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Abstract 

It is proved that matrices ( )⋅⋅′′ ,xqp  of the second mixed derivatives of the support 

function ( )⋅⋅,p  for an introduced set-valued mapping ( )⋅α fD  for Lipschitz   

function ( )⋅f  exist almost everywhere in .nn RR ×  Matrices ( )⋅⋅′′ ,xqp  are similar 

to matrices of second derivatives for smooth functions. The Clarke subdifferential 
of the set-valued mapping ( ) ,⋅α fD  -α generalized and their continuous extension 

-, δα generalized matrices for ( )⋅f  were defined. Under some assumption, a 

continuous extension of the Clarke, subdifferential and the form of ( ) ,, ⋅⋅′′xqp  when 

( )⋅f  is twice continuous differentiable were found. An optimization method is 
proposed for using these matrices in nonsmooth optimization. 

1. -α Subdifferential for Lipschitz Functions 

In [3], [4], qualities of a set-valued mapping ( ) ,0, >α⋅α fD  for a 

Lipschitz function ( ) RRf n →⋅ :  were defined and studied. For a convex 
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function ( ) ,: RRf n →⋅  this mapping has the analogous qualities similar 
to qualities of the -ε subdifferential mapping [5]. We will call the set 

( ) -αα xfD subdifferential of the function ( )⋅f  at the point x.  

According to the definition [4], 

( ) { ( )( ) ττ dgxrfvRvcoxfD n ,,
0

1∫
α

−
α α=∈=  

( ) ( ) ( ) { }},10,.,, 1
1 =∈=∈∀η∈∀ − wRwSgxgxr nn  

where ( )xη  is a set of the curves ( ) ( ),,, α+α+= ogxgxr τ  and a curve 

( )⋅o  satisfies the following conditions: ( ) 0→ααo  when ,0+→α  and 

a norm of the derivative ( )⋅′o  bounded by some constant 0>c  for some 

,00 >α  i.e., 

[ ] ( ) .max 0, coo ≤′α∈ ττ  

The following theorem was proved [4]. 

Theorem 1.1. If ( )⋅f  is a Lipschitz function, then the set-valued 

mapping ( )⋅α fD  is a Lipschitz set-valued mapping with a Lipschitz 

constant .αL  

In this paper, the Clarke subdifferential of the set-valued mapping 
( )⋅α fD  is introduced. The important problem for optimization is to find a 

continuous extension of the Clarke subdifferential. Under some 
assumption such extension is found. 

The Clarke subdifferential of ( )⋅α fD  is defined using ( ),, ⋅⋅′′xqp  where 

( )⋅⋅,p  is the support function of images of the set-valued mapping ( ).⋅α fD  

Below we will find the form of ( ),, ⋅⋅′′xqp  when ( )⋅f  is twice continuous 

differentiable. The problem is to find a form of ( )⋅⋅′′ ,xqp  in common case, 

when ( )⋅f  is any Lipschitz function. 



GENERALIZED MATRICES FOR LIPSCHITZ FUNCTIONS 229

2. The Clarke Subdifferential for ( )⋅α fD  

Let us define ( ) RRRp nn
D →×⋅⋅α :,  

( ) ( )( ).,max, qvp xfDvD α∈α =⋅⋅  

This is called the support function of the set-valued mapping ( ).⋅α fD  
Interesting qualities of the support function ( )⋅⋅α ,Dp  will follow from 

Theorem 1.1. It can be proved that the function ( )⋅⋅α ,Dp  is Lipschitz in 

the variables ( ),qx,  i.e., 

( ) ( ) 2122211 ,, zzLqxpqxp DD −≤− αα  

in any compact set ( ) ,01 mn
m RRBD ×⊂×  where ( ) == 2111 ,, zqxz  

( ),, 22 qx  

( ) ( ) ( ( )),,max,max 121 xLLLvxL DxxfDv α∈∈ ==
α

 

and ( ) { }101 ≤∈= wRwB mm  is a unit ball in .mR  

The following theorem was proved in [1]. 

