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Abstract 

An innovative set of recursive algorithms for two-dimensional (2D) subset 
autoregressive (AR) models, including full order 2D ARs, is explored and 
developed by progressing further from the 2D full order AR recursions. After the 
initialisation is carried out by the direct method, the proposed recursions then 
allow us to develop successively all 2D subset ARs, of size κ  (the number of lags 
with nonzero coefficient matrices) from 1 to K. Finally, the best subsets of each 
size with the minimum generalised residual power for that size are compared by 
employing a model selection criterion to find the optimum 2D subset AR. 

 

 



T. J. O’NEILL et al. 12

1. Introduction 

Recent decades have witnessed a remarkable development in the 
statistical analysis of biomedical and environmental time-series signals 
[1-3, 5-7, 11]. In particular, recursive algorithms for fitting one-
dimensional (1D) subset AR models have proven to be very successful in 
many biomedical and environmental time-series applications [8-10]. The 
use of the recursive method [5] for 2D AR fitting and spectrum analysis 
has been applied to biomedical signal processing, image processing, 
digitised radar processing, and seismic analysis. The choice of the model’s 
order is an important feature of these analyses for reasons that will 
become obvious. Penm and Terrell [8] proposed a recursive algorithm to 
select the optimum 1D subset autoregression. Subsequently, Nakachi et 
al. [5] used a dimensional ordering approach to derive all their full-order 
algorithms for 2D full-order structures, which allow us to handle the 
forward and backward linear prediction problems in the 2D full-order 
context. This paper provides forward and backward space time recursions 
that recursively estimate 2D subset AR models, including 2D full-order 
AR models. 

We have observed that model identification algorithms for the full-
order 2D AR model have been developed [5]. However, if we simply set 
zero values to the coefficients of the missing lags and then use the 
proposed algorithm, it will fail as the properties of a 2D subset 
autoregression disappear in such circumstances. This justifies the need to 
develop an efficient model identification algorithm for fitting 2D subset 
AR models. In this paper, an order selection criterion such as the 
modified 2D Hannan information criterion [4] could be used at each order 
level with the proposed recursive algorithm to select the optimum 2D 
subset AR model. 

Our algorithm can be applied to any subset issues (including full 
order) and is therefore applicable to a very wide class of 2D time-series 
filtering and prediction situations, such as forecasting of load problems in 
power systems as well as other 2D digitised data processing systems, 
where periodic signals arise. More importantly, if the underlying true 2D 
AR process has a subset structure, the suboptimal model specification (for 
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instance, a full-order structure) can give rise to the identification of 
incorrect relationships among the various variables, thus producing 
inefficient estimates and inferior projections. Filtering, smoothing, and 
spectral estimation algorithms based on such a resulting 2D full-order 
model would lead to inaccurate representations. 

2. Time-Update Recursions for  
Subset Autoregressions 

We model the 2-D data sequence with L × K pixels as a 2D AR 
process: 

( )
( )

( ) ( ),,,, 2121,
,

21 nnjninxannx ji
Rji

ε=−−+ ∑
∈

 

where ( )21, nnε  is a zero-mean white 2D Gaussian process with variance 

,2σ  and jia ,  are the model parameters to be estimated. The 1n  denotes 

the south direction, and the 2n  denotes the east direction. We associate 
the “past” of a 2D data with a region R, where 

( ) ( ) ( ){ }.0,1,0,0, ≤≥>≥= jijijiR  

We consider a forward causal subset AR model with the deleted lags 
;,,, 21 ηiii …  and ρjjj ,,, 21 …  of the form 

( )
( )

( ) ( ),,;,, 2121,
,

21 nnIjninxannx ji
Rji

ε=−−+ η
∈
∑  

      { ( ) ( ) },,as,0, ηη ∈= IjiIa ji  (2.1) 

where ηI  represents an integer set with elements ( ) ( ) ,,,,, 2211 …jiji  

( )., ηη ji  

Further, we consider a backward causal subset AR model of the form 

( )
( )

