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Abstract

Let P, and Py be two idempotents on a Hilbert space. In this note, using the

technique of block-operator matrices of bounded linear operators on a Hilbert
space, we prove that the invertibility of multiplicative combination of two

idempotents AP, + AoPy + L3P Py is independent of the choice of X;, i =1, 2, 3,
if 7»17»27\,3 = 0.

1. Introduction

In recent years, a number of researchers has considered questions
concerning the idempotents and linear combination of idempotents
[2-6, 11]. Particularly, some researchers pay much attention to the study
of linear combination of idempotents [2, 6]. For example, if P, and P, be

two idempotents in the finite-dimensional space C", Baksalary and
Baksalary [2] have proved that the non-singularity of P + Py is

equivalent to the non-singularity of any linear combination ¢; P + c9Ps,
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where ¢; + cg # 0. In this note, we will study the invertibility of mul-

tiplicative combination of two idempotents on an infinite-dimensional
Hilbert space, by using the technique of block-operator matrices of
bounded linear operators on a Hilbert space. A similar theorem involving
the right multiplicative combination of two idempotents.

We begin with some terminology, notation, and lemmas. Let H be a

Hilbert space and let all bounded linear operators on H be denoted by
B(H). An operator P e B(H) is said to be idempotents, if P? = P. If Pis

an idempotent operator and 7T € B(H) is an invertible operator, then
T7'PT is still an idempotent, since (T'PT)? = T-'PTT~'PT = T7~' P2
T =T7'PT. An operator P € B(H) is said to be orthogonal projection, if
P2=pP-= P*, where P” is the adjoint of P. Moreover, for an idempotent

P, there exists an invertible operator T' e B(H) such that T'PT is an

orthogonal projection. In fact, if P is an idempotent, then P can be written

P (I Plj,
0 O
with respect to the space decomposition H = R(P)@® R(P). In this case,
I P(I P\(I -P\ (I 0
oI)looj)lo 1) (o o)

I -P I -PY*' (I P
where 11 is invertible, and I L1 Let A e B(H),
0 I 0 I 0 I

the R(A) denotes the range of the operator. An operator A € B(H) is

in the form of

we have

1
said to be positive, if (Ax, x) > 0 for x € H, if A is positive, then A2

denotes the positive square root of A. An operator A is said to be a
contraction (strict contraction), if | A || < 1(| A || < 1).

To prove the main results, we give some lemmas which are well

known, so the proofs are omitted.
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Apq Aq

Lemma 1.1. Let A = (
Agy Agg

) be a bounded linear operator on

H @ K. Then A is a positive, if and only if Ay; > 0, Agg > 0, Ajg = Asq,

and there exists a contraction operator D from K into H such that

1 1
Ao A ARDAZ, |
AZ,D* A Agy

Lemma 1.2. Let A = 4 B
C D

j e BBH®K) and D e B(K) be
invertible. Then A is invertible, if and only if A — BD7IC is invertible.

Lemma 1.3. Let A € B(H) be a positive operator. Then, the following

statements hold:

1
2

1 —
(1) R(A)c R(A%) and R(A)=R(AZ), where K denotes the

closure of K,

(2) R(A) is closed, if and only if R(A) = R(A%);

(8) R(A) = H, if and only if A is invertible.
2. Main Results

In this note, the main result is the following theorem.

Definition 2.1. The multiplicative combination associated with two
idempotents of a Hilbert space H is defined by AP + AoPy + AP Py, for
reCii=1,2 3.

In fact, multiplicative combination can be considered an operator
valued function from C?into H.

Theorem 2.2. Let P, and P, in H be two idempotents. If
Aihohg # O, then the invertibility of M P, + AoPy + X3P Py is independent
of the choiceof 1; € C,i =1, 2, 3.
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Proof. Let P, and P, be the idempotent. By the discussion of above,

since AP, + APy + L3P Py is invertible, if and only if

MITIPT + hoTs " PyTy + AgTT " PV T ' Py

is invertible, to discuss the invertible of AP + AgPy + L3P Py, without

loss of generality, we can assure that one of P, and P, is an orthogonal

projection. For example, we assume that P, is an orthogonal projection,

of course, P, is a positive operator. In this case, by Lemma 1.1, P, and

P, have the following operator matrix forms:

1 P,
Pl—[l Plj,andPQ— I
0 0 9 N*P9
P D P

11
P3DF

’