Theorem 2.1. The support function ( )⋅⋅α ,Dp  has the second mixed 

derivatives ( )⋅⋅′′ ,xqp  almost everywhere (a.e.) in nn RR ×  for every 

Lipschitz function ( ).⋅f  

The Theorem 2.1 is true for any Lipschitz set-valued mapping ( ) :⋅G  

.nn RR →  If ( ) ( ),⋅=⋅ fG  where ( ) RRf n →⋅ :  is any Lipschitz function, 

then ( ) ( )xfqxpxq ∇=′′ ,  for any ( ) ( ),,01
1 fNxSq n ∈∈ −  where ( )fN  is a 

set where ( )⋅f  is differentiable. 

We will denote a set, where ( )⋅⋅′′ ,xqp  exists for the set-valued mapping 

( )⋅α fD  by .αΛ  

We can define the Clarke subdifferential for any Lipschitz set-valued 
mappings like the Clarke subdifferential for a Lipschitz function. 
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Consider sets defined for any Lipschitz set-valued mapping   

( ) mn RRG →⋅ :  with convex compact images and the support function 
( )⋅⋅,p  having the second mixed derivative ( )⋅⋅′′ ,xqp  on a set ( ),GN  that is, 

a dense set in mn RR ×  of full measure 

( ) { ( ),,limo:, kkxqk
mn qpARAcqxM ξ′′=∈= ∞→

×  

( ) ( ) ( ) ( )},,,,, GNqqxq kkkkk ∈ξ→ξ  

 ( )
( )

( ),,:
01

1
qxMcoxM mSq −∈

= ∪  

where ( )xM  is a convex compact subset in mnR ×  [1]. 

Consider the following function 

( ) ( ) ( ) .,,lim,, 0,0,0 α
∆++−∆+α++

=/ →∆→+→α
qquxpqqguxpqgxv qu  

Theorem 2.2 [1]. The equality 

( ) ( )( )qAgqgxv xMA ,max,, ∈=/  

is true for any nRg ∈  and .mRq ∈  

The set ( )xM  is similar to the Clarke subdifferential of Lipschitz 
functions. All qualities of the Clarke subdifferential are true for the set-
valued mapping ( )⋅M  (for instance, the upper semicontinuity). 

Let us introduce a set for any nRx ∈  and 0>α  

 ( ) { [ ] { } ( ),0,,0, 1
1,2
−

α ∈∃+→αα∃×= n
kk SqgnnAcoxfD  

   ( ( ) ( )) ( ),,.,,., 221 mm xqrgxr η∈∃  

( ( ) ( )) },,,,,lim, 21
0

1
,0 τττ dqrgxrpAxx mxqkmmm

k
k

′′α=→ ∫
α

−
∞→→α  

where ( )mx2η  is a set of all pairs of curves ( ( ) ( ))qrgxr m .,,,., 21  for all 

:, nRqg ∈  
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( ) ( ) ( ) ( ).,,,, ,22,11 α+=αα+α+=α mmmm Oqqrogxgxr  

The vector-functions ( ) ( ) ,,2,1,2,1,, ,2,1 …==⋅⋅ miOo mm  satisfy the 

following conditions 

( ) [ ] ( ) ,max,0lim 01 ,00 co mm io ≤′=αα α∈+→α ττ  

( ) [ ] ( ) ,max,0lim 2,00 02 cO mmO ≤′=α α∈+→α ττ  

for some 0>c  and .00 >α  Moreover, the matrices ( )⋅⋅′′ ,xqp  exist almost 

everywhere (a.e.) along pairs of the curves ( ( ) ( )) ,2,1,, ,2,1 =⋅⋅ irr mm  for 

[ ].,0 0α∈τ  

Lemma 2.1. The set ( )0,2 xfD α  is a convex compact set. 

Proof. Since ( ( ) ( )) α≤⋅⋅′′ Lrrpxq 21 ,  [1], where αL  is a Lipschitz 

constant of the set valued mapping ( ),⋅α fD  the set ( )0,2 xfD α  is bounded. 