( ) ( ),,;,, 2121,
,

21 nnLjninxbnnx ji
Rji

ε=+++ η
∈
∑  

 { ( ) ( ) },,as,0, ηη ∈= LjiLb ji  (2.2) 
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where ηL  represents an integer set with elements ( ) ( ) ,,,,, 2211 …jiji  

( )., ηη ji  A reciprocal integer pair for a forward causal subset AR model 
and a backward causal subset AR model is a pair of (2.1) and (2.2). Figure 
1 shows causal forward lags and causal backward lags of ( )., 21 nnx  
Figure 2 illustrates the reciprocal integer pairs of all subset AR processes 
up to and including maximal lag length of (1,1). In this paper, numerals 
represent particular lags in a forward causal AR and underlined 
numerals represent such lags in a backward causal AR. 
 

( )1,1 21 −− nnx  ( )21 ,1 nnx −  ( )1, 21 +nnx  

( )1, 21 −nnx  ( )21, nnx  ( )1, 21 +nnx  

( )1,1 21 −+ nnx  ( )21 ,1 nnx +  ( )1,1 21 ++ nnx  

            : causal forward lags         : causal backward lags 

Figure 1. Causal forward lags and causal backward lags of ( )., 21 nnx  
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Forward Backward Forward Backward 

AR AR AR AR 

(0 1) (0 –1) (0 1)(1 –1) (0 –1)( –1 1) 

(1– 1) (–1 1) (0 1)(1 0) (–1 1) (–1 0) 

(1 0) (–1 0) (0 1)(1 1) (–1 0)( –1 –1) 

(1 1) (–1 –1) (1 –1)(1 0) (0 –1)( –1 0) 

  (1 –1) (1 1) (–1 1)( –1 –1) 

  (1 0) (1 1) (0 –1)( –1 –1) 

Forward Backward Forward Backward 

AR AR AR AR 

(0 1) (1 –1) (1 0) (0 –1) (–1 1) (–1 0) (0 1) (1 –1) (1 0) (1 1) (0 –1) (–1 1) (–1 0) (–1 –1) 

(0 1) (1 –1) (1 1) (–1 1) (–1 0) (–1 –1)   

(0 1) (1 0) (1 1) (0 –1) (–1 0) (–1 –1)   

(1 –1) (1 0) (1 1) (0 –1) (–1 1) (–1 –1)   

Figure 2. Reciprocal integer pairs of subset AR models up to and 
including maximal lag length of (1,1). In this paper, numerals represent 
particular lags in a forward causal AR and underlined numerals 
represent such lags in a backward causal AR. 

In 2D radar signal processing [ ],xx  X-ray digital imaging [ ]xx  and 

biomedical digitized picture processing [ ],xx  the data are considered to be 

updated in a helicoidal fashion when data have arrived at the end of the 
row and restarted at the beginning of the next row. Here, we introduce a 
linear scanning index n, where .12 nLnn +=  

Following [ ],xx  we define an i-th “channel” as the i-th row in the 2D 

support region. Let ( )nyα  be the i-th channel data at position “n” such as 

( ) ( )( ).1 Lnxny −α+=α  
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The index λ  of 2D region R denotes the number of its element. In 
this case, a one-to-one mapping β  between 2D region R and an integer 

set { }λ= ,,2,1 …λ  are defined by 

.and;; ss MLIIR →→→ ηηλ:β   (2.3) 

For a specific ,β  we introduce the notation 

( ) ( ) ( ) .,,2,1,,,;; λ=δ∈−−=δ− …Rjijnimnm  

The forward and backward prediction errors are now defined by 

( ) ( )( ) [ ( )] ( ) ( )( );1,,,1,, snmqsqsnmq LYIAIIe +λ−λ+λ− ′=  

( ) ( ) ( ) [ ( ) ] ( ) ( ) ( ),1,,,1,, snmqsqsnmq MYIIAIe +λ−λ+λ− ′=  

where sI  is used in (2.3), and represents an integer set with elements 

;11,,,, 2121 −≤≤≤≤ qiiiiii ss ……  

sM  is used in (2.3), and represents an integer set with elements 

;,,2,1,,,,, 21 sjiqmmmm jjs "… =−=  and 

sL  represents an integer set with elements ,,,1,1 sjj "=  and 

.11 += jj i  

As q is the estimated order of the actual scheme, we denote the 
resulting estimates of ka  and kb  by ( )kaq λ,  and ( ),, kbq λ  respectively, 

where λ  is the sample size under examination. Then, we define:  

