on multiplicative orthodox transversals are 
investigated. Then a construction of a regular semigroup with a multiplicative 
orthodox transversal is established. Finally, two examples are given to show a 
regular non-orthodox and an orthodox semigroup with a multiplicative orthodox 
transversal, respectively. 

1. Introduction 

The concept of an inverse transversal of a regular semigroup was first 
introduced by Blyth and McFadden in 1982 [1]. Afterwards, this class of 
regular semigroups attracted several author’s attention and a series of 
important results were obtained [1, 2, 7, 8]. If S is a regular semigroup, 
then an inverse transversal of S is an inverse subsemigroup oS  such that 

oS  meets ( ),aV  precisely once for each Sa ∈  (that is, ( ) 1=oSaV ∩ ), 
where ( ) { }xxaxaaxaSxaV ==∈= and:  denotes the set of inverses 
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of a. The intersection of ( )aV  and oS  is denoted by ( )aV oS  and the 

unique element of ( )aV oS  is denoted by .oa  It is well known that, the 

sets { }eeeSeI o =∈= :  and { }fffSf o =∈=Λ :  are left regular 
and right regular bands, respectively, and play an important role in the 
study of regular semi groups with inverse transversals. Orthodox 
transversals were introduced by Chen [3] as a generalization of inverse 
transversals, and an excellent structure theorem for regular semi groups 
with quasi-ideal orthodox transversals was also given. Afterwards, Chen 
and Guo [4] considered the general case of orthodox transversals and 
investigated some properties concerning the sets I and Λ  (defined below). 
The second author [6] constructed regular semigroups with quasi-ideal 
orthodox transversals by a formal set. Analogous to the inverse 
transversal, the concept of a multiplicative orthodox transversal can be 
introduced. The main purpose of this paper is to introduce and study the 
class of regular semigroups with multiplicative orthodox transversals. 

Let S be a semigroup and oS  be a subsemigroup of S. As usual, we 

shall write the set ( )xVSo ∩  as ( )xV oS  for every oxSx ,∈  as an 

element of ( ),xV oS  and 

{ ( )} { ( )}.,:,,: aVaSaaaaVaSaaaI oo S
oo

S
oo ∈∈=Λ∈∈=  

Then oS  is said to be an orthodox transversal of S, if the following 
conditions are satisfied. 

(1.1)  For all ( ) ;0, /≠∈ aVSa oS  

(1.2) If ,, Sba ∈∀  and { } ,0, /≠oSba ∩  then ( ) ( ) ooo SSS VbVaV ⊆  

( ).ba  

Note that, if oS  is an orthodox transversal of S, then S is a regular 

semigroup by (1.1) and oS  is an orthodox subsemigroup of S by (1.2). 

A subsemigroup oS  of S is said to be a quasi-ideal of S, if 

.ooo SSSS ⊆   
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Finally, the following theorem will be frequently used without further 
mention. 

(1.3) Let e and f be D -equivalent idempotents of a semigroup S. Then 
each element a of fe LR ∩  has a unique inverse a′  in ,ef LR ∩  such that 

eaa =′  and ;faa =′  

(1.4) Let ba,  be elements of a semigroup S. Then ,ba LRab ∩∈  if 

and only if ba RL ∩  contains an idempotent. 

We adopt the terminology and notation of [3, 6, 7]. 

2. Multiplicative Orthodox Transversals 

Definition 2.1. Let S be a regular semigroup with an orthodox 

transversal .oS  Then we shall say oS  is multiplicative, if 

( ) ( ( ) ( )) ( ),,, ooo
S

o
S

o SExyyxyVyxVxSyx oo ∈∈∈∀∈∀  

where ( )oSE  is the band of idempotents of .oS  

It is well-known that, the sets I and Λ  play an important role in both 
the inverse transversal and the orthodox transversal. By I and ,Λ  an 

orthodox transversal oS  is said to be multiplicative and a quasi-ideal can 

be equivalently defined. An orthodox transversal oS  is 

(1) multiplicative, if ( ).oSEI ⊆Λ  

(2) a quasi-ideal, if .oSI ⊆Λ  

By Lemma 2.1 in [7], we have 

Lemma 2.2. Let S be a regular semigroup with a multiplicative 

orthodox transversal .oS  Then oS  is a quasi-ideal of S. 