Let ( ( ) ( )) ( )mkkm xqrgxr 221 ,.,,., η∈  for some sequences kk qg ,  

( ) ,,2,1,01
1 …=∈ − kSn  for that ( ) ( ),0,0 1

1
1

1
−− ∈→∈→ n

k
n

k SqqSgg  
,+∞→mmk  and 

( ( ) ( )) 021
0

1 ,,,,lim AdqrgxrpA kkkmxqkmk
mk

mm →′′α= ∫
α

−
∞→ τττ  

for .0+→α mkm  

We will construct a pair of curves ( ( ) ( )) ( )mm xqrgxr 221 ,,,, η∈ττ  
that for each k and m coincide with the curves ( ) ( )kkm qrgxr ,.,,., 21  for 

[ ].,0 0α∈α  Replacing kg  in g and kq  in q, we change the curves 
( ) ( )kkm qrgxr ,,,, 21 ⋅⋅  by vectors ( ) ( )mm kkk ogg α=−α  and =− qqk  

( ),mkO α  and get the curves ( ) ( )qrgxr m ,.,,., 21  from the set ( ).2 mxη  It 

is not difficult to prove that by replacing the vectors kg  and kq  in vectors 
g and q correspondently the parameter mkα  will replace in .mkα  The 

correlation 



I. M. PROUDNIKOV  232

,1→
α

α

m

m

k

k  

when ∞→m  is true. Therefore, we can put the parameter ,mkα  instead 

of .mkα  From here, we have 

( ( ) ( )) .,,,,lim 21
0

1
,0 τττ dqrgxrpA mxqkmk

mk

m
′′α= ∫

α
−

+∞→+∞→  

Consequently, ( ).0,20 xfDA α∈  Lemma 2.1 is proved.                               

We will prove that ( )xfD α,2  is also the Clarke subdifferential for the 

set-valued mapping ( ).⋅α fD  

Theorem 2.3. The sets ( )xM  and ( )xfD α,2  coincide with each other. 

Proof. First, we will prove that 

( ) ( ).,2 xfDxM α⊂  (1) 

Let ( )xMA ∈  and 

( ) ( ) ( )
α

∆++−∆+α++
=/ →∆→+→α

qquxpqqguxpqgxv qu
,,limsup,, 0,0,0  

( ) ( ( ( ) ( )) ( ) ( )) ( ) kkkkkkxqkk odp
k

αα+ηξ′ηξ′′α= ∫
α

∞→ τττττ ,,1lim
0

 

( ),,lim kkk gqgA ∆+= ∞→  

where ( ) ( ) ( ) ( ) xqkkkkk pAoqqogux ′′=α+∆+=η+++=ξ ,, 21 ττττ  

( ( ) ( )),, ττ kk ηξ  and 0, →∆ kk qu  when .∞→k  

According to the supposition, the limit 0A  of the matrices ,kA  when 

∞→k  exists at the point, where the upper limit is achieved and 0A  
belongs to the set 

( ) { [ ] ( ) ( ) ( )( )}.,max,,, qBgqAgxMnnAqgxQ xMB∈=∈×=  

From this, the inclusion (1) follows. 
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We will prove the reverse inclusion. From the upper semicontinuity of 
the set-valued mapping ( ),⋅M  it follows that for any 0>ε  and 

( ),0, 1
1
−∈ nSqg  there is 0>δ  that 

( ) ( ) ( ),0,
2n

xq BxMqhxp ε+∈+′′  (2) 

if ,δ≤h  where ( )0
2nBε  is a ball of radius ε  in 

2nR  and with the center 
in 0. 

Let be for some sequences { } { } { }mmk qh ,,α  

( ) ( ( ( ) ( )) ( ) ( )) ,,,1lim
0

τττττ dpA kkkkxqkk
k

ηξ′ηξ′′α= ∫
α

∞→  

where ( ) ( )ττ kk ηξ ,  are the same as above. It is easy to check that from 
(2), the inequality 

( )( ) ε≤ρ xMAH ,  

follows, Hρ  is the Hausdorff metric. Since ε  is any positive number, 

( ),xMA ∈  

 i.e., the inclusion 

( ) ( )xMxfD ⊂α,2  (3) 

is true. From (1) and (3), we will get the statement of the theorem.         

Since the set-valued mapping ( )⋅M  is upper semicontinuous, as it 
follows from Theorem 2.3, the set-valued mapping ( )⋅α fD ,2  is upper 

semicontinuous as well. 

