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Abstract 

Let 1P  and 2P  be two idempotents on a Hilbert space. In this note, using the 
technique of block-operator matrices of bounded linear operators on a Hilbert 
space, we prove that the invertibility of multiplicative combination of two 
idempotents 2132211 PPPP λ+λ+λ  is independent of the choice of ,3,2,1, =λ ii  

if .0321 ≠λλλ  

1. Introduction 

In recent years, a number of researchers has considered questions 
concerning the idempotents and linear combination of idempotents        
[2-6, 11]. Particularly, some researchers pay much attention to the study 
of linear combination of idempotents [2, 6]. For example, if 1P  and 2P  be 

two idempotents in the finite-dimensional space ,nC  Baksalary and 
Baksalary [2] have proved that the non-singularity of 21 PP +  is 
equivalent to the non-singularity of any linear combination ,2211 PcPc +  
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where .021 ≠+ cc  In this note, we will study the invertibility of mul- 
tiplicative combination of two idempotents on an infinite-dimensional 
Hilbert space, by using the technique of block-operator matrices of 
bounded linear operators on a Hilbert space. A similar theorem involving 
the right multiplicative combination of two idempotents. 

We begin with some terminology, notation, and lemmas. Let H  be a 
Hilbert space and let all bounded linear operators on H  be denoted by 

( ).HB  An operator ( )HP B∈  is said to be idempotents, if .2 PP =  If P is 
an idempotent operator and ( )HT B∈  is an invertible operator, then 

PTT 1−  is still an idempotent, since ( ) 211121 PTPTPTTTPTT −−−− ==  

.1PTTT −=  An operator ( )HP B∈  is said to be orthogonal projection, if 

,2 ∗== PPP  where ∗P  is the adjoint of P. Moreover, for an idempotent 

P, there exists an invertible operator ( )HT B∈  such that PTT 1−  is an 
orthogonal projection. In fact, if P is an idempotent, then P can be written 
in the form of 
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 Let ( ),HA B∈  

the ( )AR  denotes the range of the operator. An operator ( )HA B∈  is 

said to be positive, if ( ) 0, ≥xAx  for ,H∈x  if A is positive, then 2
1

A  
denotes the positive square root of A. An operator A is said to be a 
contraction (strict contraction), if ( ).11 <≤ AA  

To prove the main results, we give some lemmas which are well 
known, so the proofs are omitted. 
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Lemma 1.1. Let 





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A  be a bounded linear operator on 

.KH ⊕  Then A is a positive, if and only if ,,0,0 21122211
∗=>> AAAA  

and there exists a contraction operator D from K  into H  such that 
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Lemma 1.2. Let ( )KH
DC
BA

A ⊕∈





= B~  and ( )KD B∈  be 

invertible. Then A~  is invertible, if and only if CBDA 1−−  is invertible. 

Lemma 1.3. Let ( )HA B∈  be a positive operator. Then, the following 
statements hold: 

(1) ( ) ( )2
1

AA RR ⊆  and ( ) ( ),2
1

AA RR =  where K  denotes the 
closure of K; 

(2) ( )AR  is closed, if and only if ( ) ( );2
1

AA RR =  

(3) ( ) ,HR =A  if and only if A is invertible. 

2. Main Results 

In this note, the main result is the following theorem. 

Definition 2.1. The multiplicative combination associated with two 
idempotents of a Hilbert space H  is defined by ,2132211 PPPP λ+λ+λ  for 

.3,2,1, =∈λ ii C  

In fact, multiplicative combination can be considered an operator 

valued function from 3C into .H  

Theorem 2.2. Let 1P  and 2P  in H  be two idempotents. If 
,0321 ≠λλλ  then the invertibility of 2132211 PPPP λ+λ+λ  is independent 

of the choice of .3,2,1, =∈λ ii C  
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Proof. Let 1P  and 2P  be the idempotent. By the discussion of above, 
since 2132211 PPPP λ+λ+λ  is invertible, if and only if 

22
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211
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1322
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2211
1

