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Abstract 

In this paper, we study the existence of least energy solution of nonlinear 
singularly perturbed equation 

( )




Ω∂=Ω>
Ω=+∆ε−

,on,0,in,0
,in,2

uu
ufuu  

under a super-quadratic condition, which is weaker than the Ambrosetti-
Rabinwitz condition. We also give asymptotic expansion for critical value of 
corresponding functional. 
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1. Introduction 

In this paper, we consider a semi-linear equation of the form 

( )




Ω∂=Ω>
Ω=+∆ε−

,on,0,in,0
,in,2

uu
ufuu  (1.1) 

where 2

2

1 i

N

i x∂
∂=∆ ∑

=
 is the Laplace operator, Ω  is a domain in ,NR  with 

smooth boundary 0, >εΩ∂  is a small parameter, and RR →:f  is a 1C  
mapping. 

First of all, we recall some definitions. ( ) { ( ) ∈∂Ω∈=Ω αuLuH ;: 21  

( ) } ( )Ω≤αΩ 1
0

2 .1, HL  is the completion of ( )Ω∞
0C  in the norm 

( ) .
2
1

22 






 +∇= ∫Ω uuu  

In recent years, the singularly perturbed elliptic equations have 
received considerable attention, due to their significant applications in 
many fields, such as in quantum mechanics, optical materials, chemical 
reactor theory, and the biological population. For background of this 
equation, we refer to the introduction in [6]. 

In [11], Del Pino et al. found the solutions of (1.1), and proved these 
solutions concentrate at prescribed finite set of local maxima of the 
distance function ( ) ( ).,, Ω∂∈Ω∈ yxyxd  In [20], Wei and Weth showed 
that for ε  small, (1.1) has a nodal solution with k positive local maximum 
points and k negative local minimum points, this solution has at least 

1+k  nodal domains, and the locations of the maximum and minimum 
points are related to the mean curvature on .Ω∂  Byeon and Park in [7] 
studied (1.1) on a connected compact smooth Riemannian manifold, they 
proved there exists a mountain pass solution εu  of (1.1), which exhibits a 
spike layer. 

For the equation 

,22 uuuu p−=+∆ε−   (1.2) 



THE EXISTENCE OF LEAST ENERGY SOLUTION … 71

where .2
21

−
+<< N

Np  Floer and Weinstein first constructed a standing 

wave of (1.2) in one dimension space [12], and they based on the Lyapunov-
Schmidt reduction. Oh extended their result to higher dimensions in [17, 
18]. Ni and Wei established the existence of a “spike-layer” solution, and 
determined the location of the peak as well as the profile of the spike in 
[16]. In [4, 5], Benci and Cerami studied the multiplicity solutions of (1.2) 
by using of category and Morse theory. In [19], Wei obtained necessary 
conditions for the existence of two-peaked solutions of (1.2). The works by 
Ambrosetti et al. [3], extended some work of Ambrosetti et al. [2], which 
proved solutions concentrating on spheres. 

Among various assumptions forced on f, the Ambrosetti-Rabinowitz 
growth condition (A-R condition for short) is most frequent appeared in 
super-linear problems. 

A-R condition. There exists ,2>θ  such that for ,0>t  

( ) ( ),0 ttftF ≤θ<  

where and in the following, ( ) ( ) .
0

dssftF
t
∫=  

It implies that there is a 0>C  such that ( ) .θ≥ uCuF  This 
condition plays an important role in establishing the mountain pass 
geometry, as well as in obtaining the boundness of (PS) sequence. 

Instead of the A-R condition, Liu and Wang [15] first posed a much 
natural super-quadratic conditions: 

( )1f  ( ) ,lim 2 ∞=
∞→ t

tF
t

 

to get the bounds of minimizing sequence on Nehari manifold, and under 
coercive condition of ( ),xV  they proved the existence of three solutions of 

equation ( ) ( )( ( )),, 1 NHuuxfuxVu R∈=+∆−  one positive, one negative, 
and one sign-changing. The results in [14] by Li et al. are natural 
generalization of that in [15] to noncompact cases, the two cases do not 
have compact embedding. 
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Moreover, the solvability of (1.1) depends on the growth rate of ( )tf  at 

infinity, which is always compared with the function ,12 −∗t  where 

,2
22
−

=∗
N

N  if .3≥N  In the current paper, we consider the following 

assumption: 

( ) ( ) ( ),f 1
2

−= qtOtf  as ,∞+→t  where ,22 ∗<< q  if ,3≥N  and 

q<2  ,∞+<  if .2=N  

In this paper, we try to find a least energy solution of (1.1), under a 
weaker assumption on the nonlinearity. We also give asymptotic 
expansion for critical value of corresponding functional. The proof of main 
result relies on variational arguments, together with techniques in                            
[14, 15] and a penalization type method. 