3. Generalized Matrices 

Any element from the set ( ),0,2 xfD α  we will call an -α generalized 

matrix of the function ( )⋅f  at the point .0x  

Let us define for any fixed 0, >δα  a set 
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( ) { [ ] ( ) ( ( ) ( )) ( )02201
1

10,,2 ,.,,.,,0, xqrgxrSqgnnAcoxfD n η∈∃∈∃×= −
δα  

 ( ( ) ( )) },,,,, 201
0

1 τττ dqrgxrpA xq′′δ= ∫
δ

−  

where the integration is taken along a pair of curves ( ( ) 201 ,,., rgxr  

( )) ( ).,. 02 xq η∈  The elements of the set ( ),0,,2 xfD δα  we will call ,α  

-δ generalized matrices. 

We will not prove the upper, lower semicontinuities and continuity of 
the set-valued mapping ( ),,,2 ⋅δα fD  as soon as, these qualities follow from 

Theorem 3.1. 

Theorem 3.1. The set-valued mapping ( )⋅δα fD ,,2  is a Lipschitz set-

valued mapping. 

Proof. It is well known that 

( ( ) ( ))
( )

( ) ( ) ,,,max, 21
0

2,,21,,2 ,,2,,212
1

gxpgxpxfDxfD DD
Sg

H n δαδα−
−=ρ

∈
δαδα

where 

( ) ( )( )gvgxp xfDvD ,max, ,,2,,2 δαδα ∈=  

is the support function of the set-valued mapping ( ).,,2 ⋅δα fD  Without loss 

of generality, we will consider that 

( )
( ) ( ) ( ) ( ),,,,,max 2121

0 ,,2,,2,,2,,212
1

gxpgxpgxpgxp DDDD
Sg n δαδαδαδα−

−=−
∈

 

for some ( ).01
1

2 −∈ nSg  

Let 

( )( ),,maxarg ,,2 gAA ixfDAi δα∈∈  

where ( )⋅⋅,  is the scalar production of elements of .
2nR  

We will take curves ( ( ) ( )) ( ) ( ),ˆ,ˆ,ˆ,.,ˆ,., 12211 qgggxqrgxr =η∈  for 
that 
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( ( ) ( )) .ˆ,,ˆ,, 211
0

1
1 τττ dqrgxrpA xq′′δ= ∫

δ
−  

Let us consider also a matrix 

( ( ) ( )) ,ˆ,,ˆ,, 221
0

1
2 τττ dqrgxrpA xq′′δ= ∫

δ
−  

where ( ( ) ( ))qrgxr ˆ,,ˆ,, 221 ττ  is any pair of curves of the set ( ).22 xη  Since 

( ) ( ),,, 22 gAgA ≥  

then 

( ) ( ) ( ) ( ) .,,,, 212121 ,,2,,2 AAgAgAgxpgxp DD −≤−≤−
δαδα

 (4) 

Here ⋅  is the norm that corresponds to the scalar production ( )⋅⋅,  
introduced earlier. 

By analogy with the proof of the theorem about Lipschitz quality of 
the set-valued mapping ( )⋅α fD  [4] and taking into account that [1]. 

( ) ,, α≤⋅⋅′′ Lpxq  

where αL  is a Lipschitz constant for the set-valued mapping ( ),⋅α fD  we 
can prove that the curves ( ( ) ( )qrgxr ,.,,.,21  can be chosen such that 

,214
1

21 xxcLAA −δ≤− α
−  (5) 

where 4c  is some constant. Then from (4) and (5), the statement of the 
theorem follows. The theorem is proved.                                                    

Let us construct the set-valued mapping ( ) ,:,,2
nn RRfD →⋅δα  for 

any 0>δ  

( )
[ ]

( ).,,2,0,,2 xfDcoxfD ηαδ∈ηδα = ∪  

We define ( )xfD 0,,2 α  as a convex hull of all limit vectors ( )xfDv kk ηα∈ ,,2  

for any sequence { }kη  going to 0. 
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Theorem 3.2. The set-valued mapping ( )⋅δα fD ,,2  is continuous at the 

point x in the Hausdorff  metric, if ( ) ( ).,20,,2 xfDxfD αα =  

Proof. Consider the set-valued mapping ( ) nn RRB →⋅δ :1  for any 

small ,01 >δ  

( )
[ ]

( ).,,2,11 ⋅=⋅ ηαδδ∈ηδ fDcoB ∪  

It is apparent that 

( ) ( ),,,21 xfDxB δαδ ⊂  

and 

( ( ) ( )) ,0,lim ,,20 11 =ρ δαδ+→δ xfDxBH  

where Hρ  is the Hausdorff metric. 

