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Abstract

In this paper, we study the existence of least energy solution of nonlinear

singularly perturbed equation

—azAu+u:f(u), in Q,
u>0, inQ, u=0, onoQ,

under a super-quadratic condition, which is weaker than the Ambrosetti-
Rabinwitz condition. We also give asymptotic expansion for critical value of

corresponding functional.
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1. Introduction

In this paper, we consider a semi-linear equation of the form

2 _ .
e“Au+u = f(u), 1in Q, (1.1)
>0 1nQ u=0 onoQ,
N 82 N
where A = Z—z is the Laplace operator, Q i1s a domain in R, with
i=10x;

smooth boundary 0Q, ¢ > 0 is a small parameter, and f : R - R isa ct

mapping.

First of all, we recall some definitions. H'(Q) = {u € L?(Q); 0%u

LX), o < 1}. H§(Q) is the completion of C¢’(Q) in the norm

Jul = (] (v® +u2)]

In recent years, the singularly perturbed elliptic equations have

1
2

received considerable attention, due to their significant applications in
many fields, such as in quantum mechanics, optical materials, chemical
reactor theory, and the biological population. For background of this
equation, we refer to the introduction in [6].

In [11], Del Pino et al. found the solutions of (1.1), and proved these
solutions concentrate at prescribed finite set of local maxima of the
distance function d(x, y)(x € Q, y € 8Q). In [20], Wei and Weth showed
that for ¢ small, (1.1) has a nodal solution with & positive local maximum
points and % negative local minimum points, this solution has at least
k +1 nodal domains, and the locations of the maximum and minimum
points are related to the mean curvature on 0Q. Byeon and Park in [7]
studied (1.1) on a connected compact smooth Riemannian manifold, they

proved there exists a mountain pass solution u, of (1.1), which exhibits a

spike layer.

For the equation

—e?Au+u = | u|p72u, (1.2)
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N +2
N -2

wave of (1.2) in one dimension space [12], and they based on the Lyapunov-

where 1 < p < . Floer and Weinstein first constructed a standing

Schmidt reduction. Oh extended their result to higher dimensions in [17,
18]. Ni and Wei established the existence of a “spike-layer” solution, and
determined the location of the peak as well as the profile of the spike in
[16]. In [4, 5], Benci and Cerami studied the multiplicity solutions of (1.2)
by using of category and Morse theory. In [19], Wei obtained necessary
conditions for the existence of two-peaked solutions of (1.2). The works by
Ambrosetti et al. [3], extended some work of Ambrosetti et al. [2], which
proved solutions concentrating on spheres.

Among various assumptions forced on f, the Ambrosetti-Rabinowitz
growth condition (A-R condition for short) is most frequent appeared in
super-linear problems.

A-R condition. There exists 0 > 2, such that for ¢ > 0,

0 < OF(t) < tf(t),

where and in the following, F(t) = I ; f(s)ds.

It implies that there is a C >0 such that F(u)> Clu|®. This

condition plays an important role in establishing the mountain pass
geometry, as well as in obtaining the boundness of (PS) sequence.

Instead of the A-R condition, Liu and Wang [15] first posed a much

natural super-quadratic conditions:

(fl) lim m = 00,
t—>o ¢

to get the bounds of minimizing sequence on Nehari manifold, and under

coercive condition of V(x), they proved the existence of three solutions of
equation — Au+ V(x)u = f(x, u)(u € HY(RY)), one positive, one negative,
and one sign-changing. The results in [14] by Li et al. are natural

generalization of that in [15] to noncompact cases, the two cases do not
have compact embedding.
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Moreover, the solvability of (1.1) depends on the growth rate of f(¢) at

infinity, which is always compared with the function |15|2 1 where

2" = ]\/?—Zyz’ if N > 3. In the current paper, we consider the following
assumption:

(f5) f(t) = O(t?71), as t —» +o, where 2 <q <2, if N >3, and

2<q <+, if N = 2.

In this paper, we try to find a least energy solution of (1.1), under a
weaker assumption on the nonlinearity. We also give asymptotic
expansion for critical value of corresponding functional. The proof of main
result relies on variational arguments, together with techniques in

[14, 15] and a penalization type method.

