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Abstract

We derive analytical solutions of the electric potential resulting from a direct
current point source located anywhere within two types of multilayered earth
structures including layers having linearly varying conductivities and layers
having binomially varying conductivities. Our solutions are obtained by solving a
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boundary value problem in the wave number domain and then transforming
the solution back to the spatial domain. The propagator matrix technique
is used to formulate the upward-downward recurrences for solving the
problems. One of these recurrences is applicable to general cases in which,
the layers have constant, linearly or binomially varying conductivities.
The equations derived for the electric potential can be used to interpret
the hole-to-hole, hole-to-surface, and conventional surface array data. The
inverse problems via the use of the Newton-Raphson and quasi-Newton
optimization techniques are introduced for finding the conductivity
parameters.

1. Introduction

In geophysical explorations, the traditional resistivity method maps
the electrical properties of the earth by measuring differences in potential
caused by a direct current flow between two current electrodes at the
earth’s surface. Usually interpretations of electrical soundings are
conducted by assuming that the earth’s structure consists of horizontally
stratified layers having constant conductivities. A layered earth model is
used to simulate the stratigraphic target. However, in the real earth
situation, there are cases, where the subsurface conductivity varies
continuously rather than discontinuously with depth. A particularly
Interesting case is a multilayered earth with one or more layers having
linearly varying conductivities. The transitional layer can stand for the
weathered zone in hard rock areas, where the degree of weathering
diminishes with depth. This problem was first treated by Mallick and Roy
[10], who obtained a theoretical solution for the problem of a two layered
earth with transitional boundary. Jain [8] presented expressions for
apparent resistivity of a three-layered earth, where the conductivity in
the second layer varies linearly with depth and changes abruptly at the
boundaries. Koefoed [9] solved the problem of a layered earth model
containing an arbitrary number of homogeneous layers and of
transitional layers in which the resistivities vary linearly with depth.
Banerjee et al. [3] obtained expressions for apparent resistivity of a
multilayered earth with a layer having binomially varying conductivity.

All these investigations located a current source at the earth’s surface.
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The electrical method using buried electrodes is proposed for
determining the apparent resistivity of multiple layers located
underground. This particular electrode configuration is very useful when
conventional electrical methods cannot be used, especially if the ground
depth becomes very important. The calculated apparent resistivity shows
a substantial quality increase in the measured signal caused by the
underground targets, from which little or no response is measured by
using conventional surface electrode methods. Investigations using buried
electrodes were reported for layers having constant or exponentially
varying conductivities. Alfano [1] considered a three-layered earth model
with homogeneous layers and demonstrated that the uncertainty in the
interpretation of resistivity soundings can be reduced by using buried
electrodes. Daniels [7] presented a solution for the problem of a
horizontally stratified layered earth containing an arbitrary number of
layers having constant resistivities. Baumgartner [4] used submerged
electrodes for determining the apparent resistivity of multiple
homogeneous layers located underwater. Sato [12] developed a solution
for the problem of a layered earth with all layers possessing exponentially
varying resistivities.

In this study, we derive analytical solutions of the electric potential
resulting from a direct current point source located anywhere within two
types of multilayered earth structures including layers having linearly
varying conductivities and layers having binomially varying conductivities.
The Hankel transform is introduced to our problems and analytical
results are derived. The inversion processes, using the Newton-Raphson
and quasi-Newton methods, are conducted to estimate the conductivity
parameters.

2. Model and Basic Equations

A geometric model of the earth’s structure consists of two conductive
half-spaces (see Figure 1). The half-space above the ground surface

(z < 0) is aregion of air, whereas the half-space below the ground surface
(z > 0) is an n-layered horizontally stratified earth with depths to the
layers hq, hg, ..., h,_; (the lowermost layer extending to infinity)

measured from the ground surface, where n > 2 is an integer.
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Figure 1. Geometric model of the earth’s structure.
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A point source of direct current I is deliberately located at the interface

z=h, of layer s and layer s+1(1<s<n-1) for simplifying the

mathematics. Each layer has conductivity as a function of depth, i.e.,

cp(z) for layer 0 < %k < n. The electric potential V in direct current

conditions satisfies the equation
E=-VV, @

where E is the vector electric field. The vector current density J and the
vector electric field are related through Ohm’s law as

J = cE, (2

where o is the conductivity of the medium. The vector current density

satisfies the equation:
V.-J =0, 3)
except at current sources or sinks. Since the problem is axi-symmetric in

cylindrical coordinates (r, ¢, z), it follows that V depends only on r and z.