Theorem 2.3. Let S be a regular semigroup with an orthodox 

transversal .oS  If oS  is a band, then oS  is multiplicative, if and only if 
oS  is a quasi-ideal. 
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Proof. By Lemma 2.2, the condition is clearly necessary. Conversely, 
if oS  is a quasi-ideal, then .oSI ⊆Λ  So, ( )oSEI ⊆Λ  since we also have 

( ) oo SSE =  by oS  is a band. That is, oS  is multiplicative. 

If S is a regular semigroup with an inverse transversal ,oS  Green’s 
relations L  and R  are given by 

( ) ( ) .,,, oooo yyxxyxyyxxyx =⇔∈=⇔∈ RL  

As for an orthodox transversal ,oS  we have to get a weaker result. 

Theorem 2.4. Green’s relations L  and R  are given by 

( ) ( ) ( ) ( ) ( ) ( ).,,, yyVxxVyxyyVxxVyx oooo SSSS =⇔∈=⇔∈ RL  

Proof. If ( ) ( ) ,yyVxxV oo SS =  then for any ( ),xVx oS
o ∈  there exists 

( )yVy oS
o ∈  such that .yyxx oo =  So .yyyxxx oo LL =  If ( ) ,, L∈yx  

then for any ( )xVx oS
o ∈  and ( ),yVy oS

o ∈  we have oyyyR  and 

.xxxy oLL  Since oyy  and xxo  are idempotents, it follows from (1.3) that 

there exists an inverse y′  in xxyy oo RL ∩  of y such that .yyxxo ′=  Since 

,oooo yyyyxxx LLRR ′  it following from Theorem 2.4 in [4] that .oSy ∈′  

That is, to say for any ( ),xVx oS
o ∈  there exists ( )yVy oS∈′  such that 

,yyxxo ′=  and thus, ( ) ( ) .yyVxxV oo SS ⊆  Similarly, we have ( ) ⊆yyV oS  

( ) .xxV oS  Therefore, ( ) ( ) .yyVxxV oo SS =  The dual result can be proved 

similarly. 

Theorem 2.5. Let S be a regular semigroup with an orthodox 
transversal .oS  Suppose that ( ) ( )o

S SEeV o ⊆  for every ( ).SEe ∈  If 

( )xVx ∈′  for any ,Sx ∈  then for any ( ),xVx oS
o ∈  there exists ∈oox  

( ),o
S xV o  such that 

( ) ( ) ( ) ( ),, xxVxxVxxxxVxxVxx o
SS

oooo
SS

ooo
oooo =′∈=′∈  
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and 

( ) ( ) ( ) ( ).o
S

o
S

o
SS

oo xVxxxVxxxVxVx oooo =′=′=′∈  

Proof. Let Sx ∈  and ( ).xVx ∈′  Since ,xxx R′  it follows from  

( ) ( )xVxxxVxx oo SS ⋅=′⋅′  that there exists ( ) ( )xxVxx oS
o ′∈′  such that 

( ) .oo xxxxxx =′⋅′  By the assumption, ( ) ( ).oo SExx ∈′  So that 

( ) ( ) ( ) ( ) ,oooooo xxxxxxxxxxxxxxxx =′′=′′′=′  

and 

( ) ( ) ( ) ( ) ,ooooo xxxxxxxxxxxx ′=′′′=′  

which shows that ( ) .oo xxxx ′L  So ( )oo xxx ′L  since .oo xxx L  Since ( ) ∈′ oxx  

