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Abstract 

In this paper, we investigate a class of Sturm-Liouville problems with 
transmission conditions at finite interior discontinuous points. We define the 
maximal and minimal operators associated with conditions at the interior points 
in an appropriate Hilbert space. By construction of the maximal and minimal 
operators, we establish necessary and sufficient conditions, which guarantee self-
adjointness of the ordinary differential operators with coupled boundary 
conditions and real interface conditions at the interior points. 

 Introduction 

The Sturm-Liouville theory is very important for solving problems in 
mathematics physics. In this paper, we study regular Sturm-Liouville 
problems, which have discontinuities at finite interior points. This 
research is motivated by the theory of heat and mass transfer, varied 
assortment of physical transfer problems [2], and electrostatic potential 
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problems of a point charge [3]. To deal with interior discontinuities, some 
conditions are imposed on the discontinuous points and such conditions 
involve left and right limits of solutions and their quasi-derivatives at the 
discontinuous points, which are often called transmission conditions or 
interface conditions. Following Mukhtarov and Yakubov in [4], we use an 
appropriate Hilbert space H with an inner product, which depends on the 
transmission conditions, and give necessary and sufficient conditions for 
self-adjointness of SLP’s with real transmission conditions in H. We 
define the maximal and minimal operators TMT LL 0,  in Section 1, which 
depends on the transmission conditions at the interior points of the 
interval ( )., ba  It is the key point for solving the problem. 

We prove that the minimal operator TL0  is symmetric and ,0TL  

MTL  are an adjoint pair. Thus, the characterizations of self-adjointness 
of the problem is equivalent to considering all self-adjoint extensions of 

.0TL  Note that our real transmission conditions are not required to be 
self-adjoint, i.e., the coefficient matrices of transmission conditions are 
arbitrary real coupling matrices, whose determinant is positive. This 
contrasts with the usual theory, which requires the coupling matrix to 
have determinant one. 

1. The Maximal and Minimal Operators Associated  
with the Operator T 

Consider the regular symmetric differential equation 

( ( ) ) ( ) ,,on: C∈λλ=+′′−= Iyyxqyxply  (1.1) 

with 

( ) ( ) ( ) ( ) ,,,1,,,,,,, 211 mibacbabccccaI im "∪"∪∪ =∈∞≤<≤∞−=  

( ) ( ) ( )( );,, 11 RILxqxp ∈−  

boundary conditions 

( ) ( ) ;,0 







′
==+

yp
y

YbBYaAY  (1.2) 

and interface conditions 
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( ) [ ]( ) ( ) [ ]( ) ,,,1,0: 1
21

1
21

1 micycycycyl iiiiiiiii "==+δ++δ+−γ+−γ=  

(1.3) 

( ) [ ]( ) ( ) [ ]( ) ,,,1,0: 1
43

1
43

2 micycycycyl iiiiiiiii "==+δ++δ+−γ+−γ=  

(1.4) 

where [ ]1y  is the 1-th quasi-derivatives of ( ) ( )ijij bBaAy == ,; ( =ji,  

)2,1  are complex matrices such that the 2 × 4 matrix ( )BA  has full 
rank; and the coefficients ( )4,,1,,,1, "" ==δγ jmiijij  are real 

numbers satisfying .0,0
43

21

43

21 >
δδ
δδ

=δ>
γγ
γγ

=γ
ii

ii
i

ii

ii
i  

Following Mukhtarov and Yakubov [4], in this paper, we define the 
similar inner product in H as follows: 

( ) "+
γγ
δδ

+
γ
δ

+= ∫∫∫ dxgfdxgfdxgfgf
c

c

c

c

c

a
33

21
21

22
1
1

11
3

2

2

1

1
,  

 ,11
1
1 dxgf mm

b

cm
m

m
++∫γγ

δδ
+

"
"  

where ( ) ( ) ( ) ( ) ( ) ( ) ( )( ),,,2,,, ,,1
2

11
mixfxfxfxfILgf

ii ccica "===∈
−

 

( ) ( ) ( ).,1 bcm m
xfxf =+  Then H is a Hilbert space with this inner product. 