( ) [ ( ) ( ) ( )],,,1,,, qiyiyiyY inmq −′−′′=′ − "  

where 

( ) ,0for0 ≤= jjy  

[ ( ) ( )],,,1 ,,, qaaA qqq λλλ =′ "  

[ ( ) ( )].1,, ,,, λλλ =′ qqq bqbB "  
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Thus, for a forward ( )sIq,AR  fitted by this sample set, we have 

( ) ( ) ( ) ( ) ( ),,,,,
1

, sinmqsinmq
i

sq LYLYIR −−

λ

=
λ ′= ∑  

where 

( ) ( ) ( )
( ) ( )

( ) ( )
( ) ,,,1

1,,1
,, 








−

=







= −−

−−−
− qiy

LY
IY

iyLY sinmq

sinmq
sinmq  

( ) ( )
( )

,0
,

,
, 








=







 λ

λ
λ

sq

sq
sq

IV
IA

IIR  

( ) ( ) ( ),,,
1

, sqsq
t

sq ItItIV ε′ε= ∑
λ

=
λ  

where ( ) ( )sinmq LY −,,  and ( ) ( )sinmq LY −− ,,1  are formed by removing the 

( ) ( )-1,,11 s" th row block of ( ) inmqY −,,  and ( ) ,,,1 inmqY −−  respectively, 

and ( ) ( )sinmq IY 1,,1 −−−  is formed by removing the ( ) ( )-,,1 sii " th row 

block of ( ) .1,,1 −−− inmqY  Now, we can define 

( ) ( ) ( ) ( ) ( ),1,,11,,1
1

, sinmqsinmq
i

sq IYIYIC −−−−−−

λ

=
λ ′= ∑  

 ( ) ( ) ( ) ( ),,,1
1
,, snmqsqsq IYICIW λ−−
−
λλ =  

and 

( ) ( ) ( ) ( ).1 ,,,1, sqsnmqsq IWIYI λλ−−λ ′+=α  

In addition, for the corresponding backward ( ),,AR sMq  we will 

have 

( ) ( ) ( )
( ) ( ) ( ) ( )[ ],,,1

,,1

1
, qiyMYqiy

MY
MR sinmq

sinmq

i
sq −′′








−

= −−
−−

λ

=
λ ∑  
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( ) ( ) ( ) ( ) ( ),,,1,,1
1

, sinmqsinmq
i

sq MYMYMD −−−−

λ

=
λ ′= ∑  

( ) ( ) ( ),,,
1

, sqsq
t

sq MtMtMV ε′ε= ∑
λ

=
λ  

and 

( )
( )