As long as, the set-valued mapping ( )⋅ηα fD ,,2  is continuous for all 

[ ],,1 δδ∈η  then ( )⋅δ1B  is also continuous. 

It will follows from the upper semicontinuity of the set-valued 
mapping ( )⋅α fD ,2  that for any ,0>ε  a number ( ) 0>εβ=β  exists that a 

vector 

( ( ) ( )) ,,,,, 21
0

1 τττ dqrgxrp kxq′′γ ∫
γ

−  

belongs to the set ( ) ( ),0
2

,2
nBxfD εα +  if β<− xxk  and .0 β<γ<  

The set ( )kxfD δα,,2  can be represented as the convex hull of the sets 

( )kxB 1δ  and ( ).,,2 kxfD δα  It is not difficult to prove the inequality 

( ( ) ( )) ( ( ) ( ))kHkH xBxBxfDxfD 11 ,, ,,2,,2 δδδαδα ρ≤ρ  

( ( ) ( ) ( ) ( )).\,\ 11 ,,2,,2 kkH xBxfDxBxfD δδαδδαρ+  



GENERALIZED MATRICES FOR LIPSCHITZ FUNCTIONS 237

Since all terms of this inequality from the right side can be made any 
small for small β  and ,1δ  it will follows the statement of the theorem.   � 

To construct the sets ( ) ( ),, ,,2,2 ⋅⋅ δαα fDfD  and ( ),,,2 ⋅δα fD  it is 

necessary to write the matrix ( )⋅⋅′′ ,xqp  in a clear form. Now, we give an 

expression for the matrix ( ),, ⋅⋅′′xqp  when the function ( )⋅⋅,f  is twice 

continuously differentiable, i.e., ( ) .2Cf ∈⋅  Further, in the following 

articles, we will consider common case. 

Let ( )q,xv 0  be a vector for that 

( ) ( )( ) ,1,,maxarg, 00 ==
α∈ qqvqxv xfDv  

and ( ) .,0 αΛ∈qx  There are several cases of location of the vector 

( ).,0 qxv   

(a) The vector ( )qxv ,0  has a support cone ( ( ))qxvK ,0  with 

nonempty interior, i.e., ( ( )) .0,int 0 /≠qxvK  Since, ( ) ∈Λ∈ α qqx ,,0  

( ( )).,int 0 qxvK  Let 

( ) ( ( )) τ,τ dgxrfqxv ,,, 0
0

1
0 ∇α= ∫

α
−  (6) 

for some ( ) ( ).,., 00 xgxr η∈  It is obvious, when we move to a point 

,0 xx ∆+  then the vector ( )qxv ,0  moves to the vector ( )qxxv ,0 ∆+  and 

q  belongs to a cone ( ( ))qxxvK ,0 ∆+  for small .x∆  

Consequently, we can take at the point ,0 xx ∆+  a curve ( ,0 xxr ∆+  

) ( ( )) ( )ττττ oxogxxg +∆++∆+= ,, 0  to obtain a vector ( ,0 xxv ∆+  ).q  

It is easy to calculate the derivative of the vector ( )qxv ,0  as a function 

of the variable .0x  Indeed, we can cover the curve ( )gxr ,,0 τ  by balls 

with centers on the curve ( ),,,0 gxr τ  where the function ( )⋅f  is twice 

differentiable and choose a finite number of such balls. So, we will have 
an approximation for the integral 
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( ( )) .,,0
0

1 ττ dgxxrf ∆+∇α ∫
α

−  

Taking limit on number of the balls and expanding the integrable 
function in powers of ,x∆  we obtain 

 ( ) ( ( )) ττ dgxxrfqxxv ,,, 0
0

1
0 ∆+∇α=∆+ ∫

α
−  

( ( ( )) ( ( )) ( )) τττ dxoxgxrfgxrf ∆+∆∇+∇α= ∫
α

− ,,,, 0
2

0
0

1  

 ( ) ( ( ( )) ) ( ).,,, 0
2

0
1

0 xoxdgxrfqxv ∆+∆∇α+= ∫
α

− ττ  (7) 

The linear part of the expression (7) is 

( ( )) .,,0
2

0
1 ττ dgxrf∇α ∫

α
−  

Consequently, 

( ) ( ) ( ( )) .,,,, 0
2

0
1

00 ττ dgxrfqxvqxpxq ∇α=∇=′′ ∫
α

−  (8) 

Since ( ) ,,0 αΛ∈qx  the value of ( )qxv ,0∇  does not depend on choice of 
the curve ( )gxr ,.,0  for that Equation (6) is true. 

