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Abstract

It is proved that matrices pj”Cq(-,~) of the second mixed derivatives of the support
function p(,:) for an introduced set-valued mapping D,f() for Lipschitz

function f()) exist almost everywhere in R" x R™. Matrices Dq (s -) are similar

to matrices of second derivatives for smooth functions. The Clarke subdifferential

of the set-valued mapping D, f(-), a- generalized and their continuous extension
a, 8- generalized matrices for f(-) were defined. Under some assumption, a

continuous extension of the Clarke, subdifferential and the form of p;q (), when

f(-) is twice continuous differentiable were found. An optimization method is

proposed for using these matrices in nonsmooth optimization.

1. a-Subdifferential for Lipschitz Functions

In [3], [4], qualities of a set-valued mapping D,f(-), @ > 0, for a

Lipschitz function f(-): R" — R were defined and studied. For a convex
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function f(-) : R" — R, this mapping has the analogous qualities similar
to qualities of the e-subdifferential mapping [5]. We will call the set
D, f(x) a- subdifferential of the function f(-) at the point x.

According to the definition [4],
o

Dyf(x) =@l e R" |v = ot j f(rlx, 7, g))dr
0

Vr(x, ., ) € n(x), Vg € SPH0) = {w e B" | |u] = 1}},

where n(x) is a set of the curves r(x, T, g) = x + ag + o(a), and a curve
o(-) satisfies the following conditions: |o(a)|/a — 0 when a — +0, and
a norm of the derivative o'(-) bounded by some constant ¢ > 0 for some

og > 0, ie.,
maXTe[o,ao]"O'(T)" se.

The following theorem was proved [4].

Theorem 1.1. If f() is a Lipschitz function, then the set-valued
mapping D,f(-) is a Lipschitz set-valued mapping with a Lipschitz

constant L.

In this paper, the Clarke subdifferential of the set-valued mapping

D, f() is introduced. The important problem for optimization is to find a

continuous extension of the Clarke subdifferential. Under some

assumption such extension is found.

The Clarke subdifferential of D, f(:) is defined using py,(,-), where
p(,+) is the support function of images of the set-valued mapping D, f().
Below we will find the form of py, (,-), when f(-) is twice continuous
differentiable. The problem is to find a form of py,(,-) in common case,

when f(-) is any Lipschitz function.
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2. The Clarke Subdifferential for D f(-)

Let us define pp (,-): R" xR" - R

pDa(" ) = maxveDaf(x)(U’ q)'

This is called the support function of the set-valued mapping D, f().
Interesting qualities of the support function PDa(" -) will follow from
Theorem 1.1. It can be proved that the function pp,(,-) is Lipschitz in

the variables (x, ¢), i.e.,
| PDo (%1, @1) = Ppy (%2, @2) | < Ly|2y — 23
in any compact set D x Bl (0) c R" x R™, where z; = (x1, q;), 29 =
(xg2, g2),
Ly(x) = maXUeDaf(x)"U"’ Ly = max,.p(Ly, Li(x)),
and B{"(0) = {w € R™ ||w| <1} is a unit ball in R™.

The following theorem was proved in [1].

Theorem 2.1. The support function pp,(,-) has the second mixed
derivatives  pl, (-, ) almost everywhere (a.e.) in R"™ xR"™ for every
Lipschitz function f(-).

The Theorem 2.1 is true for any Lipschitz set-valued mapping G() :
R" — R". If G(-) = f(-), where f('): R" — R is any Lipschitz function,
then py,(x, ¢) = Vf(x) for any q € S710), x € N(f), where N(f) is a
set where f(-) is differentiable.