2. Main Result 

The energy functional associated to Equation (1.1) is 

( ) ( ) ( ) ( ).,2
1 1

0
222 Ω∈−+∇ε= ∫∫ ΩΩ

ε HuuFuuuI  

We denote ( )Ω1
0H  by X. Assume domain Ω  satisfies assumption (H), that 

is: 

(H) There is a smooth bounded domain ,Λ  such that ΛΛ∈ ,0  ,Ω⊂  
and ( ) .0int /≠Λ  

And the function f in Equation (1.1) satisfies the following conditions 
in addition to ( )1f  and ( ):f2  

( ) ( ) 0f3 ≡tf  for ( ) ( )totft =≤ ,0  as .0→t  

( ) ( )
t
tft →4f  is strictly increasing for small .0>t  

To state the mainly result Theorem 2.1, we need following 
preparations: 
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Consider the problem in the whole space 

( )
( ) ( ) ( )





∞→→=
>=+∆−

∈
.,0,max0

,in0,
zzwzww

wwfww

Nz

N

R

R
 (2.1) 

The corresponding functional is 

( ) ( ) ( ).2
1 22 wFwwwI NN ∫∫ −+∇=

RR
 (2.2) 

From [16, p.733], it is known that any solution to (2.1) needs to be 
spherically symmetric about the origin, and strictly decreasing in 

.zr =  And from [16], we see that a solution w to (2.1) is said to be 

nondegenerate, if the linearized operator ( )wf ′+−∆ 1  has a bounded 

inverse on the space { ( ) ( ) ( )}.2 zuzuLu N =∈ R  We assume 

( )5f  Equation (2.1) has a unique solution w and it is nondegenerate. 

Define { },Ω∈ε+∈=Ω εε yxy NR  and define 
εΩw  to be the unique 

solution of the following linear equation: 

( )




Ω∂=
Ω>=+∆−

ε

ε

.on,0
,in,0,

u
uwfuu

 (2.3) 

Now we state our main result. 

Theorem 2.1. Assume ( ) ( )51 f~f  and (H), for ε  sufficiently small, 

Equation (1.1) has a least energy solution ,εu  and asymptotic expansion 

for critical value of corresponding functional is 

{ ( ) ( ( ) ) ( ) ( )( )},~
2
1 xhoxhvwfwIc N

N +⋅+ε= ∫ε R
 (2.4) 

where ( ) ( ) εΩε
ε

ε ε
−=ϕ

ε
−

ϕ= xwwxxxh ,,  is the peak point of vu ~,ε  

satisfies 

( ) .,10~,0~,~~ Ninvvvv R=>=∆−  (2.5) 
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Remark 2.2. The function ( ) ( )121,0 −<<≥= ∗ptttf p  satisfies 
the assumptions ( ) ( ).f~f 51  About ( ),f5  the uniqueness of the solution 
of (2.1), one can see [8, 13]. 

3. Preliminaries 

We modify the function f outside the set Λ  as that done in [9]. Define 

( ) ( ) ( ) ( ( )) ( ),~1, tftftg ⋅χ−+⋅χ=⋅ ΛΛ  (3.1) 

where Λχ  denotes the characteristic function on ,Λ  and 

( ) ( )
( ) ( ) ( )




>−′+
≤

=
,if,

,if,~
atatafaf

attf
tf  (3.2) 

where 0>a  such that ( ) ,1<′ af  and for any ( ) ( ) ( )afaftfat ′+≥≥ ,  
( ).at −  Now we define a new equation 

( )




Ω∂=Ω>
Ω=+∆ε−

,on,0,in,0
,in,,2

uu
uxguu  (3.3) 

and the corresponding functional is 

( ) ( ) ( ),,2
1 222 uxGuuuJ ∫∫ ΩΩ

ε −+∇ε=  

where ( ) ( ) .,,
0

dssxgtxG
t
∫=  It is easy to check that ( ) ( )41 f~f  implies g 

defined above is a Caratheodory function, and the following conditions 
are satisfied: 