( ),oSE  so for ( ) (( ) ),o
S

o xxVxx o ′∈′  there exists ( )o
S

oo xVx o∈  such that 

( ) ( ) ( ) ,oooooo xxxxxxxx ′=′′=  that is, ( ).xxVxx oS
ooo ′∈  And since, we 

also have ( ),o
S

ooo xxVxx o∈  so ( ) ( ).o
SS

ooo xxVxxVxx oo =′∈  Similarly, 

there exists ( )o
S

o xVx o∈′  such that ( ) ( ).xxVxxVxx o
SS

oo
oo =′∈′  

Since, we also have ( ),xxVxx o
S

ooo
o∈  so ( ) ( ).xxVxxVxx o

SS
ooo

oo =′∈  

By using the above facts, we have 

( ) ooooooooooooooo xxxxxxxxxxxxxxxxxx ′⋅′′=′′=′  

ooooooooooooo xxxxxxxxxxxx ⋅′⋅=′=  

,ooooooo xxxx ==  

and 

( ) xxxxxxxxxxxxxxxxx oooooooooo ′′′′=′′′=′′  

( ) .xxxxxxxxxxx oooo ′=′′′=′′=  
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Consequently, ( ).xVx oS
oo ′∈  Also, we have 

( ) ,ooooooo xxxxxxxxxxxxxxxxx ′=⋅′′′=′⋅⋅′  

and 

.ooooooooooooooooooo xxxxxxxxxxxxxxxx =⋅=⋅′⋅⋅=⋅′⋅  

That is to say ( ).o
S

oo xxxVx o ′∈  Similarly, ( ).xxxVx o
S

oo
o ′∈  Therefore, 

( ) ( ) ( ) ( ).o
S

o
S

o
SS

oo xVxxxVxxxVxVx oooo =′=′=′∈  

Theorem 2.6. Let S be a regular semigroup with an orthodox 

transversal .oS  Suppose that ( ) ( )o
S SEeV o ⊆  for every ( ).SEe ∈  Then 

for any ( ) ( ) ,0,, /≠∈ yVxVSyx ∩  if and only if ( ) ( ).yVxV oo SS =  

Proof. Take ( ) ( ).yVxVa ∩∈′  Then by Theorem 2.5, for any  

( ) ( ),, yVyxVx oo S
o

S
o ∈∈  there exist ( ) ( ),, o

S
ooo

S
oo yVyxVx oo ∈∈  such 

that ( ) ( )., aVyaVx oo S
oo

S
oo ′∈′∈  Thus, ( ) ( ) ( ).o

SS
o

S yVaVxV ooo =′=  

Take ( ) ( ).o
S

o
S

oo yVxVx oo =∈  Then 

( ) ( ) ( ) ( ),implies oo
SS

oo
SS

o xVxVxVxVx oooo =∈ ∩  

( ) ( ) ( ) ( ),implies oo
SS

oo
SS

o xVyVxVyVy oooo =∈ ∩  

and therefore, ( ) ( ).yVxV oo SS =  

The converse is obvious. 

Theorem 2.7. Let S be a regular semigroup with an orthodox 

transversal .oS  Then oS  is multiplicative, if and only if oS  is a quasi-

ideal of S and ( ) ( )o
S SEeV o ⊆  for every ( ).SEe ∈  
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Proof. If oS  is multiplicative, then by Lemma 2.2, oS  is a quasi-

ideal of S and for any ( ) ( ),, eVeSEe oS
o ∈∈  we have == ooo eeee  

( ).ooo SEeeee ∈  Conversely, let ,, Ife ∈Λ∈  and let ( ).efVx oS∈  Then 

( ) fxefxe =2  and ( ) ,oSfxeVef ∩∈  so by assumption, we have that ∈ef  

( ).oSE  Thus ( ),oSEI ⊆Λ  and consequently, oS  is multiplicative. 

Let S be a regular semigroup with a multiplicative inverse 

transversal ,oS  and let ( )SE  be the idempotent-generated regular 

subsemigroup of S. In [1], it has been shown that ( ) { oxSxSE :∈=  

( )}.oSE∈  As for the orthodox transversal, we have a similar result. 

