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Abstract

In this article, we present isoparametric finite elements for the numerical
solution of the 2-dimensional regularized long wave (RLW) equation. A semi
discrete scheme and a fully discrete scheme are presented and the accuracy of
these schemes are measured by some error norms.

1. Introduction

RLW equation is a form of nonlinear long wave. In the study of the
nonlinear diffusion wave, RLW equation occupies an important position
for it can describe a lot of important physical phenomenons like shallow

water wave and ion wave etc.

There have been many articles with finite difference method, the
standard of the finite element method, mixed finite element method to
study numerical solution of 1-dimensional equation. For 2-dimensional
equation, [1] discussed its cnoidal wave solution and the uniqueness of
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the periodic solution to Cauchy problem. [4] studied its explicit exact
solutions and a class of travelling wave solutions. But for its numerical
analysis are rare.

Normally, finite element method is an effective method of solving
differential equations, but for the curved edge area with enough smooth
boundary, if use usually finite element can make error order will be not
affected.

In this work, it is shown that the optimal estimates for the error are
obtainable by using isoparametric finite element approximation.

The initial-boundary value problem of 2-dimensional RLW equation
can be described as:

Uy + Oy, + By, + VUL, + ULy, — My vy — Oy ry =0, (x, 1) € Qx[0, T, (1.1)
u(x, 0) = g(x), x e, (1.2)
u(x, t) =0, (x,t)e 02 x [0, T, (1.3)

where a, B, v, 8, A, 0 are constants,and y # 0,8 #0, L > 0,0 > 0.
2. Notation

Let X be a Banach space with norm |- |y and f(x, ¢) : [0, T] > X be

Lebesgue measurable, the following norms are defined:

t 9 1
ey = B2 10 = sup 7l

4

For some integer J > 1, let At =T /J, and tj = JAt, denote
i o) = L (it —ud)
u _u|t=tj ! = (u u’l).

The generalized solution of (1.1)-(1.3) is that: We seek a function
u(x, t) € H5(Q), 0 < ¢ < T, such that

2
(u, v) + aluy, v) = Z(bi(u)uxi, v), Vv e Hy(Q), (2.1)
=1

(u(x, 0), v) = (g(x), v), vu e H)(Q), (2.2)
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where (u,v) = Iqudx, au, v) = Matygys Uy, )+ O(Uygys Uy, ), b1 (1) = a0+ ya,
by(u) =B + du.

After partition Q by the isoparametric elements of degree k, we get

its approximate area Qj; = U K, where K is a partition unit. Denote
KeTy

h = sup diam(K). Following [2], there exists a mapping ¢;, : Q; — Q,
KeTy

its inversion is (pgl, then ¢ | : K — K and Q= U K.
KETh

Define the regional interpolation operator =, let mg be the

interpolation operator of the unit K. Then
() | = ng(v|g), VK €T
We obtain the finite element subspaces of H (€, )
V, = 1{vy, 1 v, = 1w, v e COQ)},
and the finite element subspaces of H*(Q)
’ U -1
Vi ={0p 10y =vp0o0p v € Vi b
Lemma 2.1 [3]. Assume that p, q, r are functions defined on Q,
and fy:po(pgl, F=rogyt, if p,q, e Ly(Qy), then
v v 2 2k 2 2
6. 1) =@y | < dlp - a g, + P10 g, 17 o, ) @9
Lemma 2.2 [2]. Let 0 < m < k+1, then |r ”Hm(Qh) is equivalent to
-1
7o en Ia, ()
Following this lemma, we obtain:

~

Lemma 2.3. Let & be H'(Q,) projection of u on Vy, ie., i eV,

0 <t <T, satisfies
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(V(LNL —Uuo (ph), VV)h + (17 —uo°Qp, V)h = O, vV e Vh' (24)
IfueL(H* Q). uy € Lo(H"(9,)), then
~ - ~ - k
” u—-—uo (phl "Lw(Hl(Q)) + " (u —Uuo (phl )t "Lz(Hl(Q)) < ch”. (25)

3. The Semidiscrete Scheme and

its Error Estimation

The semidiscrete finite elements approximation of (2.1), (2.2) is:

uy,(x, t) € Vj, is sought such that for any ¢ € [0, T'] satisfies

2

(e 0)y + an(upg, 0) = Y by g V) VU € Vi, (3.1)
1=1

(Uh(x, O)’ U)h = (g(x), U)h’ Yv e Vh' (32)

By the equation, it follows that b;(x, u), (i =1, 2) is bounded, and meet

Lipschitz condition about u. It is easily shown that (3.1), (3.2) possesses a

unique solution.
Now, let w(x, t) € V}, t € [0, T]. Denote up, —uo¢; =& +m, where
E=up —w,N=w-uo° Q.

(2.1) may be written

-1
(wy, U)h +ap(wy, v) = (wy, U)h —(u, veo oy )+ ay(wy, v)
2

—aluy, vo ot )+ Y (b, vo o).

=1
Using (3.1) minus the above, we obtain

(& vy + ap(&s v)

= [(u, vo (Pgl)—(wt, U)h]+ [a(u;, ve (PEI)— ap(wy, v)]
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2 2
+ 1 (0 Y 0)y = D (i, 0 = 03]
i=1 i=1

£ El + E2 + ES' (33)

In (3.3), choose v = §, the left-hand side becomes

d .2 ko d 2
E" g ||L2(Qh) + 7%" V& "Lz(Qh)’

DO =

(& v)y +an(&s,v) 2
where ky = min{}, 0}.

