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Abstract 

The sine-cosine and the extended tanh method are used to construct exact    
solitary patterns solution and compacton solution of the generalized ( )-12 +  
dimensional breaking soliton equation. The compactons solutions and solitary 
patterns solutions of the generalized ( ) -12 + dimensional breaking soliton equation 
are successfully obtained. These solutions may be important of significance for         
the explanation of some practical physical problems. It is shown that the sine-
cosine and the extended tanh method provides a powerful mathematical tool for 
solving a great many nonlinear partial differential equations in mathematical 
physics. 
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1. Introduction 

Recently, by using the sine-cosine method, Tascan and Bekir [8] 
studied the following ( )-12 + dimensional breaking soliton equation [2]: 
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Equation (1.1) describes the ( )-12 + dimensional interaction of a Riemann 
wave propagating along the y-axis with a long wave along the x-axis. 
Recently, Zhang has successfully extended the generalized auxiliary 
equation method to the ( )-12 + dimensional breaking soliton equations in 
[12]. Some soliton-like solutions were obtained by the generalized 
expansion method of Riccati equation in [1]. Periodic wave solutions were 
obtained by the mapping method in [5]. New exact solutions were 
obtained by the singular manifold method in [6]. Very recently, Jacobi 
elliptic function solutions and their degenerate solutions are obtained by 
a generalized extended F-expansion method in [7]. 

In this paper, we consider the following generalized ( )-12 +  
dimensional breaking soliton equation: 
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where ba,,α  are arbitrary constants, n is non-zero integer. Specially, 

when ,4,1 α=== ban  Equation (1.2) becomes Equation (1.1). 

The sine-cosine method and the tanh method will be mainly used to 
back up our analysis. The tanh method, developed by Malfliet [3, 4] and 
Wazwaz [10, 11], is a direct and effective algebraic method for handling 
many nonlinear equations. The sine-cosine method was proved to be 
powerful in handling nonlinear problems, with genuine nonlinear 
dispersion, where compactons and solitary patterns solutions are 
generated. The two methods will be described briefly, where details can 
be found in [3, 4, 9-11] and the references therein. 
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Let ( ) ( ) ,,,, ctyxutyxu −+=ξξ=  where c is the wave speed. Then 
(1.2) becomes to 
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where ”“  is the derivative with respect to .ξ  Integrating the second 

equation in the system and neglecting constants of integration, we find 

.vu =   (1.4) 

Substituting (1.4) into the first equation of (1.3), integrating once and 
setting integration constant as 0, we find 

( ) .02
2 =″α+−+ nn ucuuba  (1.5) 

2. Analysis of the Two Methods 

The sine-cosine method, the tanh method, and the extended tanh 
method have been applied for a wide variety of nonlinear problems. The 
main features of the two methods will be reviewed briefly. 

For both methods, we first use the wave variable ctyx −+=ξ  to 
carry a PDE in two independent variables 

( ) ,0,,,,,,, =…yyxyxxyxt uuuuuuuP   (2.1) 

into an ODE 

( ) .0,,,, =′′′′′′ …uuuuQ   (2.2) 

Equation (2.2) is then integrated as long as all terms contain derivatives, 
where integration constants are considered zeros. 

2.1. The sine-cosine method  

The sine-cosine method admits the use of the solution in the form 
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or in the form 

( ) ( )
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where ,, µλ  and β  are parameters that will be determined. 

We substitute (2.3) or (2.4) into the reduced ordinary differential 
equation obtained above in (2.2), balance the terms of the cosine functions 
when (2.3) is used, or balance the terms of the sine functions when (2.4) is 
used, and solving the resulting system of algebraic equations by using the 
computerized symbolic calculations to obtain all possible values of the 
parameters ,, µλ  and .β  

2.2. The tanh method and the extended tanh method 

The standard tanh method introduced in [3, 4], where the tanh is 
used as a new variable, since all derivatives of a tanh are represented by 
a tanh itself. We use a new independent variable 

( ),tanh µξ=Y   (2.5) 

that leads to the change of derivatives: 
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We then apply the following finite expansion: 
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where M is a positive integer that will be determined to derive a closed 
form analytic solution. However, if M is not an integer, a transformation 
formula is usually used. Substituting (2.5) and (2.6) into the simplified 
ODE (2.2) results in an equation in powers of Y. To determine the 
parameter M, we usually balance the linear terms of highest order in the 
resulting equation with the highest order nonlinear terms. With M 
determined, we collect all coefficients of powers of Y in the resulting 
equation, where these coefficients have to vanish. This will give a system 
of algebraic equations involving the parameters ( ),,,1,0 Mkak …=  

( ) ,,,,2,1 µ= Mkbk …  and c. Having determined these parameters, 

knowing that M is a positive integer in most cases, and using (2.7) or 
(2.8), we obtain an analytic solution ( )txu ,  in a closed form. 

3. Using the Sine -Cosine Method 

Substituting (2.3) into (1.5) yields 

( ) ( )µξλ−µξλ+ ββ nncba coscos2
22  

( ) ( ) ( )[ ] .0cos1cos 22222 =µξ−ββλµ+µξλβµ−α+ −ββ nnnn nnn  (3.1) 

Equation (3.1) is satisfied only if the following system of algebraic 
equations holds: 
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Solving the systems (3.2) and (3.3) give 
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.,1,0,0 2
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The results (3.4) and (3.5) can be easily obtained, if we also use the sine 
method (2.4). Combining (3.4) and (3.5) with (2.3) and (2.4), the following 
compactons solutions: 
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However, for ,0<α−c  we obtain the following solitary patterns and 

complex solutions: 
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4. Using the Extended Tanh Method 

Balancing 2u  with ,1uun ′′−  we find 
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To get a closed form analytic solution, the parameter M should be an 
integer. A transformation formula 
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should be used to achieve our goal. This in turn transforms (1.5) to 
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Balancing φ ′′φ  and 3φ  gives .2=M  The extended tanh method 

allows us to use the substitution 
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Substituting (4.4) into (4.3), collecting the coefficients of each power of 
Y, and solve the resulting system of algebraic equations with the help of 
Maple to find the sets of solutions: 
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We obtain the solitary wave solution and the solitary patterns 
solutions: 
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However, for ,0<αc  we obtain the periodic wave and compactons 
solutions: 
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5. Discussion 

The sine-cosine method and the extended tanh method were used to 
investigate the generalized ( )-12 + dimensional breaking soliton equation. 

The study revealed compactons solutions and solitary patterns solutions 
for some examined variants. The study emphasized the fact that, the two 
methods are reliable in handling nonlinear problems. The obtained 
results clearly demonstrate the efficiency of the two methods used in this 
work. Moreover, the methods are capable of greatly minimizing the size of 
computational work compared to other existing techniques. This 
emphasizes the fact that the two methods are applicable to a wide variety 
of nonlinear problems. 
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