Eliminating E and J from Equations (1), (2), and (3), we obtain Poisson’s
equation in cylindrical coordinates
o’V 18V W 1lac oV _

———=0. 4
5r2+r6r+522+08262 0 @)

The Hankel transform (Ali and Kalla [2]) is introduced and defined by
V(, 2) = J.: arV(r, z)dJo(Ar)dr, (5)
and
Vr, 2) = j: V0, 2)d(Lr)dn, ©)

where J is the Bessel function of the first kind of order zero. Taking the

transformation on both sides of Equation (4), we obtain

?V 1los oV .o
Tt & W2V = 0. (7)
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Therefore, the electric potential in each layer can be obtained by taking
the inverse Hankel transform of the solution of Equation (7), which

satisfies the following boundary conditions (Sato [12]):

(1) The electric potential V|, tends to zero as z tends to minus infinity.
(2) The electric potential V,, tends to zero as z tends to infinity.

(3) The electric potential needs to be continuous on each of the
boundary planes, i.e., foreach 0 < k£ < n -1,
lim V, = lim V,,;. ©)
z—hy, z—)h;e’

(4) The vertical component of the current density needs to be

continuous on each of the boundary planes except on z = Ay, i.e., for each

0<k<n-1andk=s,

~ ~

lim Gk%Z lim CL+1

z—hy, 0z

©)

(5) The total current flowing out of any cylindrical surface around the

current source must be equal to the current intensity, i.e., for any radius

&?

h—0{J $=0J r=0

2n p & .
th J' Iyloop p - (- 2rdrdo)

2n ¢ & .
8 O C S -(zrdrdd))j -1 (10)
=04 r=0 s

3. Response of an Air Region

The equation for the electric potential in an air region, denoted by
‘70, can be determined by simplifying Equation (7) with constant o, as
2V,

2 ~ 22V, =0, (11)
4
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and the solution is
‘70(7\., Z) = Aoekz + Boeixz, (12)

where Ay and B, are arbitrary constants, which can be determined by

using the boundary conditions. Thus, the electric potential in an air

region is

Vo(r, z) = I: (Aoe)‘z + Bye ** )Jo(xr)dk. (13)

4. Response of a Multilayered Earth with
Layers Having Linearly Varying
Conductivities

For each layer k, where 1<k <n and n > 2, the variation of
conductivity is denoted by
6(2) = mpz + ¢, (14)

where ¢, and m; # 0 are constants, which preserve c,(z) > 0. Hence,

the equation for the electric potential in layer & can be simplified by
substituting Equation (14) into (7) as

52‘7}3 + mp 8‘7k

9es
— - 1
022 mpz+cp Oz AV =0, (15)
and the solution is
~ A A
Vi, 2) = Akfo(— wk(z)j + BkKO(_ Wk(z)), (16)
Ok Ok
where
m
on = —%, ¥r(2) = 1+ 02,
Cr

I, and K, are the modified Bessel functions of the first and second
kinds of order v, A, and B, are arbitrary constants, which can be

determined by using the boundary conditions. Thus, the electric potential
in layer k is
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® A A
Vk(r, Z) = J.O (AkIO(E Wk(Z)j + BkKo(g Wk(Z)) )Jo(M)dk (17)

Using the boundary conditions (8) and (9), for 0 < k <s-1, A;,; and

By, can be written in terms of A, and By, as

A A
{ k”}:m{ k} (18)
By, 1 By,

where the propagator matrix is

11 12
- il o]
A4k+1 A4k+1

andfor 1 < k <s-1,

JYi. A (G"[(Lw h jK( A .1 (R )
[ (Pl Ui r(hy) Ko o pe1(hr)
K A A
+ Gk+IIO(_ v (A, )jK1( Vi1 (P, )D
Ok Ok+1
M2 - 2 (c' K(Lvh]K(}” v hj
kil = | OkeKo o r(he ) Ky o k1 (Py)

o A A
- GkK{g v (A )jKo(gk

+1

Vrs1 (P )D

My - 2 (G' 1(iw h )I[Lw h )
hel = | Oketto| o k() | oot k+1(hg)

o A A
- GkIl(_ v (A, ))Io( Y41 (P )D
Ok Okr+1

M@ -+ (d’K(iw h jz (Lw h ]
Aol G b k(he) Lo o r+1(Py)

A
VR4t (hk )j)’
Okr+1

. A
+ 6k+1KO(E i (A )jll(
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whereas if £ = 0,

