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Abstract 

In this paper, we study Lu’s system, and we study the stability of equilibrium 
point of Lu’s system. Then, we also study chaos synchronization of Lu’s system by 
using adaptive control methods. 

1. Introduction 

Beginning with [11], synchronization of chaotic systems becomes a 
popular research topic [4], [5], [6], [8], [17]. Two important notions are full 
(or complete) synchronization, (i.e., when all trajectories of the 
synchronized systems asymptotically converge to each other [3], [8], [10]) 
and partial synchronization (when it is necessary to ensure convergence 
only for part of systems variables [16], [17]). If the models of systems to 
be synchronized contain parametric uncertainties and adaptation 
techniques are to be designed, then the problem is called adaptive 
synchronization problem [3], [7]. Besides, chaos in control systems and 
controlling chaos in dynamical systems have both attracted increasing 
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attention in recent years (see in [2], [3], [9], [10], [12], [13], [14], and 
references therein). A chaotic system has complex dynamical behaviors 
that possess some special features, such as being extremely sensitive to 
tiny variations of initial conditions, having bounded trajectories in the 
phase space. Controlling chaos has focused on the nonlinear systems such 
as a Lu’s system. 

Lu’s system was first introduced in [1], which is described by 

( ),xyax −=  

,cyxzy +−=  (1.1) 

,bzxyz −=   

where zyx ,,  are state variables and cba ,,  are positive constants. 

The objective of this paper is as follow. We investigate adaptive 
synchronization for Lu’s system, when the parameters of the drive system 
are fully unknown and different with those of the response system. 

2. Synchronization of the Lu’s System 

Consider two nonlinear systems: 

( ),, xtfx =  ( )∗  

( ) ( ),,,, yxtuytgy +=  ( )∗∗  

where 

[ ] [ ] ,1,,,,,, ≥××∈×∈∈ ++ rRRRCuRRRCgfRyx nnrnnrn  +R  is 

the set of nonnegative real numbers. Assume that ( )∗  is the drive 

system, ( )∗∗  is the response system, and ( )yxtu ,,  is the control vector. 

Definition 2.1. Response system and drive system are said to be 

synchronic, if for any initial conditions ( ) ( ) ,, 00
nRtytx ∈  

( ) ( ) .0lim =−
+∞→

tytx
t
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In this section, we consider adaptive synchronization for Lu’s 
systems. This approach can synchronize the chaotic systems, when the 
parameters of the drive system are fully unknown and different with 
those of the response system. Assume that, there are two Lu’s systems 
such that the drive system (with the subscript 1) is to control the 
response system (with the subscript 2). The drive and response system 
are given, respectively, by 

( ),111 xyax −=  

,1111 cyzxy +−=  (2.1) 

,1111 bzyxz −=   

where the parameters cba ,,  are unknown or uncertain, and 

( ) ,12212 uxyax −−=  

,221222 uyczxy −+−=  (2.2) 

,321222 uzbyxz −−=   

where 111 ,, cba  are parameters of the response system, which need to be 

estimated, and [ ]Tuuuu 321 ,,=  is the controller, we introduced in (2.2). 
We choose 

( ),1211 xxaeku x −−=  

( ),1222 yyceku y −+=  (2.3) 

( ),1233 zzbeku z −−=   

where zyx eee ,,  are the error states, which are defined as follows: 

,12 xxex −=  

,12 yyey −=  

,12 zzez −=  

and 
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( ),221 xxa eyexfa −−γ−==  

 ,21 zb eyfb θ==  (2.4) 

,21 zc exfc δ−==   

where 0,, 321 ≥kkk  and δθγ ,,  are positive real constants. 

Theorem 2.1. Let 0,, 321 ≥kkk  be properly chosen so that the 

following matrix inequality holds, 

( )

( ) ( )

( )

,0

12
10

12
1112

1
012

1

3

2

1

>





















−−

−−++−

+−−

=

kb

bka

aak

P  (2.5) 

or 321 ,, kkk  can be chosen so that the following inequalities holds, 

(i) ;01 >−= akA  

(ii) ( ) ( ) ;014
11 2

2 >+−+= akAB  

(iii) ( ) ( ) ( ) ,01414
11 32

32 >+−−−+= akbAkkAC  

then the two Lu’s systems (2.1) and (2.2) can be synchronized under the 
adaptive controls (2.3) and (2.4). 