2. Main Result

The energy functional associated to Equation (1.1) is

I,(u) = %IQ(82|Vu|2 Fu?)- IQF(u), u e HY(Q).

We denote H (1) (Q) by X. Assume domain Q satisfies assumption (H), that
is:

(H) There is a smooth bounded domain A, such that 0 € A, A < Q,
and int(A) = 0.

And the function f in Equation (1.1) satisfies the following conditions
in addition to (f;) and (fy):

(f3) f(¢) = 0 for £ <0, f(t) = o(t) as t — 0.
(fy)t > @ is strictly increasing for small ¢ > 0.

To state the mainly result Theorem 2.1, we need following
preparations:
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Consider the problem in the whole space

“Aw+w = f(w), w>0 inRY,

w(0) = max w(z), w(z) > 0,]z| > . (2.1)
zeRN
The corresponding functional is
_1 2 9y
I(w) = 5 IRN(IVw| +w?) J'RN F(w). (2.2)

From [16, p.733], it is known that any solution to (2.1) needs to be
spherically symmetric about the origin, and strictly decreasing in
r=|z|. And from [16], we see that a solution w to (2.1) is said to be

nondegenerate, if the linearized operator A —1+ f'(w) has a bounded

inverse on the space {u € L*(RY) | w(z) = u(| z|)}. We assume
(f5 ) Equation (2.1) has a unique solution w and it is nondegenerate.

Define Q, = {y € RY| x, + gy e Q}, and define wq, tobe the unique

solution of the following linear equation:

{—Au +u=fw), u>0, inQq, (2.3)

u =0, on 0Q,.

Now we state our main result.

Theorem 2.1. Assume (f;) ~ (f5) and (H), for ¢ sufficiently small,
Equation (1.1) has a least energy solution u., and asymptotic expansion

for critical value of corresponding functional is
o = &M@+ ([ F)) - b+ olh)), 2.4

X — X

where h(x) = ¢4( ), 0y =W —wq_, X, is the peak point of ug, U
satisfies

—AT =7, >0,50)=1, inRY. (2.5)
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Remark 2.2. The function f(t) =tP(t >0,1< p < 2" —1) satisfies
the assumptions (f;) ~ (f5). About (f5), the uniqueness of the solution
of (2.1), one can see [8, 13].

3. Preliminaries

We modify the function f outside the set A as that done in [9]. Define

g(,1) = taOFO) + (1= %A O (@), (3.1)
where y, denotes the characteristic function on A, and

f@), ift<a,
fl@)+ f'(a)(t-a), ift>a,

where a > 0 such that f'(a) <1, and for any ¢ > a, f(t) > f(a) + f'(a)

() = { (3.2)

(¢ — a). Now we define a new equation

{—szAu +u=g(x, u),in Q, (3.9)

u>01nQ u=0, onoQ,

and the corresponding functional is

Jow) = 5 [ @ +u?) - [ G w),

t
where G(x, t) = Iog(x, s)ds. It is easy to check that (f;) ~ (f4 ) implies g

defined above is a Caratheodory function, and the following conditions

are satisfied:

(g1) (A is defined in the assumption (H)):

@) lim 8@ 1) _ w, forall z e A, ¢ > 0,
t—>o0 t2

(ii) 0 < 2G(z, t) < g(z, )t < f(a)t?, forall t > a, z ¢ A.

(g9) Thereis a 2 < ¢ < 2* such that, g(z, t) = O(t?7), as t - o,

uniformly in z € Q.
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(gg) g(z,¢) =0, for t <0; g(z,t) =o(t), as t > 0, z € Q.

gz t)

(g4)t > = is strictly increasing for small ¢ > 0, z € Q.

Remark 3.1. If f(¢) is replaced by t” and modify f(t) as (3.1), then
g(z, t) satisfies conditions (g;) ~ (g4 ).

Theorem 3.2. Under the conditions (g;) ~ (g4) and (H), problem

(3.3) has a least energy solution u., such that

Je(ug) = max Je(tu, ) = l}g}f{ max J(tv) > 0.