Definition 1.1. The maximal operator ML  generated by the 
differential expression ly  in H is defined as 

( ) { [ ] ( ) [ ] ( )iilociilocM ccACyycaACyyHyL ,,,,, 1
1

1
1

11 −∈∈∈=D  

( ) [ ] ( ) },and,,,,,,2 1
11 HlybcACyymi mlocmm ∈∈= ++"  

( ) ( )., MM LDylyL ∈=  

Definition 1.2. The minimal operator 0L  generated by ly  in H is 

defined as 
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( ) { ( ) ( ) [ ]( ) ( ) [ ]( ) ( )+=−=−==∈= 11
1

1
1

0 cycycyayayLyL MDD  

[ ]( ) ( ) [ ]( ) ( ) [ ]( ) },011
1

1 =+=+=−=−=+= mmmm cycycycycy "  

( )., 00 LylyyL D∈=  

Remark. Here, ( ) ( ) ( ) ( ).,,1lim mixycycy icxiii i "===− −→  By 

Theorem 1.5.2 in [7], these limits exist and are finite for any maximal 
domain function generated by ly  restricted to ( ) ( ),1, 1 =ica  and 

( ) ( ).,,2,1 micc ii "=−  Similarly, ( ) ( ),1 iii cycy +=+  and [ ]( ) =+icy 1  
[ ] ( ) ( )micy ii ,,11

1 "=+  defined by right limits exist and are finite. 

Definition 1.3. We define the operator T generated by ly  in H as 
follows: 

( ) { ( ) ( ) },,,1,0,0 21 millbBYaAYyT iiM "====+∈= DD  

( ).for, TylyTy D∈=  

In order to investigate the question of self-adjointness for all SLP (1.1)-
(1.4), we introduce the new maximal and minimal operators associated 
with T. 

Definition 1.4. The maximal operator MTL  associated with T is 

defined as follows: 

( ) { ( ) },021 ==∈= ylylLyL iiMMT DD  

 ( ).for, MTMT LylyyL D∈=  

Definition 1.5. The minimal operator TL0  associated with T is 

defined by 

( ) { ( ) ( ) [ ]( ) ( ) [ ]( ) },011
0 ====∈= bybyayayLyL MTT DD  

( ).for, 00 TT LylyyL D∈=  

Obviously, we have .00 MMTT LLTLL ⊂⊂⊂⊂  
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Lemma 1.1. The minimal operator 0L  is a closed and dense-defined 

symmetric differential operator and ., 00 LLLL MM == ∗∗  

By property of the adjoint operator, we have 

.00 MTMT LLTLL ⊂⊂⊂⊂ ∗∗∗  (1.5) 

For every ( ),, MTLvu D∈  we have 

( ) ( ) ( ) ( ),;,;,,,
1
1 avuWbvuWlvuvlu

m
m −
γγ
δδ

=−
"
"  (1.6) 

where ( ) ( ) [ ]( ) [ ]( ) ( ).;, 11 xvxuxvxuxvuW −=  Hence, for every 
( )TLu 0D∈  and ( ),MTLv D∈  we have 

( ) ( ).,,0 vLuvuL MTT =  (1.7) 

It is clear that ∗⊂ TMT LL 0  and TL0  is a dense-defined symmetric 
operator. 

Theorem 1.1. For any complex numbers ,,,, 2211 βαβα  there exists 

( )MTLu D∈  such that ( ) [ ]( ) ( ) [ ]( ) .,,, 2
1

21
1

1 β=α=β=α= bubuauau  

Proof. Let ( )xym 1+  and ( )xzm 1+  be linearly independent solutions of 

the equation ( ( ) ) ( ) ( ( ))bcxuxquxp m ,0 ∈=+′′−  with the initial-value 

( ) [ ] ( ) ( ) [ ] ,1,0and,0,1 1
11

1
11 ==== ++++ bzbzbyby mmmm  

respectively. 