Ml = (oo g ) ohati( 5 )
k+1 Mmpi1 R0 Ok+1 ferl Ok+1
k() -sika( o)
cr..1K o, K
( vl 1(Qk+1 k0 Ok+1
A A
M8 = (k{5 ) - el 5 ))
k1 Mmpi1 ki1t Ok+1 Ok+1

A A
M(22) = G};Io( )-{- Gk 111(
kel mpiq Ok+1 " Ok+1
and
lim o(z) = o, lim o,1(2) = Of41-
z—hy, z—)hk

Hence, Equation (18) can be applied to obtain:

HRICA @

Similarly, if s < n -1, then A, and Bj can be written in terms of Ay,

A A
{Bk} - @,H{Bk”}, (20)
k k+1

for s +1 < k < n -1, and the propagator matrix is given by

and Bj,; as

{ (111) N}(aml)
®k+1 = 2+ 2+2 (2 1)
nga+11) N}(e+1)

A A A
NI _ —(c"K(—w h jl(
Rl ™ iy, (R g k() Mo Ok+1

)

o A A
+ 0k+1Ko(—Qk i (A, )jll(gk X
+

Vi1 (hy )D
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)

A
- o ol

- G%+1Ko(£ A ))K1(92+1 Vi1 (Py, )D
Nl(e%rl1) = (lel(_ U1 (he )jfo(— Vi1 (P, )j
bt o)

(22) _ s 2
N = i vt g v

o A A
+ 6k+110(_9k v (hy ))Kl(é’k .
N

Hence, Equation (20) can also be applied to obtain:
A A
) -o s e
133+1 lgn
where

n
H(Bj, if s<n-1,

j=s+2
12, ifs=n—1.

On the boundary plane z = A, the boundary condition (10) requires

I- j 2n§[GS(A 11[ v (s )j

A o A
- ByK; (g— ¥s (A )D + Gs+1(Bs+1K1 (g— ¥s41(hs )j
S

s+1

- As+1ll(gs+1 V541 (hs )Djfh(?@d?m (23)
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Inverting Equation (23) by using the Fourier-Bessel integral (Watson
[13]) yields

I-= 27{0;(14311(% v (P )) - B,K, (ﬁ ¥ (hy )D

+ CY;+1(BS+1K1(QL Vg1 (hg )) - As+111(QL Vg1 (hg )Dj (24)

s+1 s+1

Thus, the boundary conditions (8) and (10) lead to

] ouli 2B

where ©,,; is determined by replacing 2 with s in Equation (21).

Substituting Equations (19) and (22) into (25), we obtain

Hff[/éﬂ:@sﬂ@’f"}* 7] {Ko((x/gs)wsms))}_ 26)

Bn 2nms _IO(O"/QS )ws(hs ))

To guarantee the convergence of the electric potential V; when z tends to

minus infinity, we must take

By = 0. @7
Similarly, the convergence of the electric potential V,, when z tends to
infinity can be guaranteed by taking

A, =0. (28)

Therefore, Equation (26) can be rewritten as a system of two linear

equations in terms of the unknowns Ay and B,, as

{Un _VHMAO} I |:KO((}"/Qs)ws(hs)):|’

= 29
Up Vi) B, Io((/ 0 )95 (Ry) ®9)

2nmy

where U;; and Vj; are determined by

1
Hrj _ {Un U12} ©,,,0" = {VH Vlﬂ-
Ugy Uga Va1 Voo
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Since the coefficient matrix of this system is nonsingular (see Chen and
Oldenburg [6], Yooyuanyong and Sripanya [15, 17]), by Cramer’s rule,

the system has a unique solution

An = I\ V12IO((}\‘/QS )vs(hs ))+ V22KO((7\'/QS )ws(hs )) (30)
0" 2mm U11Va2 —Usz1Vio ’

B, = I\ Ull‘lO((}“/Qs )ws(hs ))+ UZlKO((k/Qs )ws(hs )) (31)
" 2mmy Up1Vag — Uz Vi '

As Ay, By, A,, and B, are determined, so A, and Bj, where k = 0

and n can be obtained from the upward-downward recurrence as shown
in Equations (18) and (20).

5. Response of a Multilayered Earth with
Layers Having Binomially Varying
Conductivities

For each layer k, where 1<k <n and n > 2, the variation of

conductivity is denoted by
op(2) = e (1 + dp2)P*, (32)

where ¢, pp, and dj, # 0 are constants, which preserve o,(z) > 0.