Proof. By (gs), for given o > 0, there exists § > 0 such that

IG(x, u)| < %| ul? for |u| <5 By (g9), there exists R >0 such that

|G(x, u)| < M|ul|? for |u| = R. So |G(x, u)| < %| ul® + M|ul|?, then
E 2 q E q-2 2
[ 0wy G| [ulf +m] Jult < Co(+Mlult™)u]

Choosing || u | < (ﬁ )ﬁ, we have IAG(x, u) < Copol u ||2 Thus,

1 20 12 1—82J‘ 2 Z_J’ 10\ 2
Ja(u)228||u|| e Qu Cool u | Q\A2f(a)u

2 .2
2 (5 -Gl ulf + (5= - 5 F@)] v

2 2
1- 1,
2 (5= Coo)|ul? + Co( == -5 F@)ul?.

2
For ¢ small, choosing ¢ < %(CLO -1)+ %(1 - f'(a)) and taking |u| =

1
(ﬁ)ﬁ, we have J.(u)>a >0. Thus J.(u) has a strict local

minimum at 0. Note that for any u = 0, J,(tu) - — as ¢ — o. Hence,
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c= inf maxdJ.(tu)>0
veX\{0} 150

is well defined. Let {u,} be a minimizing sequence of ¢ such that J,(u,, )

= max Je(tu,) > ¢ as n — «. In fact, {u,} is bounded. If not, define
>

U, = Uy, /|lu,|, passing to a subsequence, we may assume that v, —~ v in

X. Thenv —vin I (Q), p (2, 27).
If v(x) = 0 in Q, we choose s > g, then

Je(u,) = Jg(sv,) = %3252 + JQ(l —e2)sh? - JQG(x, sv,, ).

The left hand side of this inequality tends to ¢, but the right hand side

e2s?

converges to >¢, so v(x)#0 in Q. Then there is a set A c Q,

mes(A) > 0, such that v(x) # 0 in A. From u, =|u,| v,, we have

|u,| > © onAas n — o. Moreover,

c+o(1):£_J‘ 1 g2 u,z.; _J‘ G(x, u,)
Q Q

2 2 2
e 2 e e
then
£>J. G(x’ un):J. G(x’un)v2
> -
2 oy, e u,
From Fatou’s lemma, for any fixed ¢ > 0,
2
£ s timint [ GE) 02 5 [ tim ing S5 ) i ing o2,
2 n—o A urZL A n—oH®© u, n—o

By (g;), the right side tends to +oo, which gives a contradiction. Thus

{u, } is bounded. We may assume u, — u, then by [1, Lemma 2.1],

[ gt w0 =) wi > [ glewm-(-sM)] u?asn e
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and u # 0. Since u > 0, by (g4 ), there exists s >0, su € N(N ={u e
X\ {0} : Ji(u)u = 0}) such that J.(su) = max J.(tu) (see [15, Theorem
>

2.3)]). It follows that

Je(su) < liminf J.(su, ) < liminf J_(u, ) = c.
n—o n—o

Hence su is a minimizer of J, on N. Define h(t) = J,(tu), we prove h(t)

has a unique critical point for ¢ > 0. Take derivative,
R(t) = (L (1), u) = j (te2Vef® + tu?) - j ug(x, tw).
Q Q
Let A'(¢) = 0. We have

h'(t) = IQ(82|Vu|2 +u?)- J‘Q u’g'(x, tu)

= I Y g(x, tu) —J u?g'(x, tu).
ot Q
It follows from (g4 ) that
() = - I tug(x, tu) - I (tw)2g'(x, tu) < 0.
t2Jao Q
And A'(t) = 0 implies for some ¢y > 0,

_ ¢
I e2Vu® + u? = t01J. ug(x, tou) = J u® &, tyu) Ou).
Q Q Q tou

For small ¢ > 0, A(t) > 0, h(t) > - as t — +o. Again by (g4 ), there
exists a unique t; > 0 such that h'(¢y) = 0. It can be easily shown that

su is a critical point of J. O
Theorem 3.3. Let u, be the solution obtained by Theorem 3.2, then

i a x) = 0.
Jimy max u;(x)
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Proof. We argue by contradiction. If ¢, + 0 and x, € A such that

ug, (2,) 2 b for some constant b > 0. Let
Un(x) = Ug, (xn + gnx)-
Then v,,(x) satisfies the equation