(b) Consider the case when ( ( )) { }.,0 qqxvK =  Let us define a 

function ( ) RRR nn →×⋅⋅ϕ :,  

( ) ( ) ( ) ( )( ( ( )) ( )) ,sup, 00:0 00 α−α+α+=ϕ η∈α+α+α xfowxfwx xowxo  

for ,1=w  and 

( ) ( ) .0,,, 00 ≥λλϕ=λϕ wxwx  

We can assume that the function ( ).,0xϕ  is convex in a neighborhood of 
the point .q  Since ( ) ,,0 αΛ∈qx  we can also assume that there is an one 
to one relation between the boundary vectors near the vector ( )qxv ,0  

and the vectors ( )OSq n 1
1
−∈  near the vector .q  
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The case when the function ( ).,0xϕ  is concave in a neighborhood of 
the point q  can be considered similarly. 

Let equality (6) be true for the vector ( )qxv ,0  and the curve 
( ).,,0 gxr α  To obtain a point ( ),,0 qxxv ∆+  we must choose in this case 

a curve ( ) ( ( )) ( )xoxogxxgxxr ∆+∆++∆+=∆+ τττ ,,, 00  for some 
( ),, τxo ∆  i.e., 

( ) ( ( )) ( ),,,, 0
0

1
0 xodgxxrfqxxv ∆+∆+∇α=∆+ ∫

α
− ττ  (9) 

where ( ) 00→∆→∆∆ xxxo  and 

( ) ,0,lim 0 =
∆

→ τ
τ

τ
xo  

uniformly on small .x∆  

The vector function ( )xo ∆  appears because we take instead of the 

vector g, a vector ( )., τxog ∆+  For case, when the function ( )⋅f  is twice 

differentiable, from (9), where ( ) ,,, 00 gxxgxxr ττ +∆+=∆+  we obtain 

also formula (8). It will be independent of choice of the curve ( ),,.,0 gxr  

if (6) is true, as long as, we took the point ( )qx ,0  from the set .αΛ  

Remark 3.1. It is not easy to calculate the matrix ( )⋅⋅′′ ,xqp  because we 

have to know a curve ( ),⋅r  on which the support function ( )⋅⋅,p  reaches its 

value. 

Remark 3.2. If a curve ( )gxr ,.,0  does not exist for the vector 
( ) ( ) ( ) αα Λ∈∈ qxxfDqxv ,,, 000  that 

( ) ( ( )) ,,,, 0
0

1
0 ττ dgxrfqxv ∇α= ∫

α
−  

then there is a sequence { } ( ) ( ) ,,, 00 vvxfDxvv kkk →∈ α  and a 
sequence { ( ) }αη∈⋅kr  that 



I. M. PROUDNIKOV  240

( ) ( ( )) .,,0
0

1
0 ττ dgxrfxv kk ∇α= ∫

α
−  

We will take such differentiable vector-function ( )0xvk  that the following 

relations hold for some sequence { }kα  and any vector ∈1g  ( ):01
1
−nS  

1. ( ( ) ) ( ( ) ) ( ) ( ) ,,,,, 010010 kDkDkkk qxpqgxpqxvqgxv ε≤+α+−−α+
αα

 

2. ( ) ( ) ( ) ( ),10010 kkkkkkk ogxvxvgxv α+∇α+=α+  

where 0→αε kk  and ( ) 0→αα kkko  as .∞→k  We can always 
satisfy with two conditions. To satisfy with the second condition, it is 
sufficiently to choose such sequence { ( )}0xvk  for that the limit 

( ),lim 0xvkk ∇∞→  

exists that we can do easily because ( )0xvk∇  are bounded for all k. For 

such sequence { },kv  we will have 

( ) ( ).lim, 00 xvqxv kk ∇=∇ ∞→  

Consider the following example 

Example 3.1. Let us define the function ( ) RRf n →⋅ :  

( ) ,2
1 Axxxcxf TT +=  

for that 

( ) .Axcxf T +=∇  

If the matrix A is positive, then ( )⋅f  is convex. 