Theorem 2.8. Let S be a regular semigroup with a multiplicative 

orthodox transversal .oS  Then ( ) { ( ) ( )}.: o
S SExVSxSE o ⊆∈=  

Proof. For any ,Sx ∈  if ( ) ( ),o
S SExV o ⊆  take ( ),xVx oS

o ∈  then 

we have 

( ) .SExxxxxxxx ooo ∈⋅==  

For the converse inclusion, it suffices to prove that ( ) ( )o
S SExyV o ⊆  for 

all ( )., SEyx ∈  Let ( )xVx oS
o ∈  and ( ),yVy oS

o ∈  then by Theorem 2.7, 

( )., ooo SEyx ∈  Since oS  is a multiplicative orthodox transversal of S, 

we have ( ),ooo SExyyx ∈  and so ( ).ooooo SExxyyxy ∈  But 

( ),xyVxxyyxy oooo ∈  so we have that ( )xyV oS  contains an idempotent, 

so by Corollary 2.1 of [4], it consists of idempotents only. Now, the proof 
of this theorem is completed. 

3. The Structure Theorem 

In 1999, Chen [3] gave a structure theorem for regular semigroups 
with quasi-ideal orthodox transversals. There a regular mapping ∗  means 
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a mapping ,oSI →×Λ  denoted by ( ) ,, ii ∗λ→λ  which satisfies three 
conditions: 

(a) ( ) ( ) ( ) ( )., ifefieEfe o ∗λ=∗λ∈∀  

(b) If oE∈λ  or ,oEi ∈  then .ii λ=∗λ  

(c) If oEi ∈λ ∗+ ,  and λ′λλ+ LR  and ,iii ′∗ RL  then ( ) ( ) ⋅′∗λ′⋅′∗ iVii oS  

( ) ( ).iV oS ∗λ⊆λλ′ +  

If the mapping ∗  is oEI →×Λ  instead of ,oSI →×Λ  then we can 
construct a regular semigroup with a multiplicative orthodox transversal, 
and the condition (c) can be removed. Since, this construction is a 
modification of that Chen gave in [3], the proofs have a good deal in 
common. So, we only give the outline of the proof, for more details, see 
[3]. 

In what following, oS  denotes an orthodox semigroup, oE  denotes 

the set of the set of idempotents of ,oS  and σ  denotes the minimum 

inverse semigroup congruence on .oS  For ,oSa ∈  the idempotents in 
( )aa RL  are denoted by ( ),,,,, "" +++∗∗∗ aaaa  the σ -class containing 

a will be denoted by ( ).aT  Let I and Λ  are bands such that .oEI =Λ∩  

The triple ( )Λ,, oSI  is said to be permissible, if oE  is a quasi-ideal 

orthodox transversal of both I and ,Λ  and ( ) ( ) ., Λ=Λ= RIIL  Denote 

the elements of I by ,,,, 1 "iii ′  and the R -class of I containing i by .iR  

Denote the elements of Λ  by ,,, 1 "λ′λλ  and the L -class of Λ  

containing λ  by .λL  

Theorem 3.1. Suppose that ( )Λ,, oSI  is a permissible triple with a 

mapping ,: oEI →∗Λ∗  denoted by ( ) ,, ii ∗λ→λ  which satisfies the 

following: 

(3.1) ( ) ( ) ( ) ( ),, ifefieEfe o ∗λ=∗λ∈∀   
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(3.2) If oE∈λ  or ,oEi ∈  then .ii λ=∗λ   

We define a subset of LR Λ×σ× oSI  as follows: 

{( ( ) ) ( ) },,,:,, xxiiEiLxTR o
i LRRL +∗+∗

λ λλ∈λ∃=Γ  

where .oSx ∈  Define multiplication in Γ  by 

( ( ) ) ( ( ) ) ( ( ) ),,,,,,, 111 1 λλλ ∗+
= aiaii LaTRLxTRLxTR  

where ( ) .11 xixa ∗λ=  Then Γ  is a regular semigroup containing a 

multiplicative orthodox transversal isomorphic to .oS  

Conversely, every regular semigroup with a multiplicative orthodox 
transversal can be constructed in this way. 