( )1g  (Λ  is defined in the assumption (H)): 

(i) ( ) ,,lim 2 ∞=
∞→ t

tzG
t

 for all ,0, >Λ∈ tz  

(ii) ( ) ( ) ( ) ,,,20 2tafttzgtzG ′≤≤≤  for all ., Λ∈/> zat  

( )2g  There is a ∗<< 22 q  such that, ( ) ( ),, 1−= qtOtzg  as ,∞→t  
uniformly in .Ω∈z  
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( ) ( ) ,0,g3 ≡tzg  for ( ) ( ),,;0 totzgt =≤  as .,0 Ω∈→ zt  

( ) ( )
t

tzgt ,g4 →  is strictly increasing for small .,0 Ω∈> zt  

Remark 3.1. If ( )tf  is replaced by pt  and modify ( )tf  as (3.1), then 
( )tzg ,  satisfies conditions ( ) ( ).g~g 41  

Theorem 3.2. Under the conditions ( ) ( )41 g~g  and (H), problem 

(3.3) has a least energy solution ,εu  such that 

( ) ( ) ( ) .0maxinfmax
00

>== ε>∈εε>εε tvJtuJuJ
tXvt

 

Proof. By ( ),g3  for given ,0>σ  there exists 0>δ  such that 

( ) 2
2, uuxG σ≤  for .δ≤u By ( ),g2  there exists 0>R  such that 

( ) quMuxG ≤,  for .Ru ≥  So ( ) ,2, 2 quMuuxG +σ≤  then 

( ) ( ) .22, 22
0

2 uuMCuMuuxG qq −

ΛΛΛ
+σ≤+σ≤ ∫∫∫  

Choosing ( ) ,2 2
1
−

σ≤ qMu  we have ( ) ., 2
0 uCuxG σ≤∫Λ  Thus, 

( ) ( ) 2
\

2
0

2
222

2
1

2
1

2
1 uafuCuuuJ ′−σ−ε−+ε≥ ∫∫ ΛΩΩ

ε  

( ) ( ( )) 2
22

0
2

2
1

2
1

2 uafuC ∫Ω′−ε−+σ−ε≥  

( ) ( ( )) .2
1

2
1

2
22

0
2

0
2

uafCuC ′−ε−+σ−ε≥  

For ε  small, choosing ( ) ( )( )afC
′−+−ε<σ 12

111
2 0

2
 and taking =u  

( ) ,2 2
1
−

σ
qM  we have ( ) .0>α≥ε uJ  Thus ( )uJε  has a strict local 

minimum at 0. Note that for any ( ) ∞−→≠ ε tuJu ,0  as .∞→t  Hence, 
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{ }
( ) 0maxinf

00\
>= ε>∈

tuJc
tXv

 

is well defined. Let { }nu  be a minimizing sequence of c such that ( )nuJε  

( ) ctuJ nt
→= ε>0

max  as .∞→n  In fact, { }nu  is bounded. If not, define 

,nnn uuv =  passing to a subsequence, we may assume that vvn   in 

X. Then vvn →  in ( ) [ ).2,2, ∗∈Ω pLp
loc  

If ( ) 0≡xv  in ,Ω  we choose ,2
ε

> cs  then 

( ) ( ) ( ) ( ).,12
1 22222

nnnn svxGvsssvJuJ ∫∫ ΩΩ
εε −ε−+ε=≥  

The left hand side of this inequality tends to c, but the right hand side 

converges to ,2
22

cs >ε  so ( ) 0≡/xv  in .Ω  Then there is a set ,Ω⊂A  

mes ( ) ,0>A  such that ( ) 0≠xv  in A. From ,nnn vuu ⋅=  we have 

∞→nu  on A as .∞→n  Moreover, 

( ) ( ) ( ) ,,12
1

22

2
2

2

2
n

n

n

n

n u
uxG

u
u

u
oc ∫∫ ΩΩ

−ε−−ε=
+  

then 

( ) ( ) .,,
2

2
22

2
n

n

n

n

n v
u

uxG
u

uxG ∫∫ ΩΩ
=≥ε  

From Fatou’s lemma, for any fixed ,0>ε  

( ) ( ) .inflim,inflim,inflim2
2

2
2

2

2
nnn

n
nA

n
n

n
An

v
u

uxGv
u

uxG
∞→∞→∞→

⋅≥≥ε ∫∫  

By ( ),g1  the right side tends to ,∞+  which gives a contradiction. Thus 
{ }nu  is bounded. We may assume ,uun   then by [1, Lemma 2.1], 