Let ( ) ( )1,,"mixyi =  and ( ) ( )1,, "mixzi =  be linearly independent 

solutions of the equation ( ( ) ) ( ) 0=+′′− uxquxp  defined on the interval 
( ) ( ) ( ) ( ),1,,2,,, 11 ==− icamicc ii "  satisfying 

( ) [( ) ( ) ( ) [ ] ( )],1 1
1244211432 iiiiiiiiiiii

i
ii cycycy ++ δγ−δγ+δγ−δγ

γ
=  

[ ]( ) [( ) ( ) ( ) [ ] ( )],1 1
1412313113

1
iiiiiiiiiiii

i
ii cycycy ++ δγ−δγ+δγ−δγ

γ
=  
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and 

( ) [( ) ( ) ( ) [ ] ( )],1 1
1244211432 iiiiiiiiiiii

i
ii czczcz ++ δγ−δγ+δγ−δγ

γ
=  

[ ]( ) [( ) ( ) ( ) [ ] ( )].1 1
1412313113

1
iiiiiiiiiiii

i
ii czczcz ++ δγ−δγ+δγ−δγ

γ
=  

It is easy to verify that ( )xyi  and ( )xzi  are linearly independent. 

Put 

( )

( ) ( )
( ) ( )

( ) ( )

( )

( ) ( )
( ) ( )

( ) ( )








∈

∈
∈

=










∈

∈
∈

=

++ .,,

,,,
,,,

.,,

,,,
,,,

1

212

11

1

212

11

bcxxz

ccxxz
caxxz

xz

bcxxy

ccxxy
caxxy

xy

mmmm

""
 

We see that ( )xy  and ( )xz  are in ( ),MTLD  and they are linearly 

independent solutions of .0=lu  

Let 

( )

( ) ( ) ( )
( ) ( ) ( )

( ) ( ) ( )








∈+

∈+
∈+

=

++ ,,,

,,,
,,,

1211

212221

11211

bcxxzxy

ccxxzxy
caxxzxy

xf

mmm ττ

ττ
ττ

"
 

where 21 τ,τ  satisfy the following conditions: 

( ) ( ) ( ) ,,,, 2
1
1

21 β
γγ
δδ

−=+=
m
myzyyyf

"
"

ττ  

( ) ( ) ( ) .,,, 2
1
1

21 α
γγ
δδ

=+=
m
mzzzyzf

"
"ττ  (1.8) 

Since, ( )xy  and ( )xz  are linearly independent, the Gram determinant 

( ) ( )
( ) ( )

.0
,,
,,

≠
zzzy
yzyy  Hence, 1c  and 2c  are uniquely determined. 
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Let ( ) ( )MTLxw D∈  be the solution of the initial-value problem 

( )
[ ]( )






=
=

∈=

.0
,0

,,

1 aw
aw

Ixflw
 

In term of (1.8), we can obtain that ( )xw  satisfies ( ) [ ]( ) ,0,0 1 == awaw  

( ) [ ]( ) .and, 2
1

2 β=α= bwbw  In the same way, we have ( ) ( )MTLxv D∈  

such that ( ) [ ]( ) ( ) [ ]( ) .0and,0,, 1
1

1
1 ==β=α= bvbvavav  Put .vwu +=  

Then ( )xu  is the required function.  ■ 

Theorem 1.2. Let ( ) .Hxf ∈  Then, the equation fly =  has a solution  

( ) ( ),0TLxv D∈/  if and only if f is orthogonal to all solutions of ,0=ly  

which are in ( ).MTLD  

Proof. Necessity. For ,Hf ∈  where 
( )

( )
,

,

,,

,1

11









∈

∈
=

+ bcxf

caxf
f

mm

"  if 

fly =  has a solution ( ) ( ),0TLxv D∈/  then for every ( )MTLg D∈  such 

that ,0=lg  we have 

( ) ( ) ( ) ( ) ( ) .0,,,,, 00 =/=/=/=/= ∗ gLvgLvgvlgvlgf MTTT  

Sufficiency. Consider the initial-value problem 

( ) ( )
( )
[ ]( )