Proof. Since condition (c) is crucial to the proof of that the 
multiplication in Γ  is well-defined [3], we first proved that (c) is valid 
under our assumption. 

If oE∈λλ ∗+ ,  and λ′λλ+ LR  and ,iii ′∗ RL  take ( ).iVs oS
′∗λ′∈  Then, 

we have 

( ) ( ) ( ) ( ) ( )isiiiisiii ∗λλλ′′∗λ=∗λλλ′′∗λ +∗+∗  

( ) ( )isi ∗λ′′∗λ=  

( ) ( )iisi ′∗λ′′∗λ′λ=  

( ) ( )iisi ′∗λ′′∗λ′λ=  

( )ii′∗λ′λ=  

,i∗λ=  

and 

( ) ( ) ( ) ( ) +∗+∗+∗+∗ λλ′′∗λλλ′′=λλ′′∗λλλ′′ siiisiisiiisii  

( ) +∗ λλ′′∗λ′′= sisii  

.+∗ λλ′′= sii  
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Thus 

( ) ( ) ( ) ( ).iViVii oo SS ∗λ⊆λλ′⋅′∗λ′⋅′ +∗  

Up to now, all the conditions of Theorem 3.4 in [3] are satisfied. 
Therefore, as the proofs in [3], Γ  is a regular semigroup containing a 
quasi-ideal orthodox transversal W, where 

{( ( ) ) ( ( ) ) }.,,:,, ixELERixTxLxTRW oo
ii ′λ′∈λ′∈′∈∃= λλ RL∩∩  

In the following, we only need to prove that W is a multiplicative orthodox 
transversal of .Γ  

Let ( ( ) ) ,,, WLxTRi ∈λ  by Lemma 3.7 in [3] , we can assume that 

., oEi ∈λ  Then ( ( ) ) ( ),,, WELxTRi ∈λ  if and only if .ixxx λ=  In fact, 

( ( ) ) ( ( ) ( ) ( ) ).,,,, 2
λλλλ ∗+

λ= ixxixxii LixxTRLxTR  

If ,ixxx λ=  then ( ) ( ),ixxTxT λ=  and ( ) ,oxixixxi RRRR ===
+++λ  

since .
+xxi RR  Similarly, ( ) .λλλ =

∗
LL ixx  That is, ( ( ) ) ( ).,, WELxTRi ∈λ  

Conversely, if ( ( ) ) ( ),,, WELxTRi ∈λ  then ( ) ( ).ixxTxT λ=  Let x ′  be the 
common inverse of x and .ixxλ  Then ,xxixxx ′=′λ′  hence =′λ′ xxixxxx  

,xxx ′  and consequently, .xixx =λ  

Take 

( ( ) ) ( ( ) ) ,,,,,, Γ∈== µλ LyTRlLxTRk ji  

and 

( ( ) ) ( ) ( ( ) ) ( ),,,,,, lVLyTRkVLxTR WjWi ∈′∈′ µ′′λ′′  

where ( ) ( )yTxT ′′ ,  are the inverses of ( ) ( )yTxT ,  in ,σoS  respectively, 
and ( )aVW  as described in Lemma 3.8 in [3]. We can assume that ,, λ′′i  

., oEj ∈µ′′  Then 

( ( ) ) ( ( ) ) ( ( ) ) ( ( ) )µ′′µλλ′′ ′′ LyTRLyTRLxTRLxTR jjii ,,,,,,,,  
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( ( ) ) ( ( ) )µ′∗λ∗′ ++
= bjbaai LbTRLaTR ,,,,  

( ( ) ) ,,, WLcTR bccai ∈= µ′′ ∗∗++
 

where ( ) ( ) ( )+∗λ∗=′′µ=′′∗µ=λ′′=∗λ′′= jbaacyjyyjybixxxixa ,,  

( ) .bjab ∗λ=  

  Also, we have 

ccaibcc ⋅′⋅µ′⋅ ++∗∗  

caicb +∗ ′µ′=  

( ) ( )bjaaiumbbja ∗λ⋅′′∗λ= +∗  

( ) ( ) yjyjixxiyjyjixx ′′µ∗λλ′′′µ′′′µ∗λλ′′=  

( ) ( ) yjyjixxyjyjixx ′′µ∗λλ′′⋅′′µ∗λλ′′=  

( )yxiEiucc o ′µ′′′∈′′⋅= LR ,and,cesin.  