Proof. It is easy to see from (2.1) and (2.2), that the error system is 

( ) ( ) ,111221 uxyaxyaex −−−−=  

,21112122 ucyzxyczxey −−++−=  (2.6) 

.31112122 ubzyxzbyxez −+−−=   

Let .and,, 111 ccebbeaae cba −=−=−=  Choose the Lyapunov function 
as follows: 

( ) .111
2
1 222222









δ
+

θ
+

γ
+++= cbazyx eeeeeetV  
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Then, the differentiation of V along trajectories of (2.6) is 

ccbbaazzyyxx eeeeeeeeeeeeV
δ

+
θ

+
γ

+++= 111  

 [ ( ) ( ) ] [ ]21112122111221 ucyzxyczxeuxyaxyae yx −−++−+−−−−=  

[ ] ccbbaaz fefefeubzyxzbyxe
δ

+
θ

+
γ

+−+−−+ 111
31112122  

 [ ] [ ]2212122121 axaxaxxaeayayayyae xx −+−−−+−=  

 [ ] [ ]2212112122211 cycycyycezxzxzxzxe yy −+−+−+−+  

 [ ] [ ]111121121211122 zbzbzbbzeyxyxyxyxe zz −+−+−+−+  

ccbbaazyx fefefeueueue
δ

+
θ

+
γ

+−−− 111
321  

  ( ) yxxxaxxayxxa eeeeexexxeeeaeeey 2
2122 ++−−−+=  

( ) 2
11222

2
xzzczyzbzyy ekexxceexebeeeyeee −−++−−+−  

( ) ( ) ccbbaazzyx fefefeexxcekekexx
δ

+
θ

+
γ

+−−−−−+ 111
12

2
3

2
212  

( ) ( ) ( ) ( ) zyyxzyx eebeeaekekeak −+++−+−−−= 111 2
3

2
2

2
1  





 +
δ

+



 −
θ

+



 −++
γ

+ zcczbbxxxaa exfeeyfeeexeyfe 2222
111  

( ) ( ) ( ) ( ) zyyxzyx eebeeaekekeak −+++−+−−−≤ 111 2
3

2
2

2
1  

,PeeT−=  

where [ ]Tzyx eeee =  and P is as in (2.5). Since, ( )tV  is positive 

definite and ( )tV  is negative semidefinite, it follows that ,,,, 1aeee zyx  

., 11 ∞∈ Lcb  From ( ) ,PeetV T−≤  we can easily  show that the square of 

zyx eee ,,  are integrable with respect to t, namely, .,, 2Leee zyx ∈  From 
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(2.6), for any initial conditions, we have ( ) ( ) ( ) .,, ∞∈ Ltetete zyx  By the 

well-known Barbalat’s lemma, we conclude that ( ) ( )0,0,0,, →zyx eee  

as .+∞→t  Therefore, in the closed-loop system, ( ) ( ) ( ) →→ tytxtx 212 ,  
( ) ( ) ( )tztzty 121 , →  as .+∞→t  This implies that the two Lu’s systems 

have synchronized under the adaptive controls (2.3) and (2.4).  

Numerical Simulations 

The numerical simulations are carried out using the fourth-order 
Runge-Kutta method. The initial states are ( ) ( ) ( )0,00,65.00 111 zyx ==  

0=  for the drive system, and ( ) ( ) ( ) 1.00,1.00,2.00 222 === zyx  for the 
response system. The parameters of the drive system are ,10,5 == ba  
and .5.0=c  The control parameters are chosen as follows ,51 =k  

,502 =k  ,213 =k  which satisfy (2.5). Choose .1=δ=θ=γ  The initial 
values of the parameters 111 ,, cba  are all chosen to be 0. As shown in 
Figure 1, the response system synchronizes with the drive system. The 
changing parameters of 111 ,, cba  are shown in Figures 2-4. 

 

Figure 1. Synchronization error ( )zyx eee ,,  for systems (2.1) and (2.2) 

with time t. 
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Figure 2. Changing parameter 1a  of the system (2.2) with time t. 

 

 

 

Figure 3. Changing parameter 1b  of the system (2.2) with time t. 
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Figure 4. Changing parameter 1c  of the system (2.2) with time t. 

3. Conclusions 

In this paper, we give sufficient conditions for stability of equilibrium 
points of synchronization of two Lu’s systems using adaptive control, 
which control the chaotic behavior of Lu’s system to its equilibrium 
points. Numerical simulations are also given to verify results that we 
obtained. 
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