We will denote a set, where py,(,-) exists for the set-valued mapping
Dcxf () by Aa-

We can define the Clarke subdifferential for any Lipschitz set-valued
mappings like the Clarke subdifferential for a Lipschitz function.
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Consider sets defined for any Lipschitz set-valued mapping
G(): R" - R™ with convex compact images and the support function

p(,-) having the second mixed derivative py,(--) on a set N(G), that is,
a dense setin R" x R™ of full measure
M(x’ Q) = co {A e R™™ | A= hmk—)oo p;’cq(ék’ Qk)’

(Ers qr) =k (2, q), (g, q) € N(G)},

M(x) := co quS{"‘l(O)M(x’ q),

where M(x) is a convex compact subset in R™™ [1].

Consider the following function

p(x+u+ag,q+Aq)—p(X+U,Q+AQ)
” .

W(X, 8, Q) = limg5+0,u—0,Ag—0

Theorem 2.2 [1]. The equality

v(x, g, q) = max ¢ p(x)(48,9)

is true forany g € R" and ¢ € R™.

The set M(x) is similar to the Clarke subdifferential of Lipschitz

functions. All qualities of the Clarke subdifferential are true for the set-

valued mapping M(:) (for instance, the upper semicontinuity).

Let us introduce a set for any x € R” and o > 0
Dy, f(x) = co{A[nxn]| Hap}, ap > +0,3g,q € S0,

Ei(r.l(xm7'7 g)’ 7"2(.,(])) € nZ(xm)’
. -1 Ok "
S o o A= 1m0 o o [ Pl (15 7 8). 7o(r, @) lr),

where ng(x,,) is a set of all pairs of curves (r;(x,,,., g), (., ¢)) for all

g qeR"
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rl(xm’ a, g) =Xy, tog + Ol,m(a)’ 7‘2((1, Q) =q+t O2,m(0~)-

The vector-functions oy ,(-), Og 1, (), i = 1,2, m =1, 2, ..., satisfy the

following conditions
1ima—)+001m (a)/a =0, maXTe[O,ao]lloim () <e
1imo,—>+002m (OL) =0, maXTe[O,ao]"Oém (T)" <,

for some ¢ > 0 and ag > 0. Moreover, the matrices py,(,-) exist almost
everywhere (a.e.) along pairs of the curves (1 ,(-), 72 (), i = 1, 2, for

Tel0, ag]
Lemma 2.1. The set Dy ,f(xq) is a convex compact set.

Proof. Since |py,(n(), ()] < L, [1], where L, is a Lipschitz

constant of the set valued mapping D, f(-), the set Dy ,f(x( ) is bounded.

Let (r(x,,, ., 8z), (-, q1)) € na(x,,) for some sequences gy, q;
e SPH0), k=1, 2, ..., for that g, — g e SF710), g, — ¢ € SP1(0),

Ry, —m +o, and

(ka "

. -1
A4y =ty ) 0 (1 ). 1ol g T A

for oy~ —p +0.

We will construct a pair of curves (r(x,,, 7, &), (7, q@)) € na(x,,)
that for each k and m coincide with the curves r(x,,, ., g% ), ra(., q) for
a € [0, ag]. Replacing g, in g and q; in g, we change the curves
n(%m, > &) 12( -, qr) by vectors oy, (g — &)= o(ay, ) and g —q =
O(ay,, ), and get the curves 71 (x,, ., ), 72(., q) from the set ny(x,, ). It
is not difficult to prove that by replacing the vectors g, and qj, in vectors
g and ¢ correspondently the parameter O, will replace in Ekm. The

correlation
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o
Qp

-1,

m

when m — o is true. Therefore, we can put the parameter o Eyy instead

of ay . From here, we have

3 71 ak "
Ag =limy s o ms1e0 %k -[0 mpxq(rl(xm, T, &), ro(T, q))dr.