( ) ( ) ( ) ( ) ,as,1,1, 2222 ∞→ε−−→ε−− ∫∫∫∫ ΩΩΩΩ
nuuuxguuuxg nnn  
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and .0≠u  Since ,0>u  by ( ),g4  there exists ( { ∈=∈≥ usus NN,0  
{ } ( ) })0:0\ =′ε uuJX  such that ( ) ( )tuJsuJ

t ε>ε =
0

max  (see [15, Theorem 

2.3]). It follows that 

( ) ( ) ( ) .infliminflim cuJsuJsuJ nnnn
=≤≤ ε∞→ε∞→ε  

Hence su is a minimizer of εJ  on .N  Define ( ) ( ),tuJth ε=  we prove ( )th  
has a unique critical point for .0>t  Take derivative, 

( ) ( ) ( ) ( ).,, 222 tuxugtuututuJth ∫∫ ΩΩ
ε −+∇ε=′=′  

Let ( ) .0=′ th  We have 

( ) ( ) ( )tuxguuuth ,2222 ′−+∇ε=′′ ∫∫ ΩΩ
 

( ) ( ).,, 2 tuxgutuxgt
u ′−= ∫∫ ΩΩ

 

It follows from ( )4g  that 

( ) ( ) ( ) ( ) .0,,1 2
2 <′−=′′ ∫∫ ΩΩ

tuxgtutuxtug
t

th  

And ( ) 0=′ th  implies for some ,00 >t  

( ) ( ) .,,
0

02
0

1
0

222
ut

utxguutxugtuu ∫∫∫ ΩΩ

−

Ω
==+∇ε  

For small ( ) ( ) ∞−→>> ththt ,0,0  as .∞+→t  Again by ( ),g4  there 

exists a unique 00 >t  such that ( ) .00 =′ th  It can be easily shown that 

su is a critical point of .εJ    

Theorem 3.3. Let εu  be the solution obtained by Theorem 3.2, then 

( ) .0maxlim
0

=εΛ∂∈→ε
xu

x
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Proof. We argue by contradiction. If 0↓εn  and Λ∈nx  such that 
( ) bzu nn ≥ε  for some constant .0>b  Let 

( ) ( ).xxuxv nnn n ε+= ε  

Then ( )xvn  satisfies the equation 

( )




Ω∂=
Ωε+=+∆−

,on,0
,in,,

nn

nnnnnn
v

vxxgvv
 (3.4) 

where { }.1
nnn x−Ωε=Ω −  We can get { }nv  is bounded in ( ).1 NH R  

Without loss of generality, we may assume that .vvn   From Lemma 2.3 

in [10], we can further assume that { }nv  converges to ( )NHv R1∈  and 

{ ( )}zz nn ε+χΛ  converges weakly in pL  to some function .1≡χ  
Therefore, v satisfies the equation 

( ) ,,, Nxvxgvv R∈=+∆−  (3.5) 

where ( ) ( ) ( ) ( )( ) ( ).~1, sfzsfzszg χ−+χ=  Define ( ) RR →NHJ 1:  as 

( ) ( ) ( ),,2
1 22 uxGuuuJ NN ∫∫ −+∇=

RR
 

where ( ) ( ) .,,
0

ττ dzgszG
s
∫=  Then v is a critical point of .J  We also set 

( ) ( ) ( ),,2
1 22 uxxGuuuJ nnn

nn
ε+−+∇= ∫∫ ΩΩ

 

then ( ) ( ).nn uJvJ N
nnn εε
−ε=  Furthermore, we claim that 

( ) ( ).inflim vJvJ nnn
≥

∞→
 (3.6) 

Let ( ) ( ) ( ).,2
1 22

nnnnnn vxxGvvxh ε+−+∇=  Choose 0>R  sufficiently 

large, it follows from vvn →  in ( )NH R1  that 

( ) ( ) ( ).,2
1lim 22 vxGvvxh

RRR BB
n

Bn ∫∫∫ −+∇=
∞→
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Since ( ),1 NHv R∈  for 0>δ  and 0>R  sufficiently large, it holds that 