Thus ,oo ExExixx ⊆′⊆λ′′  since oSxx ∈′,  and oS  is orthodox. 

Similarly, .oEyjy ∈′′µ  Consequently, ( ) oo EEyjyjixxc ⋅∈′′µ⋅∗λ⋅λ′′=  
oo EE ⊆⋅  since oS  is orthodox. Therefore, ( ) ( ) ( ),WElklVkV WW ⊆  and 

so W is a multiplicative orthodox transversal of .Γ  

Conversely, let S be a regular semigroup and oS  be a multiplicative 
orthodox transversal of S. For every ( ) ,, Ii ×Λ∈λ  put .ii λ=∗λ  Then, 

oEi ∈∗λ  since oS  is a multiplicative orthodox transversal of S. All the 
other conditions in Theorem 3.1 are satisfied as in [3]. 

In the following, we will give two examples, both of which are based 
on 22 ×  matrices. In Example 2, we take use of the semigroup RSing 22×  

of singular real 22 ×  matrices. We let RSing∗×22  be the subset of those 

matrices, whose leading element (i.e., that in the (1, 1)-position) is non-
zero. Example 1 is to show a regular non-orthodox semigroups with a 
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multiplicative orthodox transversal, and the orthodox transversal is not 
an inverse transversal. Example 2 is to show an orthodox semigroup with 
a multiplicative orthodox transversal, and the orthodox transversal is 
neither the orthodox semigroup itself, nor the inverse transversal. 

Example 1 [non-orthodox]. Let F be a field of characteristic 2 and 
consider the subset S of FMat 22×  given by 

{ }.,,,,
00
00

,
00
01

,
00
11

,
01
01

,
11
11

edcbaS ≡




































=  

The only non-idempotent of S is a, and clearly, ( ).aVd ∈  Hence S is 

regular. That S is not orthodox follows from the equality .abc =  It is 
readily verified that 

( ) { } ( ) { } ( ) { } ( ) { } ( ) { }.,,,,,,,,, eeVcbaddVcdcVbdbVdaV =====  

Let { }.,, edbSo =  Then oS  is an orthodox subsemigroup of S. It is easy 

to check that oS  is an orthodox (in fact, band) transversal of S. Simple 
calculation reveal that { }edbI ,,=  and { }.,,, edcb=Λ  It follows that 

{ }edbI ,,=Λ  and so oS  is multiplicative. 

Example 2 [orthodox]. Let 1S  be the subset of RSing∗×22  described 
by 

.0,,;
001







 ≠∈



= xRyx

yx
S  

Then 1S  is a semigroup. It is readily seen that Vxxx ∈














 −−−

00
,

00
0 111

 

,
00 



 yx  and so 1S  is regular. The idempotents are the matrices of the 

form ,
00

1




 y

 and consequently 1S is orthodox. Let 

.0,
00

,
00
00

1






 ≠









= x

xxx
S  
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Then 0
1S  is an orthodox subsemigroup of S and 

.
00

,
00
0

00

111
0
1

























=



 −−− xxxS

yx
V ∩  

It is easy to check that 0
1S  is an orthodox transversal of S. Again as can 

readily be verified, we have 

{ } ( ),
00
11

,
00
01

; 0
11

0 SESXXXI =


















=∈=  

{ } ( ),;
00

1
; 11

0 SERz
z

SXXX =






 ∈



=∈=Λ  

from which it follows that ( ),0
1SEI =Λ  and therefore, 0

1S  is 
multiplicative. 
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