Consequently, Ay € Dy, f(x(). Lemma 2.1 is proved. 0

We will prove that Dy, f(x) is also the Clarke subdifferential for the

set-valued mapping D, f(-).
Theorem 2.3. The sets M(x) and Dy of(x) coincide with each other.
Proof. First, we will prove that
M(x) = Dy of(x). @
Let A € M(x) and

plx+u+oag, g+Aq)-plx+u, qg+Aq)
o

w(DC, 8, Q) = sup lima—>+0,u—>0,Aq—>0

= limy 1/ )] (g (847, (DR My () + ol

= limy_, . (Ag, g + Agyp),

where Ep(T) = x +uy + 78 + 01(1), np(1) = ¢ + Agy, + 09(ar), 4}, = Pxq

(Ex(T), nz(1)), and uy, Aq;, > 0 when k — .

According to the supposition, the limit A, of the matrices Aj, when
k — o exists at the point, where the upper limit is achieved and A

belongs to the set
Qx, g, q) = {Alnxn] € M(x)|(Ag, q) = maxpep(x)(Bg, 9)}-

From this, the inclusion (1) follows.
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We will prove the reverse inclusion. From the upper semicontinuity of
the set-valued mapping M(-), it follows that for any & >0 and

g, q € SP71(0), thereis & > 0 that
2
Pxg(x + h, q) € M(x)+ B (0), ©)

2 2
if || < 8, where Bl (0) is a ball of radius ¢ in R" and with the center
in 0.

Let be for some sequences {a}, }, {A,, }> {qm }

A =l (1 o) " (P (2 (0). e (). mele)

where £,(t), n,(7) are the same as above. It is easy to check that from

(2), the inequality
pr(A, M(x)) <

follows, pg is the Hausdorff metric. Since ¢ is any positive number,

A e M(x),
i.e., the inclusion
Dy of(x) = M(x) ®3)
1s true. From (1) and (3), we will get the statement of the theorem. O

Since the set-valued mapping M(:) is upper semicontinuous, as it

follows from Theorem 2.3, the set-valued mapping Ds ,f(-) is upper

semicontinuous as well.
3. Generalized Matrices

Any element from the set Dy ,f(x(), we will call an a-generalized

matrix of the function f(-) at the point x.

Let us define for any fixed o, § > 0 a set
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Dy . 5f(x0) = co{Aln x n]| 3g, ¢ € S{(0), I(n(xo, -, &), 72(-, @) € na(ag)

3
A = 8_1 Op;q(rl(x(), T, g),7'2(’|', q))dT}’

where the integration is taken along a pair of curves (ri(xg, ., g), iy

(-, q)) € ng(xp). The elements of the set Dy , 5f(x¢), we will call o,

8- generalized matrices.

We will not prove the upper, lower semicontinuities and continuity of
the set-valued mapping Dy , 5f(), as soon as, these qualities follow from

Theorem 3.1.

Theorem 3.1. The set-valued mapping DZ,(x,Sf(') is a Lipschitz set-
valued mapping.

Proof. It is well known that

pr(Dy o 5f(x1), Dy o 5f(x2)) = max |PD2’Q,5(9C1, g)- PDZ,M(J%’ &)l

n2 -1
gesl (0)
where

pD2’a’5 (x’ g) = maXUEDzyaySf(x)(v’ g)
is the support function of the set-valued mapping Dy  5f (-). Without loss
of generality, we will consider that

max (0)| pD2,o.,6(x1’ g)_ pDan’B(xZ’ g)l = pD2ya’6(xl, g)— pDZ,(x,B(xz’ g)’

2
geSln -1

2
for some g e SJ* ~1(0).
Let

A; € arg maXAEDz,a,Bf(xi)(A’ g),

2
where (,-) is the scalar production of elements of R" .

We will take curves (ry(xq, ., ), r3(., ¢)) € na(x;), & = g(&, q), for
that
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-1 o " o A
A =3 Opxq(rl(x17T’g)7 (T, q))dr.