{—Avn +v, = g(x, +&,%,0,), InQ,, 3.4

v, =0, on 0Q,,

where Q, =¢,'{Q-x,}. We can get {v,} is bounded in H(RY).
Without loss of generality, we may assume that v,, — v. From Lemma 2.3
in [10], we can further assume that {v,} converges to v e HY(RY) and

{xa(z, +€,2)} converges weakly in LP to some function y =1.

Therefore, v satisfies the equation
_ 5 N
-Av+v=g(x,v), xeRY, (3.5)

where g(z, s) = x(2)f(s) + (1 - x(z))F(s) Define J : H'(RY) 5> R as

) =5 [ v +u?) - [ Gl w),
where G(z, s) = I(jg(z, T)dr. Then v is a critical point of J. We also set

J, () = lj (|Vu|2 + u2)—j G(x, +&,%, 1),
then J,(v,) = S;LNJSH (ug, ). Furthermore, we claim that
lim inf o, (v, ) = J(v). (3.6)
n—o
Let h,(x) = %(|an|2 +02) = G(x, + 4%, U, ). Choose R > 0 sufficiently

large, it follows from v, — v in H'(RY) that

n—wJ B

1 —l 02 1)2 — _x V).
lim Rhn(x)—ZjBR(|V| +0?) jBRG(, )
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Since v e H I(RN ), for § > 0 and R > 0 sufficiently large, it holds that

lim h, > J(v)-8. (3.7

n—o J Bp

Choose a Cj cut-off function ng such that np =0 on Br_;, ngp =1 on

RY N\ Bg, 0 <ng <1, and [Vng| < C. Let 0, = ngv, € H(Q, ). Then

J; (v,)0, = JQ Vu,V0,, +v,0, — JQ g(x, +e,x, v, )0,

n n

2
= Vv, V(ngy, )+ ngv
IBR\BR—l n ( Rn) RYn

E(xn +epX, Uy )nRvn + J' 2h’n

JBR\BR—l Q,\Bgr

+ J 2G (x, + e,%, U, ) — (%, + €)%, U, )U,,.
O, \Bp
So, for R > 0 sufficiently large,

lim | Vu,V(ngu, ) + ngu2 —J g(x, +epx, v, MRY,| < 8.
n—©J BpR\BRr_1 Br\Bgr_1
It follows from o, (v,) =0 and 2G(x, +&,x, v, )— 8(x, + £,%, U, Uy

<0 on Q, \ By that

2h,, = (25(36” +e,x, U, ) — 8(x,, +&,x, v,)v,)

IQn\BR J.Qn\BR

2
- (j‘ anv(nRUn ) + MRV,
Bp\Bp_1

- J‘BR\BR,l g(xn + E,X, Un)nRvn)

[\

—J. (26_?(xn +e,%,0,)— 8(x, +&,%,0v,)v,)—5
O, \Bg

> -3 (3.8)

From (3.7) and (3.8), (3.6) follows.



80 JING ZENG and YONGQING LI

On the other hand, since v is a critical point of J, g(x, v) satisfies

(g4), a similar proof to that of Theorem 3.2 gives that J(v) =
max J (tv). Since f(s) > f(s) for all s,
TZ
J() > inf sup I(Tu), (3.9)
ueHY(Q),u=0 >0

where I(u) is defined in (2.2). This contradicts with (3.6). O

In order to prove Theorem 2.1, we need the following lemmas. Set

~

Vg =

h((P; )(h(x) is defined in Theorem 2.1), we have U, satisfies the
€
equation AU, = D, in Q,, U,(0) = 1. And define v,(y) = ug(x; +€y), ¢:()

vs(y) — wq, ()
A(xe)

Lemma 3.4 [16, Proposition 3.4(i1)]. For 0 < 8 < 1, there is a constant

C, such that for y € Q,,
v (y) < C - o~ =3

Lemma 3.5 [16, Proposition 6.2]. (i) For s > n, we have ||e_“‘y‘d>8 | <

C(s),1-oc<pn<l.
(11) For every sequence gj, — 0, there is a subsequence ep, > 0 such

that 58kl — U, where U is a positive solution of (2.5).