( ) .lim δ−≥∫∞→
vJhn

Bn R
 (3.7) 

Choose a ∞
0C  cut-off function Rη  such that 0≡ηR  on 1,1 ≡η− RRB  on 

,10,\ ≤η≤ RR
N BR  and .CR ≤η∇  Let ( ).ˆ 1

nnRn Hvv Ω∈η=  Then 

( ) ( ) nnnnnnnnnnn vvxxgvvvvvvJ
nn

ˆ,ˆˆˆ ε+−+∇∇=′ ∫∫ ΩΩ
 

 ( ) 2
\ 1

nRnRn
BB

vvv
RR

η+η∇∇= ∫
−

 

( ) n
B

nRnnn
BB

hvvxxg
RnRR

2,
\\ 1 ∫∫ Ω

+ηε+−
−

 

( ) ( ) .,,2
\

nnnnnnn
B

vvxxgvxxG
Rn

ε+−ε++ ∫Ω  

So, for 0>R  sufficiently large, 

( ) ( ) .,lim
11 \

2
\

δ≤ηε+−η+η∇∇ ∫∫
−−∞→ nRnnn

BB
nRnRn

BBn
vvxxgvvv

RRRR
 

It follows from ( ) 0=′ nn vJ  and ( ) ( ) nnnnnnn vvxxgvxxG ,,2 ε+−ε+  
0≤  on Rn B\Ω  that 

( ( ) ( ) )nnnnnnn
B

n
B

vvxxgvxxGh
RnRn

,,22
\\

ε+−ε+−= ∫∫ ΩΩ
 

( ( ) 2
\ 1

nRnRn
BB

vvv
RR

η+η∇∇− ∫
−

 

( ) )nRnnnBB
vvxxg

RR
ηε+− ∫

−
,

1\
 

( ( ) ( ) ) δ−ε+−ε+−≥ ∫Ω nnnnnnn
B

vvxxgvxxG
Rn

,,2
\

 

.δ−≥  (3.8) 

From (3.7) and (3.8), (3.6) follows. 
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On the other hand, since v is a critical point of ( )vxgJ ,,  satisfies 

( ),g4  a similar proof to that of Theorem 3.2 gives that ( ) =vJ  

( ).max
0

vJ τ
τ≥

 Since ( ) ( )sfsf ~
≥  for all s, 

( )
( )

( ),supinf
00,1

uIvJ
uHu

τ
τ>≠Ω∈

≥  (3.9) 

where ( )uI  is defined in (2.2). This contradicts with (3.6).   

In order to prove Theorem 2.1, we need the following lemmas. Set 

( ) ( ( )xhxhv
ε

ε
ε

ϕ
=~  is defined in Theorem 2.1), we have εv~  satisfies the 

equation εε =∆ vv ~~  in ( ) .10~, =Ω εε v  And define ( ) ( ) ( )yyxuyv εεεε φε+= ,  

( ) ( )
( ) .

ε

Ωε ε
−

= xh
ywyv

 

Lemma 3.4 [16, Proposition 3.4(ii)]. For ,10 <δ<  there is a constant 
C, such that for ,εΩ∈y  

( ) ( ) .1 yeCyv δ−−
ε ⋅≤  

Lemma 3.5 [16, Proposition 6.2]. (i) For ,ns >  we have ≤φε
µ− ye  

( ) .11, <µ<σ−sC  

(ii) For every sequence ,0→εk  there is a subsequence 0→ε lk  such 

that ,~~ vv
lk →ε  where v~  is a positive solution of (2.5). 

(iii) For every sequence ,0→εk  there is a subsequence lkε  and a 

solution v~  of (2.5), such that 

( ) ( ( ) )
,0,0

4
11

0 →ε→φ−φ
σ−

∞ε
µ−

llk kBL
y ase  

where 0φ  is a solution of 

( ) ( ) ,,0~
000

Ninvwf R=−φ′+φ−φ∆  (3.10) 

and w is the unique solution of (2.1). 
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Remark 3.6. The proof of Lemmas 3.4 and 3.5 needs the assumption 
( )5f  (see [16]). 