Let us consider also a matrix

5
Ay = 6_1'[0 P (r(xg, 7,8), rao(7, q))dr,

where (ry(x9, 7,8), r5(7, ¢)) is any pair of curves of the set ng(xy). Since

(43, &) > (4, 8),
then
Py, 5(*1, 8) = Ppy , 5 (%2, 8) < (Ar, 8) - (A, 8) <A - A5 @
Here |-| is the norm that corresponds to the scalar production (;,-)

introduced earlier.

By analogy with the proof of the theorem about Lipschitz quality of
the set-valued mapping D, f() [4] and taking into account that [1].

”pgcq (" )" < L(x P

where L, is a Lipschitz constant for the set-valued mapping D, f(-), we

can prove that the curves (r(xg, ., g), 7(., ¢) can be chosen such that

"Al — ZQ " < S_ILQC4"3C1 — X9 ", (5)
where ¢, is some constant. Then from (4) and (5), the statement of the
theorem follows. The theorem is proved. 0

Let us construct the set-valued mapping 52,(1,5}’(-) :R" > R", for

any 6 > 0

Dyusf @) = @) o Do)

nelo, 8
We define Dy, of(x) as a convex hull of all limit vectors vj, € Dy g, , (%)

for any sequence {n} going to 0.
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Theorem 3.2. The set-valued mapping l_)z’a,g)f(‘) is continuous at the

point x in the Hausdorff metric, if Dy o of(x) = Dg o f(x).

Proof. Consider the set-valued mapping B; (): R" — R" for any

small §; > 0,

Bs () = co Une[sl,s]DZ“’“f(')'
It is apparent that
B, (x) < Dy o 5(x),
and
limg, 10 pa(Bs, (), Dy o 5f(x)) = 0,
where py is the Hausdorff metric.

As long as, the set-valued mapping D2,a,nf(') is continuous for all

n € [3;, 3], then Bg () is also continuous.

It will follows from the upper semicontinuity of the set-valued
mapping Dy, f(-) that for any & > 0, a number B = B(e) > O exists that a

vector

- y "
Y ! Opxq(rl(xk7 T’g)7 7‘2(1', q))dT9

2
belongs to the set Dy f(x)+ By (0), if |

xp — x| <P and 0 <y <B.

The set Dy o 5f(x) can be represented as the convex hull of the sets

Bs, (x1,) and Dy, 5f(xy ). It is not difficult to prove the inequality
pr (Do, o, 5f(x1 ), Do o 5f(x)) < pr (Bs, (x), Bs, (x,))

+pp(Dg, g 5f(x)\ B (x), Dy o 5f(x)\ Bs (xz)).
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Since all terms of this inequality from the right side can be made any

small for small § and 8;, it will follows the statement of the theorem. [
To construct the sets Dy ,f(-), Dy o sf(), and Dy, sf(), it is

necessary to write the matrix p,(,-) in a clear form. Now, we give an

expression for the matrix pj,(,-), when the function f(,-) is twice

continuously differentiable, i.e., f() e C?. Further, in the following

articles, we will consider common case.

Let v(xq, q) be a vector for that
U(xo, a) = arg maXUEDaf(xo)(v7 (-7)7 "6" = ]-a

and (xg, q) € A,. There are several cases of location of the vector
u(xg, ).

(a) The vector v(xp, q) has a support cone K(v(xg,q)) with
nonempty interior, i.e., int K(v(xqy, ¢)) # 0. Since, (xg, q) € Ay, q €
int K(v(xg, q)). Let

. @) = o [ "Vf(r(xo. o)), ©

for some r(xg,., g) € n(xp). It is obvious, when we move to a point
xo + Ax, then the vector v(x(, ¢) moves to the vector v(xy + Ax, ¢ ) and

g belongs to a cone K(v(xy + Ax, q)) for small ||Ax|.