Calculate ( ),, ⋅⋅′′xqp  if A is a positive symmetric matrix. The set ( )0fDα  

is equal to (under suggestion that ( ) 0≡⋅o ) 

( ) { ( ) ( ) ( )}.020 1
1
−

α ∈∀α+== nT SgAgcgvgvcofD  

It is apparent that 
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( )
( )
( ) ,2,maxarg,0

0
Agcqwqv T

fDw
α+==

α∈
 

where .Ag
Agq =  Move to a point .x∆  The set ( )xfD ∆α  is equal to 

( ) { ( ) ( ) ( )}.02
1

1
−

α ∈∀α+∆+=∈=∆ nTn SgAgxAcgwRgwcoxfD  

It is obviously that 

( )
( )

( ) ,2,maxarg, AgxAcqwqxv T
xfDw

α+∆+==∆
∆∈ α

 

where q is the same as above. From here, ( ) ( ) .,0,0 Agvgpxq =∇=′′  

With the help of the matrix ( ),, ⋅⋅′′xqp  we can build an optimization 

process for the function ( ).⋅f  Let us consider the following optimization 
problem 

( ) .inf nRxf
∈

→⋅  

We will use an idea from [2]. Firstly, we will consider instead of the 

function ( ),⋅f  a function ( ) RRf n →⋅ :  

( ) ( ) ,kxxLxfxf −+=  

where ( ),,max α= LLL  if we stay at a point .kx  Secondly, we will 

construct the set ( ):kxfDα  

( ) { ( ( )) }.,,
0

1 ττ dgxrfvRvcoxfD k
n

k ∇α=∈= ∫
α

−
α  

Thirdly, we must find a decent direction kg  of the function ( )⋅f  at the 
point ,kx  if the necessary optimal condition for -α optimality at the point 

kx  

( ) ( )k
n xfDBL α⊂01  

is not true. In this case, we must find the vectors 
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( ) ( ) ,minmaxarg 01
wvv

kn xfDvBLwvk −=
α∈∈

 (10) 

and 

( ) ( ) ,minmaxarg 01
wvw

kn xfDvBLwwk −=
α∈∈

 (11) 

and then put 

.
kk
kk

k vw
vwq

−
−

=  

If the second mixed derivative A ( ) ( )kkxqkk qxpqx ,, ′′=  of the support 

function of the set-valued mapping ( )⋅α fD  exists together with its inverse 
matrix (it can be always reached, if we add to our function some quadratic 

function like ,2
kxxM −  where LM 2> ), then we can use this matrix 

to find the next approximate point like in Newton’s method 

( ) ( ),, 1
1 kkkkkkk wvqxAxx −β−= −
+  

where kβ  is a step satisfying the condition 

( ) ( ) ( ) ,21 kAkkk Lxfxf ∆β−<+  

where 

( ) ( ),, 1
kkkkk wvqxA −=∆ −  

and AL  is the lower bound of ( ) ., kk qxA  

If the vector kq  is not unique, we will take any vector kq  for that the 
following expression is true 

( ) ( ) ,,minarg 1 wvqxAq kqk −= −  

where ( )wvqq ,=  for ( ) ( ),0, 1
n

k BLwxfDv ∈∈ α  satisfying to (10) and 
(11), and 

( ) ., vw
vwwvq

−
−=  



GENERALIZED MATRICES FOR LIPSCHITZ FUNCTIONS 243

In such a way, we can construct processes like Newton’s process for 
smooth functions to find an -α optimal point. If the second derivative 

( )kkxq qxp ,′′  does not exist, then we can choose in any neighborhood of 

the point ( )kk qx ,  and another point ( ),, kk qx  where ( )kkxq qxp ,  exists. 

We can do it because the set-valued mapping ( )⋅α fD  is continuous. 

The difficulty of this problem is that in common case, the matrix 
( )kk qxA ,  is not continuous in kx  and .kq  Continuity of matrix of second 

derivatives of a target function is very important in Newton’s method. 
Therefore, we must construct some continuous approximation for the 
matrix ( )kk qxA ,  that we have to look for it among the matrices 

( ).,,2 xfD δα  
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