Pyg

with respect to the space decomposition H = R(P,)® R(P,)*, where

Py, and P,y are positive operators on R(P;) and R(P, )", respectively,

and D is a contraction operator from R(P;)" into R(P,). Now, AP +

AoPy + L3P Py has the following operator matrix forms:

}\.1P1 + }\.QPQ + 7\.3P1P2

11
I P! P, P2DP2
P222DP121 Py,

1 1 1

1
1p2 n* 2 2 1
+)\‘3[P11 +P1P222DP121 P121DP222+P1P22

0 0

1 1
I+ 29P), MP! + AgP2DP2,

1 1 1 1
= |+ A3(Py + PIPLD'P2) +3(P2DPR + Pl Pyy) |,

1 1
Mo P2 D" P2

Lo Poy
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with respect to the space decomposition H = R(P;)® R(P;)". Since
Mhiohg = 0. If AP + AoPy + AgP Py is invertible, that is, the operator
matrix
AT+ hoPyy AP+ k2P1%1DP2%2
1

1 1 1
+Ag(Py + PLPZD*P2) + A3(PZDPZ + P}'Pyy)

1 1
AyP2D*P2 hoPag

1 1
is invertible, then R(AoPZAD*PZ, hoPs) = R(P ). By Lemma 1.3,

1 1 1 1
R(Pyz) € R(Py)2 and R(hPHD'PE, hoPas) € R(Pys)2 < R(P),

1
then R(Pyy)z = R(P ). By Lemma 1.3 again, we have R(Py) =R
(P, )-. That shows that Py, is invertible. In this case, By Lemma 1.2,

MP, + AoPy + A3 P Py is invertible, if and only if

1 1
1p3 *p2
M1+ APy +A3(Py + PPPAD™P2)

11 11 1 1
1 2 P2 2 P2 1 -1p-1, p32 n*p2
— [7\.1P1 + }\.2P121DP222 + 7\.3(P121DP222 + Pl P22 )]7\.2 P22 7\.2P222D P121
_1 1
=1(I - P'P2D*P32)
is invertible. This shows that the invertibility of AP, + AoPy + A3P Py is

_1 1
only dependent on the invertible of the operator I —P11P222D*P121, if
7\.1}\.27\.3 # 0.

In other words, the invertibility of AP + AgPy + AgP Py is indepe-

ndent of the choice of X; € C, i =1, 2, 3, if A{Aokg = 0. U

Definition 2.3. The right multiplicative combination associated with
the idempotents P, and P, by AP + APy + AsPyP; for A; € C, i =1,
2, 3.
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Proposition 2.4. Let P, and Py in B(H) be two idempotents. If
Mhiohg # 0, then the invertibility of right multiplicative combination
MP + XoPy + APy P, is independent of the choice of L; € C,i =1, 2, 3.

Proof. Let P, and P, in B(H) be two idempotents. To discuss the
invertible of AP +A9P5 + A3P,P;, we can assure that P, is an
orthogonal projection, of course, P, is a positive operator. In this case, P

and P, have the following operator matrix forms:

11
2 DO2 1
Pl _ 1Qll ) Qll Q22 , and P2 _ (I QlJ,
bl 5 0 O
Q222D*Q]_2]_ Q22
with respect to the space decomposition H = R(P,)® R(P,)", where
@1 and @y are positive operators on R(Py) and R(P, )", respectively.

D is a contraction operator from R(Py )" into R(Py). Now, AP + AoPy

+A3PyP; has the following operator matrix forms:

7\41P1 +7\,2P2 +>\.3P2P1

1 1
Q Qz DQ2 I 1
Y LHL 11750 +;L20Q(1)
Q5. D*Qp Qo2
Lol 11 )
+ A3 Qll + Ql Q222D Q121 Q121DQ222 + Q1Q22
0 0
1 1 1
Aol +1@Q1q Ao@r + MQF DR,
1 1 1 1
= |+ 15(Q1 + QIPED'QY)  +23(QEDRS, + Q1Q) |,
1 1
MQEHD QY A1Q92

with respect to the space decomposition H = R(P,) ® R(P, Y-, then the

proof is similar with Theorem 2.2, so omitted. ]
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Corollary 2.5. Let P, and Py in B(H) be two orthogonal projections.

If MAokg # 0, then the invertibility of MP, +AgPy + X3P Py and
MP + XoPy + AgPy Py are independent of the choice of A; € C,1 =1, 2, 3.
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