Consequently, we can take at the point xy + Ax, a curve r(xy + Ax,
T, 8) = xg + Ax + 1(g + o(Ax, 7)) + o(T) to obtain a vector v(xy + Ax, q).
It is easy to calculate the derivative of the vector v(xg, ¢) as a function
of the variable xj. Indeed, we can cover the curve r(xg, 7, g) by balls
with centers on the curve r(xg, T, g), where the function f(-) is twice

differentiable and choose a finite number of such balls. So, we will have

an approximation for the integral
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a—lj “Vf(r(xq + Ax, T, 8)) d.
0

Taking limit on number of the balls and expanding the integrable
function in powers of Ax, we obtain

U(xo + Ax, (7) = (x_lJ.:Vf(r(xO + Ax, T,g)) dr
= a—lj:(Vf(r(xo, T, 8))+ V2f(r(xg, 7, 8))Ax + o(Ax)) dr

o
= u(xo, ) + o7} j V2f(r(xg, 7, €))dT)Ax + o(Ax).  (7)
0
The linear part of the expression (7) is
(%2
o V2 (r(xo, 7. g))dr.
0
Consequently,
o
pgcq(x07 (7) = VU(xo, (7) = a_l.[o sz(r(x07 T7g)) dr. (8)
Since (xg, ¢) € Ay, the value of Vu(x, ¢) does not depend on choice of
the curve r(xq, ., g) for that Equation (6) is true.
(b) Consider the case when K(v(xg, q))=1{g}. Let us define a
function ¢(,-) : R" x R" — R
o(xg, w) = Supo(a):x0+aw+o(a)en(x0)(f(xO +aw + o(a)) - f(xq))/ o,
for |w|| = 1, and
¢(xg, 2w) = e(xg, w), A 2 0.

We can assume that the function ¢(x(, .) is convex in a neighborhood of
the point g. Since (xg, g) € A, we can also assume that there is an one

to one relation between the boundary vectors near the vector v(xq, q)

and the vectors ¢ € S{"1(0) near the vector 7.
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The case when the function ¢(xq, .) is concave in a neighborhood of

the point g can be considered similarly.

Let equality (6) be true for the vector v(xq, g) and the curve
r(xq, o, g). To obtain a point v(xy + Ax, ¢ ), we must choose in this case
a curve r(xg+Ax, T, &)= x9 +Ax + (g + o(Ax, 7)) + o(Ax) for some

o(Ax, 7), i.e.,
v(xg +Ax, q) = oflJA:Vf(r(xO + Ax, T, 8))dT + o(Ax), 9)

where o(Ax)/ Ax — a0 0 and

o(Ax,T)
===

0,

1 70

uniformly on small Ax.

The vector function o(Ax) appears because we take instead of the
vector g, a vector g + o(Ax, 7). For case, when the function f(-) is twice
differentiable, from (9), where r(xq + Ax, 7, g) = x¢ + Ax + Tg, we obtain
also formula (8). It will be independent of choice of the curve r(xg, ., g),

if (6) is true, as long as, we took the point (xy, ¢) from the set A,.

Remark 3.1. It is not easy to calculate the matrix pf, (,-) because we
have to know a curve r(-), on which the support function p(-,-) reaches its

value.

Remark 3.2. If a curve r(xg,., g) does not exist for the vector

U(xO’ (7) € Daf(xO)’ (xo, (7) € A(x that
(. 7) = o7 [ VF((xg, 7 @)

then there is a sequence {vg}, vp(xg) e Dyf(xp), v > v, and a

sequence {r;(-) € n, } that
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o
ou(x0) = @™t [ VF(ru(xo. 7. 8))dr
We will take such differentiable vector-function vy (xq) that the following
relations hold for some sequence {0} and any vector g, € S71(0):
L | (vp(xg + arg1), @)~ (vx(x0), @)~ pp, (¥ + 081, @)+ Pp, (%0, T)| < &>

2. v (xo + opgy) = v(x0) + apVug(xg gy + op(ag),

where ¢, /o, - 0 and op(az)/a, — 0 as k — o. We can always

satisfy with two conditions. To satisfy with the second condition, it is
sufficiently to choose such sequence {v(xq)} for that the limit

liInk%oo VUk(xO )’

exists that we can do easily because |Vuvy(x()|| are bounded for all k. For

such sequence {vj }, we will have
Vu(xg, @) = limy,_,o Vg (xg).
Consider the following example

Example 3.1. Let us define the function f(-): R" - R
flx) = cTx + %xTAx,
for that
Vi(x) = ¢! + Ax.
If the matrix A is positive, then f() is convex.