(iii) For every sequence e, — 0, there is a subsequence e, and a

solution U of (2.5), such that

Iy, =90 lmp ) =0 as ey >0

where ¢ is a solution of

Adg — do + f'(w) (99 ~ ) = 0, in RY, (3.10)

and w is the unique solution of (2.1).
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Remark 3.6. The proof of Lemmas 3.4 and 3.5 needs the assumption
(f5) (see [16]).

4. Proof of Theorem 2.1

Proof of Theorem 2.1. By Theorem 3.3, there exists g such that for

all 0 < & < gq,
ug(x) < a, «x edA,

where a is defined in (3.2). We claim that u.(x) < a for all x € Q\ A.
Choose (u; —a), = max{u, —a, 0} as a test function in Equation (3.3).

Integrating by parts, we have

J 2V, —a) [P+ (- EE W)y g
o\A g (%)
8(x, ug(x))

From the definition of g, 1 — > 0 in Q \ A, hence all terms in

ug(x)
(4.1) are zero. So, we get u.(x)<a for all x € Q\ A, and then the

solution u, of (3.3) is also a solution to (1.1).

Next, we give improved asymptotic expansion for ¢, upon [16,

Theorem 2.3]. Define ¢, = I.(u,),

o = 5 [ @Vl vud) - [ F) = 5[ ufu)- [ F)

et o Vel 0e) - | o F) (4.2)

Lemma 3.5 (i) and the Sobolev imbedding theorem imply that ¢, <

Ce" for ¢ sufficiently small, where the constant C is independent of «.

By the mean-value theorem,

vef(vg) = wf(w) + hlx; ) (f(wr) + w1 (w1 ) (65 — V), (4.3)
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where w and wq_ are defined in Section 2, w; lies between w and v,.

Taking & = % in Lemma 3.4, we have

[ (Pl v wnfe) g -5) < [ |(FG0r) + i f ) (o, -5,
< CIQ w5, - 0,
< CJ‘ 87(175)(1+o)\y\(6(1%6)\3“\ 4 oMbl
QE

<C.

By Lemma 3.5 (11) and (i11), we have as ep, > 0 that

[ () waf o)) oy, =) = [ (F0) 4 w0F (0)) (0 = )
2
(4.4)
Thus

(2+60)

gtz 5

. o (o=00)ly| _ o(h(x;)), for 6y < o.
RV \q,

Observe that ¢q satisfies (3.10),

j W (W) = j v (Ado — 0o + f'(w)dg )w
R R
= J']RN (Aw —w)dg + f'(w)dpow

- J]RN (wf'(w) - fw))do- (4.5)

Again by Lemma 3.5 and (4.3) ~ (4.5), then
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5 ) vl e)

— xSkl

-5 o, 7=, ) (F(awy) + w3 fw) (3, — by, )

Skl

1 x - x, 1 ' .
= EJ.Rwa(w)_ (Pakl(Tkl )IRNE(f(w)+ wf (w))(l) — ¢0)

X - X
+ 0((Pskl( e ))
1
1 X —.’)CaL 1 - 1 , ~
=3 Rwa(w) - (Pskz( o ki )J'RN(gf(w)(u —dg) + S wf (w)o

X=X

Hy)

_ %wf’(w)d)o )+ o, ( e,

] (G @) = flw)éo)

X=X,

1
= 3 Jer ) - e (—

X=X

+ 09, (——L)). (4.6)

Skl

We estimate IQ F(vg ) in (4.2) by a similar way as (4.6),

X = Xy, ) X=X,

).

[ P =] F)+ o,

Q, €k

[ F00) (b0 =)+ ol (

Skl
4.7
From (4.6), (4.7), and -[RN f(w)v > 0, (2.4) holds for ¢ = e, Since the

sequence g, is arbitrary, it is easy to see that (2.4) holds for ¢ sufficiently

small. The proof of Theorem 2.1 is complete.
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