Hence, the equation for the electric potential in layer £ can be simplified

by substituting Equation (32) into (7) as

62‘7]3 n dkpk 6‘7k

— 277 =
022 1+dpz oz Vi =0, (33)

and the solution is

7o 2) = 5k (z)[AkI_Yk(

2>

% (z)) LBE, % 2 (z>j), (34)

where

0k = dg, U(2) = 1+ 0p2, Vi =
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A, and Bj are arbitrary constants, which can be determined by using

the boundary conditions. Thus, the electric potential in layer k is

Vil ) = [ 5@ Anl (2700

v B, (ﬁ B (z)D Jo (L) d. (35)

Proceeding as in Section 4, after using the boundary conditions, we obtain

A ~ A
By 4 By,

for 0 < k < s —1, and the propagator matrix is given by

7 (12
Fin = {Mf; Méaﬂ
Mk+1 k+1

andfor1 <k <s-1,

A Ao~ A
iy —(al (Tw h j (
k1 Ck+1dk+1 kZor Or k( k) Th+l Ok+

Ors1 (A ))

A A
Ly (2 B Koy 52 T ) | (B2 (),
M(m)_—( [NLE h j [ A Bk )
b+l Ck+1dk+1 ok k( k) Uk 41 Ohs1 k+1( k)
° Ao A Yk Yk+1
- oKy, Ewk(hk) Ky |l =— 5 wk+1(hk) (he )05 (R ),
r(21) _ A . A
My Cr+19R41 (Gkﬂlvk(ﬁk (hk)j U’“l(@k wkﬂ(hk)j

= 2 T [ (57 T ) | (B ),
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M A Ao~ Ao
el :—(G"K (—N By (h j] (N—w h )
k+1 Ck+1dk+1 k U 0% k( k) Yhel el k+1( k)

o Ao~ Ao~ ~ ~
+opnK,y, (~— B (hy ))Tvk+1 (—~ D1 (P, )D Bk (b )0 (By, ),
Ok Ok+1

whereas if & = 0,

~ A A A

Mﬂl):—[aK [N—jm' K (N D

2 S Y4 Ons1 k1B 0p41| 5

~ A A A

M(12) - —(G. K (N_) N Go K (N j),
k1 Ch1@k41 k1B opn Ok+1 F ke Ok+1

~ A A A
MY - —(c' I (N—j -o.l (N D,
kel Ck+1dk+1 ferl o Okr+1 F Okr+1

~ A A A
%) = —[c" I (—N ) + ol (—N D
kel Ch19k41 ke Ok+1 ferl ok Ok+1

and
_ 1+ Dr
Vp = 9 .
Similarly, if s < n —1, we have
A ~ A
{ k} - @m{ k”}, (37)
By, By, 1
for s+1 <k <n-1, and we also have
A7(11) A7 (12)
O = [ZYfgll) ]Ygf;;)}, (38)
Nk+1 Nk+1

where

~ A Ao Ao
N - K, |2 A
[ el S L o k() |y, T V1 (hr)

o Ao~ Ao~ ~ ~
+ oKy, (~— U (Py, ))Ivk+1 (—~ V(P )D Bk (e )8R (Ry, ),
Ok Ok+1
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Sa2) _ A 0 A Ao~
Nea = oap (Gkak(Ek Ok (P ))Kykﬂ (_Ekﬂ Pr1 ()

o Ao~ Ao~ ~ ~
-orakK,, (~— A )jKukH (—~ Vi1 ( Py, )D Bk (g )0 (By, ),
Ok Ok+1

~ A o Ao~ Ao~
N = _(levk (~— i (P, )jka+1 (—~ D1 (hy ))
k Ok+1

. Ao~ Ao~ - -
—ckﬂIM(N—wk(hk)jkaﬂ(—N wk+1<hk))jw,zk<hk)w,z':;1<hk),
Ok Ok+1

(22 A o Ao~ Ao~
NE) - (levk (~— o1, (hy ))Kykﬂ (~— D1 Py, )]
k Ok+1
et [ 20 ) [ Ky | = T () | 54 (i )1 ()
TOp1dy, | = Velng ) By, | = V1) [ |0 g )V, 0T (g )
Ok Ok+1
Hence, Equations (36) and (37) can be applied to obtain

1
A ~ | A A ~.]A
B, i B, B, B,

S

where

n
& - .H®f’ if s<n-1,
Jj=s+2

12, ifs:n—l.

On the boundary plane z = hg, it follows from Equation (10) that

S

As = As+1 ~vq I Kys((}"/Es )as(hs))
{BJ - 63“{3“1} ), {—Iys /z0nm) | 40

where (:)s +1 1s determined by replacing k£ with s in Equation (38).