Calculate py,(--), if A is a positive symmetric matrix. The set D, f(0)

is equal to (under suggestion that o(-) = 0)

D, f(0) = colv(g)| u(g) = ¢ + 5 AgVg e S{H(0)}.

It is apparent that
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v(0, q) = arg wen/lji?o)( ,q)=cl + %Ag,

||A I Move to a point Ax. The set D, f(Ax) is equal to

D, f(Ax) = co{w(g) € R" | w(g) = el + Aax + %Ang e S71(0)}.
It is obviously that

u(Ax, q) = ar max (w,q)=c +AAx+gA,
(Ax, ¢) = arg af(Ax)( q) 5 Ag

where q is the same as above. From here, py,(0, g) = Vu(0, g) = A
With the help of the matrix py,(,-), we can build an optimization

process for the function f(-). Let us consider the following optimization
problem
() — infxeR" .
We will use an idea from [2]. Firstly, we will consider instead of the
function f(-), a function f(-): R® —> R
f(x) = fx) + Ll - 2],

where L = max(L, L, ), if we stay at a point xj. Secondly, we will

construct the set D, f(x},):

Dyf(xy) = cofv € R" v = a-lj:vf(r(xk, ng))drl.

Thirdly, we must find a decent direction g;, of the function f(-) at the
point x, if the necessary optimal condition for a-optimality at the point

X
LB{'(0) = Dyf(x,)

is not true. In this case, we must find the vectors
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U = Argy MAX, ppn minveDaf(xk)"U -w), (10)
and
Wy = Argy MAX, Fpn ) minveDaf(xk)"U -w), (11)
and then put
wy, — vy,

qQr = 57— -
k "wk —Uk||

If the second mixed derivative A (xy, q1,) = pyy(xp, gz ) of the support

function of the set-valued mapping D, f (-) exists together with its inverse

matrix (it can be always reached, if we add to our function some quadratic
function like M|x — xy, ||2, where M > 2L ), then we can use this matrix

to find the next approximate point like in Newton’s method

Tpa1 = X — BrA(xy, g ) (vg — wp),
where B, is a step satisfying the condition
f(xpa1) < Flxg) = Br(La [ 2)|Ar],
where
A = Alxg, q) (vp - wy,),
and L, is the lower bound of ||A(xy, gz )|

If the vector g, is not unique, we will take any vector q;, for that the

following expression is true
qp = arg, min|A(xp, q)_l(v -w)|,

where g = q(v, w) for v e D, f(x};), w € LB(0), satisfying to (10) and
(11), and

w-v
Q(U> w)_ ”w_v”
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In such a way, we can construct processes like Newton’s process for

smooth functions to find an o-optimal point. If the second derivative
Piq(xk, 1) does not exist, then we can choose in any neighborhood of

the point (xg, g ) and another point (xy, g ), where p,, (X, g ) exists.

We can do it because the set-valued mapping D, f (-) is continuous.

The difficulty of this problem is that in common case, the matrix
A(xp,, q;) is not continuous in x; and gj,. Continuity of matrix of second
derivatives of a target function is very important in Newton’s method.
Therefore, we must construct some continuous approximation for the

matrix A(xy, gz, ) that we have to look for it among the matrices

D2,(x,6f(x)'
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bglmlﬁ fl:)(p;).r{ B'51 (xl-ﬁ)
Dglcx f()() = DZ.%,Df()()

B s1{x)

B s1(¢)
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Figure 1.