=
=

∈=+′′−

.0
,0

,,,

1

11

ay
ay

caxfqyyp
 

By the theory of existence and uniqueness of solutions, the problem has a 
unique solution ( ).1 xv/  Similarly, let ( ) ( )mixvi ,,11 "=/ +  be the unique 

solution of the following initial-value problem; 
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( ) ( ) ( )
( ) [( ) ( ) ( ) [ ]( )]

[ ]( ) [( ) ( ) ( ) [ ]( )]












/δγ−δγ+/δγ−δγ
δ

=

/δγ−δγ+/δγ−δγ
δ

=

∈=∈−==+′′− ++

.1

,1
,,,ifand,,1,,1if,

1
14321331

1

1
42244123

11

iiiiiiiiiiii
i

i

iiiiiiiiiiii
i

i

miii

cvcvcy

cvcvcy

bcxmiccxmifqyyp "
 

Then, ( )

( ) ( )
( ) ( )

( ) ( )








∈/

∈/

∈/

=/

+ ,,,

,,,
,,,

1

212

11

bcxxv

ccxxv
caxxv

xv

mm

"
 is a solution of fly =  satisfying 

the transmission conditions (1.3) and (1.4), and ( ) [ ]( ) .01 =/=/ avav  

Obviously, ( ) ( ).MTLxv D∈/  Let ( ),MTLg D∈  such that .0=gl  Then 

( ) ( ) ( ( ) [ ]( ) [ ]( ) ( )).,, 11
1
1 bgbvbgbvgLvgvL

m
m

MTMT /−/γγ
δδ

=/−/ "
"  

Note that ( ) ( ) ( ) ( ) .0,,,, ==/=/−/ gfgvLgLvgvL MTMTMT  Therefore, for 

each ( )MTLg D∈  such that ,0=gl  we have ( ) [ ]( ) [ ]( ) ( ) .011 =/−/ bgbvbgbv  

By Theorem 1.1, we may choose ( )MTLg D∈  such that ( ) ,0=bg  but 
[ ]( ) .01 ≠bg  So ( ) .0=/ bv  Similarly, we get [ ]( ) .01 =/ bv  ■ 

 By above some preliminary theorems, we have the following theorem: 

Theorem 1.3. The maximal and minimal operators MTT LL ,0  

associated with T are an adjoint pair in the sense that ,0 MTT LL =∗  and 

.0TMT LL =∗  

Proof. (1) By (1.7), .0
∗⊂ TMT LL  In the following, we prove that ∗

TL0  

.MTL⊂  Let ,, Hgg ∈∗  and for every ( ) ( ) ( ).,,,0
∗=∈ gfglfLf TD  

Denote ( ) ( )MTLxv D∈/  be a solution of .∗= gly  Then for every 

( ),0TLf D∈  from (1.7), we have 

( ) ( ) ( ) ( ).,,,, vlfvlfgfglf /=/== ∗  
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Therefore, ( ) .0, =/− vglf  Since, ( )TLf 0D∈  is arbitrary, the above 

equation shows that .
0

⊥∈/−
TLvg R  By Theorem 1.2, we obtain vgy /−=  

( ).MTLN∈  So ( ),MTLyvg D∈=/−  i.e., ( ),MTLyvg D∈+/=  and 

.∗=/=+/= gvllyvllg  It implies that .0 MTT LL ⊂∗  Hence, .0 MTT LL =∗  

(2) MTTMT LLL =⊂ ∗∗
0  by .0 MTT LL ⊂  Therefore, ∗

MTL  is a 

differential operator generated by ,ly  and ( ) ( ).MTMT LL DD ⊂∗  For any 

( ),, MTLvu D∈  by (1.6), we know that ( ),∗∈ MTLv D  if and only if for 
any ( ),MTLu D∈  

( ( ) [ ]( ) [ ]( ) ( )) ( ( ) [ ]( ) [ ]( ) ( )) .01111
1
1 =−−−

γγ
δδ avauavaubvbubvbu

m
m

"
"  (1.9) 