Substituting Equation (39) into (40) and using

By =0=4,, (41)
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we obtain a system of two linear equations in terms of the unknowns A,

and B,, as

{IZH —@ZMAOHJS(}LS) n {KYS(O»/ES)WS))

, 42
U21 —V22 Bn, 2ncsds _Iys ((k/Es)Es(hs)) :| ( )

where ﬁij and ‘7ij are determined by

1 ~ ~ ~ ~
Hfj _ F{n %2} 8,.,0" - {Yll ‘N/lz}_
s Un Ugso Var Vo

Since the coefficient matrix of this system is nonsingular (see Chen and
Oldenburg [6], Yooyuanyong and Sripanya [15, 17]), by Cramer’s rule,
the system has a unique solution

In VoL, (] 3)Bu(hy) )+ VagK, (0 /35)F:(hs))
ncsds Up1Vos - Ug1Vig

AO = ~sys (hs)2 s
I OnI, (0] 3)8,(hs))+ Un K, () 35)5:(hy))

B, =9)s(h — —
o S)chsds U11Vag —Ug1 Vi

As Ay, By, A,,, and B, are determined, so A, and B, where k # 0

and n, can be obtained from the upward-downward recurrence as shown
in Equations (36) and (37).

6. Numerical Experiments and
Inversion Processes

In our inverse model examples, we simulate array data of the electric
potential from two forward models of the earth structures. Both of the
example ground models have two layers. The buried depth of current
source for our entire models is 10 meters. The conductivity in the region
of air is approximately equal to zero. The overburden has a constant
conductivity denoted by a with thickness h, whereas the host has a
linearly varying conductivity denoted by o(z) = a + m(z — h) with infinite

depth. The values of model parameters are given in Table 1.
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Table 1. Model parameters used in our inversion examples

Model a (in S/m) m (in S/m?2) h (in m)
1 0.1692857143 0.0261904761 10
2 0.1692857143 0.0261904761 15

The parameter a is a conductivity at the ground surface, which can be
assumed to be known from the measurement. The iterative procedure
using the Newton-Raphson method is applied to estimate the unknown
parameter m of the first example model, whereas the unknown
parameters m and A of the second model are estimated by using the
quasi-Newton optimization technique. Chave’s algorithm [5] is used for
numerically calculating the inverse Hankel transform of the electric
potential solutions. The special functions are computed by using the
numerical recipes source codes (Press et al. [11]). Random errors up to 3%
are superimposed on the scaled electric potential from the forward
problem to simulate the set of real data. We start the iterative processes
to find the values of the conductivity parameters with initial guess

sz.OlS/m2 and A =10m. The optimal result of the first model
converges to the true value with percentage error less than 2.3% after

using 19 iterations. The graph of the true and calculated conductivity
models are plotted as shown in Figure 2.
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0.32

True Model
0.3F — — — Calculated Model
-+ Initial Guess Model

Conductivity (S/m)

6 7 8 9 10 1" 12 13 14 15
Depth (m)

Figure 2. Graph of conductivity ¢ against depth z for our first model.

We see that the graph of the calculated model is closed to the true
model. The inversion of the second model leads to the best value having
percentage errors about 4.3% and 8.0% for the parameters A and m,
respectively, after using 23 iterations. Figure 3 shows the true and
calculated conductivity models for the second model example. The graph
of the calculated model is also closed to the true model. These illustrate
the advantage in using the Newton-Raphson and quasi-Newton methods,
which give the result much better than using another method of
inversion, especially for estimating only one parameter (e.g., Yooyuanyong
[14, 16]). We note that the number of unknown parameters in the first
model example is less than the second example. Not surprisingly, the
convergence of inversion for the first model is faster than the second
model. Moreover, the optimal result of the first model is also better than

the second model.
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0.32
True Model
0.3+ — — — Caleulated Model
Initial Guess Model
0.28+

Conductivity (S/m)
o
%]
E-S

0.22}
0.2f
0.18
0.16 - . . . . . . - .
10 11 12 13 14 15 16 17 18 19 20
Depth (m)

Figure 3. Graph of conductivity ¢ against depth z for our second model.

7. Conclusion

We derive analytical solutions of the electric potential resulting from
a buried current source by using the recurrence relations. The solutions
can be used to interpret the hole-to-hole, hole-to-surface, and conventional
surface array data (the buried depth of current source is assumed to be
zero). Two simple cases are used to investigate the conductivity profiles.
The inversion processes, using the Newton-Raphson and quasi-Newton
methods, are conducted to estimate the conductivity parameters. The
methods lead to very good results and have the robustness of the

procedures.
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