11 TPTTPTTPTTPT −−−− λ+λ+λ  

is invertible, to discuss the invertible of ,2132211 PPPP λ+λ+λ  without 
loss of generality, we can assure that one of 1P  and 2P  is an orthogonal 
projection. For example, we assume that 2P  is an orthogonal projection, 
of course, 2P  is a positive operator. In this case, by Lemma 1.1, 1P  and 

2P  have the following operator matrix forms: 
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with respect to the space decomposition ( ) ( ) ,11
⊥⊕= PPH RR  where 

11P  and 22P  are positive operators on ( )1PR  and ( ) ,1
⊥PR  respectively, 

and D is a contraction operator from ( )⊥1PR  into ( ).1PR  Now, +λ 11P  

21322 PPP λ+λ  has the following operator matrix forms: 
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














λ+








λ=

∗
221122

221111
2

1
11

2
1

2
1

2
1

2
1

00 PPDP

DPPPPI  














++λ+

∗

00
22

1
122111122

1
1113

2
1

2
1

2
1

2
1

PPDPPPDPPP  

( ) ( ) ,

22211222

22
1
1221131122

1
1113

22112
1
111121

2
1

2
1

2
1

2
1

2
1

2
1

2
1

2
1























λλ

+λ++λ+

λ+λλ+λ

=

∗

∗

PPDP

PPDPPPDPPP

DPPPPI

 



ON INVERTIBILITY OF MULTIPLICATIVE COMBINATION … 333

with respect to the space decomposition ( ) ( ) .11
⊥⊕= PPH RR  Since 

.0321 ≠λλλ  If 2132211 PPPP λ+λ+λ  is invertible, that is, the operator 
matrix 
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is invertible, then ( ) ( ) ., 122211222 2
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⊥∗ =λλ PPPDP RR  By Lemma 1.3, 
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then ( ) ( ) .122 2
1 ⊥= PP RR  By Lemma 1.3 again, we have ( ) RR =22P  

( ) .1
⊥P  That shows that 22P  is invertible. In this case, By Lemma 1.2, 

2132211 PPPP λ+λ+λ  is invertible, if and only if 
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is invertible. This shows that the invertibility of 2132211 PPPP λ+λ+λ  is 

only dependent on the invertible of the operator ,2
1

2
1

1122
1
1 PDPPI ∗−

−  if 

.0321 ≠λλλ  

In other words, the invertibility of 2132211 PPPP λ+λ+λ  is indepe-
ndent of the choice of ,3,2,1, =∈λ ii C  if .0321 ≠λλλ   

Definition 2.3. The right multiplicative combination associated with 
the idempotents 1P  and 2P  by 1232211 PPPP λ+λ+λ  for ,1, =∈λ ii C  

.3,2  
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Proposition 2.4. Let 1P  and 2P  in ( )HB  be two idempotents. If 

,0321 ≠λλλ  then the invertibility of right multiplicative combination 

1232211 PPPP λ+λ+λ  is independent of the choice of .3,2,1, =∈λ ii C  

Proof. Let 1P  and 2P  in ( )HB  be two idempotents. To discuss the 
invertible of ,1232211 PPPP λ+λ+λ  we can assure that 1P  is an 
orthogonal projection, of course, 1P  is a positive operator. In this case, 1P  
and 2P  have the following operator matrix forms: 
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with respect to the space decomposition ( ) ( ) ,22
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11Q  and 22Q  are positive operators on ( )2PR  and ( ) ,2
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D is a contraction operator from ( )⊥2PR  into ( ).2PR  Now, 2211 PP λ+λ  
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with respect to the space decomposition ( ) ( ) ,22
⊥⊕= PPH RR  then the 

proof is similar with Theorem 2.2, so omitted.   
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Corollary 2.5. Let 1P  and 2P  in ( )HB  be two orthogonal projections. 

If ,0321 ≠λλλ  then the invertibility of 2132211 PPPP λ+λ+λ  and 

1232211 PPPP λ+λ+λ  are independent of the choice of .3,2,1, =∈λ ii C  
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