By Theorem 1.1, we may choose ( ) [ ]( ) ( ),,, 1 aububu  and [ ]( )au 1  
independently. We assert that for all ( ),MTLu D∈  (1.9) holds, if and 

only if ( ) [ ]( ) ( ) [ ]( ) ,011 ==== avavbvbv  i.e., .0TLv D∈  So, ( ) =∗
MTLD  

( ).0TLD  ■ 

Theorem 1.4. The adjoint operator ∗T  of T satisfies ⊂⊂ ∗TL T0  

.MTL  

Proof. This follows from (1.5) and Theorem 1.3.  ■ 

2. The Necessary and Sufficient Conditions  
for Self-Adjointness 

Theorem 2.1. Let ∗T  denote the adjoint operator of T. Then 

( ),∗∈ Tv D  if and only if ( )MTLv D∈  and 

( ) ( ) ,0;,;,
1
1 =−

γγ
δδ avuWbvuW

m
m

"
"  

for every ( ).Tu D∈  
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Proof. Let .∗∈ Tv D  By Theorem 1.4, ( ).MTLv D∈  For every 

( ),Tu D∈  we have ( ) ( ) .0,, =− ∗vTuvTu  Hence, ( ) −
γγ
δδ bvuW

m
m ;,

1
1
"
"  

( ) .0;, =avuW  For the converse, if ( )MTLv D∈  and ( )bvuW
m
m ;,

1
1

γγ
δδ

"
"  

( ) ,0;, =− avuW  for each ( ),Tu D∈  then ( ) ( ) ,0,, =− lvuvlu  i.e., 

( ).∗∈ Tv D  ■ 

Theorem 2.2. The operator T is self-adjoint, if and only if D  satisfies 

(1) ( ) ( );MTLT DD ⊂  

(2) For any ( ) ( ) ( ) ;0;,;,,,
1
1 =−

γγ
δδ

∈ avuwbvuWTvu
m
m

"
"

D  

(3) If ( )MTLv D∈  and the equality ( ) ( )avuwbvuW
m
m ;,;,

1
1 −

γγ
δδ

"
"  

,0=  holds for any ( ),Tu D∈  then ( ).Tv D∈  

Proof. The proof is similar to Theorem 2.1. We omit the details.  ■ 

 Below, we will give the directly analytic description of the self-adjoint 
boundary conditions. For terminology, such as boundary forms, mutually 
adjoint boundary conditions, etc., see [5]. We use the notation ∗  to denote 
the complex conjugate transpose of matrix. 

By Theorems 2.1 and 2.2, we obtain the next conclusion, which 
specifies the conditions on the adjoint boundary conditions of operator T. 

Theorem 2.3. Let ( ),MTLy D∈  and ( ) ( ) ( )bBYaSYyV +=  be two-

dimensional boundary forms. Then, the boundary conditions 
( ) )(aAYyU = ( ) 0=+ bBY  of T and ( ) 0=yV  are mutually adjoint, if and 

only if 

.
01
10

,11 1
1

1
1







 −

=
δδ

=
γγ

∗−∗− JFBJSAJ
mm ""
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Proof. Set ( ) ( )
( )

,~






=

bY
aY

yC  then ( ) ( ) ( ) ( ) ( ),~ yCBAbBYaAYyU =+=  

where rank ( ) .2=BA  Let 11, BA  be 22 ×  matrices, such that =N  









11 BA
BA

 is a nonsingular matrix. Then ( ) ( ) ( ) =+= bYBaYAyUc 11  

( ) ( )yCBA ~
11  are boundary forms, which are complementary to the 

original boundary forms ( ).yU  Thus, ( )
( )
( )

( ).~~ yCN
yU
yU

yU
c

=






=  Let 

,
01
10






 −

=J  [ ] ,1 





=
z
z

Z  then ( ) ( ) ( ) ( ) ( ),,;, xJYxZxZxJYxzyW ∗==  

where .,.  denotes the inner product of complex Euclidean space. Put 

.0

0~

1
1















γγ
δδ

−
= J

J
J

m
m

"
"  Then 

( ) ( ) ( ) ( ) ( ) ( ) ( ) .~,~~~,~~;,;, 1
1
1 zCNJyUzCyCJazyWbzyW

m
m ∗−==−
γγ
δδ

"
"  