Now we estimate the right-hand side of (3.3), using Lemma 2.1, we
have

E, = (ut’ vo (pgl)_ (wt’ U)h

IA

2 2k -1 2 2
ol n, "LZ(Qh) + 7wy o o' ||L2(Qh) +] & "L2(Q;,)]

IA

dlme I7,eq,) + 7 +1&17,00,))

E2 = a(ut’ é ° (Pgl)_ ah(wt’ ‘2)
= a(ut’ Eo (P;ll)_ ah((u ° @y )t’ ‘:) - ah(nt’ é)
<elllme g,y + 1 18 )+ 1VE I 01+ Bl Ve [0
2 2
Es = ) (bi(wp upg, £ = D (bi(whts, &0 07"
i=1 i=1
2 2
= > (Bilun g, )y + D (B g, B,
1=1 1=1

2 2
+ ) (Biun) (o o)y &y — D (b, €2 031)
i=1 i=1

2E3 + Egg + Egg + E3y,
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where k; = max{}, 0}.
From [3], we know

2 2
E3y + E3p < of| VE|7,q,) *1E1L, 0, + M ||H1(Q )

2
Esg + gy < ey [15(w o 9p) = bi(wy)) (wo oh)y, |7, q, )
=1

12K (B (o o)) (o 0h)y, 70, & 17 0]

th

<dnliq,) + 7" +1El7,q,))

From the above estimations, we get
ey 2 LI Ve ) < llme B+ 72 I
2 a5 T2 g Ly(Qp) ) HY(Qy )
2 2

Choosing k = min{%, ]%O }, then

AL YR (R0 PO s Y P R L (AU

HY(Q, ) HY Q)

Using Gronwall inequality, we obtain

1E12s g, = O+ cllm 2 e

Ly(HY(0,)) Lo(HY () )

We choose w = & be the solution of (2.4), from (3.3), we obtain:
Theorem 3.1. Let u and uy, bethe solution of (2.1), (2.2) and (3.1), (3.2),

respectively, u € L,(H*"(Q)), u; € Lo(H**!(Q)), and | Vu [ ;. (a);

| vu, | L.(L,(Q)) @re bounded, then we have the optimal error estimate

, k
oot =l (mi(q) < ch"
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4. The Fully Discrete Scheme and

its Error Estimation

The fully discrete finite elements of (2.1), (2.2) is: {Uj }‘J-]:1 eV, is

sought for any ¢t € [0, T'] such that

2

(@07, v)y +ap(@U7, v) = D (Bi(U)U]  v)y, Voe Vs  (41)
=1

U°, v), = (g(x), v}, YoeV,  (42)

For any {wj}]J=1 eV, denote U/ —u/ o) =&/ +n/, where &/ =U/ -

wj, n= w! —ul o ¢, from (2.1), (2.2) and (4.1), (4.2), we obtain
(0,87, v) + ay (0,87, v)
= [(atuj, vo (P# ) - (atwj, U)h]

+(wf — ot voopt) +[alul, voop') - ay(8,U7, v)]

2 2 .
+ D UNUL, 0)y = D (B, Vs ve 03]
=1 1=1

2@ + @y + Q3 + Q4.

Choose v = éj +1, from the left-hand side of the above, we have
i e j+l i el 1 j+1 2 i 12
(087, &7 )y + an(0:8”, &) 2 5= 18 Iy a,) 18 12500y

j+1 2 112
+ ko (| V& T, 0, — 1 VE I7,0,)))
Now we estimate the right-hand side, respectively,
Q = (0,4, &/ o it - (0w, €Y,

<] oy(ue ) - 5twj "%2(9;1) + h2k|| 01(u o o) "%2(911)
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1M 1))

IA

dlemli o,y + > 18717 (o))
2(Qp) 2(Qp)

. Coa
@ = (uf —ou’, & o 03)

IA

: - 1o
lwf - o’ ||L2(Qh) +] gt "Lz(Qh)

IA

2 2 +1 12
c(At)”] uy "LZ(Q;,) e "Lz(Qh)’

Qs = alyf, &t o gpt) - ay(0,U7, &)

i 12 2k 2 j+1 12 j 2
< | n/ "Hl(Q;) + 1+ (ML) + ] T I7,00,) * | ve/H 17,00, ]

2 2

Qs = D (B(UNUL, &), = > (bilwhey, Y, &7 o 037
i=1

i=1

i 12 k 2 j 2 j 2
<dlw’ "Hl(Qh) AR L 50 * e "Hl(Qh)]'

From the above estimations, we obtain

sz & L0, ~ 18 Ty, + R VE ™ 1Ty 0,) ~ 1 VE I7,0,)]

2

k 2 +1 2 .
+ 1% ¢ (Ae) + | /M "Lz(Qh) g™ "Hl(Qh)

i 12
<l g |

i2 72
I R, 107 P

Multiplication by 2A¢, and sum j from 0 to N —1, choose At sufficiently

small, we obtain

N-1
1 B,y < O™+ @0+ 1, Tty (1] [0,
n ]:0
in2 jin2 i
I By I B 18 B, )
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Choosing w; = 7/ be the solution of (2.4), from the above and

J

Lemmas 2.1 and 2.2, by discrete Gronwall inequality, we obtain:

Theorem 4.1. Suppose that by, (x, u), by, (x, u) exist and be

bounded, u;, uy, uy,, are continuous about t. If u and {U’ }‘j]:l are

solutions of (2.1), (2.2) and (4.1), (4.2), respectively, u e Lw(Hk”(Q)),

Uy € L2(Hk+1(Q)), and " Vu "Loo(Loo(Q)), " Vut "Loo(Loo(Q)) be bounded, then

we have the following optimal error estimate:

(1]

(2]

(3]

(4]

1T 0" =L, (i(a,)) < (b +at).
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