4. Proof of Theorem 2.1 

Proof of Theorem 2.1. By Theorem 3.3, there exists 0ε  such that for 

all ,0 0ε<ε<  

( ) ,, Λ∂∈<ε xaxu  

where a is defined in (3.2). We claim that ( ) axu ≤ε  for all .\ ΛΩ∈x  

Choose ( ) { }0,max auau −=− ε+ε  as a test function in Equation (3.3). 

Integrating by parts, we have 

( ) ( ( ( ))
( ) ) ( ) .0,1 222

\
=−−+−∇ε +ε

ε

ε
+ε

ΛΩ∫ auxu
xuxgau  (4.1) 

From the definition of ( ( ))
( ) 0,1, >−

ε

ε
xu

xuxgg  in ,\ ΛΩ  hence all terms in 

(4.1) are zero. So, we get ( ) axu ≤ε  for all ,\ ΛΩ∈x  and then the 

solution εu  of (3.3) is also a solution to (1.1). 

Next, we give improved asymptotic expansion for εc  upon [16, 

Theorem 2.3]. Define ( ),εεε = uIc  

( ) ( ) ( ) ( )ε
Ω

εε
Ω

ε
Ω

εε
Ω

ε ∫∫∫∫ −=−+∇ε= uFufuuFuuc 2
1

2
1 222  

{ ( ) ( )}.2
1

ε
Ω

εε
Ω ∫∫

εε
−ε= vFvfvn  (4.2) 

Lemma 3.5 (i) and the Sobolev imbedding theorem imply that ≤φε  

yCeµ  for ε  sufficiently small, where the constant C is independent of .ε  
By the mean-value theorem, 

( ) ( ) ( ) ( ( ) ( )) ( ),~
111 εεεεε −φ′++= vwfwwfxhwwfvfv  (4.3) 
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where w and 
εΩw  are defined in Section 1,2 w  lies between w and .εv  

Taking 20
σ=δ  in Lemma 3.4, we have 

( ( ) ( )) ( ) ( ( ) ( )) ( )εε
Ω

εε
Ω

−φ′+≤−φ′+ ∫∫
εε

vwfwwfvwfwwf ~~
111111  

εε
σ+

Ω
φ−≤ ∫

ε
vwC ~1

1  

( ) ( ) (
( )

)yyy eeeC µσ+σ+δ−−

Ω
+≤ ∫

ε

4
1111  

.C≤  

By Lemma 3.5 (ii) and (iii), we have as 0→ε lk  that 

( ( ) ( )) ( ) ( ( ) ( )) ( ).~~
0111 vwfwwfvwfwwf Nlklk

lk
−φ′+→−φ′+ ∫∫ εε

Ωε R
 

(4.4) 

Thus 

( )
( )

( ) ( ( )) .for, 0
\\

0
02

σ<σ=⋅≤ ε
σ−σ−

Ω

−

Ω ∫∫
ε

ε
σ+

ε
xhoeeCwfw y

NN RR
 

Observe that 0φ  satisfies (3.10), 

( ) ( ( ) )wwfvwfw NN 000
~ φ′+φ−φ∆=′ ∫∫ RR

 

( ) ( ) wwfwwN 00 φ′+φ−∆= ∫R  

( ) ( )( ) .0φ−′= ∫ wfwfwNR
 (4.5) 

Again by Lemma 3.5 and (4.3) ~ (4.5), then 
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( )εε
Ω∫ ε
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( ) ) ( ( ))
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lk
lk k

xx
owfw

ε

−
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ε
ε02
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( ) ( ) ( ( ) ( ) )0
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ε
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ε
ε wfvwf

xx
wwf N
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( ( )).
l
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lk k

xx
o

ε

−
ϕ+

ε
ε  (4.6) 

We estimate ( )εΩ∫ ε
vF  in (4.2) by a similar way as (4.6), 

( ) ( ) ( ) ( ) ( ) ( ( )).~
0

l

lk
lkN

l

lk
lkN kk

xx
ovwf

xx
wFvF

ε

−
ϕ+−φ

ε

−
ϕ+=

ε
ε

ε
εε

Ω ∫∫∫
ε RR

 

(4.7) 

From (4.6), (4.7), and ( ) ,0~ >∫ vwfNR
 (2.4) holds for .lkε=ε  Since the 

sequence kε  is arbitrary, it is easy to see that (2.4) holds for ε  sufficiently 

small. The proof of Theorem 2.1 is complete.  

  
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