Obviously, 1~ −NJ  is nonsingular. Set 

( )
( )
( )

( ) ( ),~~~ 1 zCNJ
zV
zV

zV c ∗−=





=  

where ( ) ( ) ( ) ( ) ( ).~~,)( bZFaZSzVbFZaSZzV c +=+=  Then, we have 

( ) ( ) ( ) .
~~~,~~~~ 1








=








= ∗−

FS
FSNJzC

FS
FSzV  

Hence, 

,~
~

~
~

0

0~
111

1 















=








=















γγ
δδ

−
= ∗∗

∗∗

∗∗

∗∗

BA
BA

FF
SSN

FF
SS

J

J
J

m
m

"
"  

we have 
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.~
~

11
1

1
11

1
1

11























γγ
δδ

γγ
δδ

−−
= ∗−∗−

∗−∗−

BA
BA

FJFJ
SJSJ

E
m
m

m
m

"
"

"
"  

Therefore,  

.~
~

1
1
11

1
1

11

11
EFJFJ

SJSJ
BA
BA

m
m

m
m =















γγ
δδ

γγ
δδ

−−








∗−∗−

∗−∗−

"
"

"
"  

We obtain .11 1
1

1
1

∗−∗−
δδ

=
γγ

FBJSAJ
mm ""

 

Conversely, assume that there exist 2 × 2 matrices 1S  and 1F  such 
that 

( ) ,11and,2rank 1
1

1
1

11
∗−∗−

δδ
=

γγ
= FBJSAJFS

mm ""
 (2.10) 

by rank ( ) ,2=BA  let F  denote the space generated by two linearly 
independent row vectors of ( ).BA  From (2.10), we have 

( ) .0
1

1
1
1

1

=














δδ
γγ

−
∗−

∗−

FJ
SJ

BA
m
m

"
"  

This shows that all column vectors of the matrix 














δδ
γγ

−
= ∗−

∗−

1
1

1
1

1

1 FJ
SJ

R
m
m

"
"  

belong to .⊥F  However, 

( ) .~
0

0
11

1

1

1
1

1
1

1

1
∗−

∗

∗

−

−

=
























δδ
γγ

−
= FSF

F
S

J

J
R

m
m

"
"  

It is obvious that ( ) 2rank 1 =R , by ( ) .2rank 11 =FS  So, two linearly 

independent column vectors of 1R  form of a base of .⊥F  Similarly, we 

have ( ) ,2rankrank
1

1
1
1

1

=














δδ
γγ

−
= ∗−

∗−

FJ
SJ

R
m
m

"
"  and its two column vectors 

consist of a base of the space .⊥F  Therefore, there exists 2 × 2 
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nonsingular matrix P such that ,1
∗= RPR  i.e., ( ) .~~ 11 ∗−∗− = PJFSJ     

So, ( ) ( )FSPFS =11 . We have PSS =1  and .1 PFF =  Hence, 
( ) )(11 aZSzV = ( ) ( ),1 zPVbZF =+  and ( ) 01 =zV  are the adjoint 

boundary conditions of ( ) .0=yU  ■ 

Lemma 2.1. The differential operator T is self-adjoint, if and only if 

( ) ( ) ( ) 0=+= bBYaAYyU  are self-adjoint boundary conditions.  ■ 

The next theorem is our main result in this section; it gives the 
sufficient and necessary condition on the boundary conditions for self-
adjointness of the operator T. 

Theorem 2.4. The operator T is self-adjoint, if and only if 

.
01
10

,11 1
1

1
1







 −

=
δδ

=
γγ

∗−∗− JBBJAAJ
mm ""

 

Proof. From Lemma 2.1 and Theorem 2.3, we can obtain the direct 

conclusion.  ■ 
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