( )
,0

,

,
,












=









λ

λ
λ

sq

sq
sq MVI

MB
MR  

where ( )sq MB λ,  and ( ) ( )sinmq MY −− ,,1  are formed by removing the 

( ) ( )-1,,1 1 smqmq −+−+ " th row block of λ,qB  and ( ) ,,,1 inmqY −−  

respectively. We note ,111 jjj imq =+=−+  and thus we can identify 

that ( ) ( ) ( ) ( )sinmqsinmq LYMY −−−− = ,,1,,1  and ( ) ( ).,, sqsq IRMR λλ =  

Next, we consider a forward ( )sLq ,1AR +  model using the sample 

( ) ( ){ },1,,1 +λyy "  and we have 

 ( ) ( )
( ) ( ) ( ) ( ) ( )[ ],1,,

1,,

1

1
1,1 sinmq

sinmqi
sq LYiyLY

iyLR −−
−−

+λ

=
+λ+ ′′








= ∑  

( ) ( ) ( ) ( ) ( ),1,,1,,

1

1
1,1 sinmqsinmq

i
sq LYLYLC −−−−

+λ

=
+λ+ ′= ∑  

( ) ( ) ( ) ( ),1,,
1

1,11,1 snmqsqsq LYLCLW +λ−
−

+λ++λ+ =  

and 

  ( ) ( ) ( ) ( ).1 1,11,,1,1 sqsnmqsq LWLYL +λ++λ−+λ+ ′+=α  

Again, we consider a forward ( )sLq,AR  model fitted from this 

sample set, and analogously, we have 

( ) ( ) ( ) ( ),1,,1
1

1,1, snmqsqsq LYLCLW +λ−−
−

+λ+λ =  
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and 

( ) ( ) ( ) ( ).1 1,1,,11, sqsnmqsq LWLYL +λ+λ−−+λ ′+=α  

We also consider a backward ( )sMq,AR  model fitted by this sample, 
and we have 

( ) ( ) ( )
( ) ( ) ( ) ( )[ ],,,1

,,1
1

1
1, qiyMYqiy

MY
MR sinmq

sinmq

i
sq −′′








−

= −−
−−

+λ

=
+λ ∑  

and 

( )
( )

( )
.0

1,

1,
1,












=









+λ

+λ
+λ

sq

sq
sq MVI

MB
MR  

The above expressions lead to the following partitions: 

( )

( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( )
























′

′′

=

λ−−−

λ

=

−−−

λ

=

λ

=
+λ+

∑

∑∑

sqsinmq
i

sinmq
ii

sq

ICiyIY

IYiyiyiy

LC

,1,,1
1

1,,1
11

1,1

#

"#"

#

 

(2.4) 

( ) ( ) ( ) ( )

( ) ( ) ( ) ( ) ( )

.

1
,,1

1

,,1
1

,

























−′−′−

−′

=

∑∑

∑
λ

=
−−

λ

=

−−

λ

=
λ

qiyqiyMYqiy

qiyMYMD

i
sinmq

i

sinmq
i

sq

#

"#"

#

 

(2.5) 

Matrix inversion for a partitioned matrix is used on both (2.4) and (2.5) to 
obtain the following equations: 

( ) ( ) ( ) ( ) ( ),
0

1,
1
,

,,
1,1 sqsq

sqsq
sq IeIVIA

I
IWLW +λ

−
λ

λλ
+λ+ 








+








=  

( ) ( ) ( ) ( )( ) ( ) ( ) ( )( ),1,,
1
,1,,,1,1 snmqsqsnmqsqsq IeIVIeIL +λ−
−
λ+λ−λ+λ+ ′+α=α  
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where 

( ) ( )( ) ( )[ ] ( ) ( )( ),1,,,1,, snmqsqsnmq LYIAIIe +λ−λ+λ− ′=  

and the space recursive equations of ( )sq LW 1, +λ  and ( ):1, sq L+λα  

( )
( ) ( )

( ) ( ) ( )( ),
0 1,,

1
,

,1,
1,1 snmqsq

sqsq
sq MeMV

I
MBLW

LW +λ−
−
λ

λ+λ
+λ+ 



+



=  

 ( ) ( )sqsq LL 1,1,1 +λ+λ+ α=α  

( ) ( )( ) ( ) ( ) ( )( ),1,,
1
,1,, snmqsqsnmq MeMVMe +λ−
−
λ+λ−′+  

where 

( ) ( )( ) [ ( ) ] ( ) ( )( ).1,,,1,, snmqsqsnmq MYIMBMe +λ−λ+λ− ′=  

In addition, the overall forward time update algorithm is summarised 
in Table 1. 
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Table 1 

Forward space time recursions from λ  to 1+λ  

( ) ( )( ) ( )[ ] ( ),1,,1,, sqsqsnmq LYIAIIe +λλ+λ− ′=  (2.6a) 

( ) ( )( ) ( ) ( )( ) ( ),1
,1,,1,, sqsnmqsnmq IIeI −
λ+λ−+λ− α=ε  (2.6b) 

( ) ( ) ( ) ( ) ( )( ),1,,,,1, snmqsqsqsq IIWIAIA +λ−λλ+λ ε′−=  (2.6c) 

( ) ( ) ( ) ( )( ) ( ) ( )( ),1,,1,,,1, snmqsnmqsqsq IeIIVIV +λ−+λ−λ+λ ′ε+=  (2.6d) 

( ) ( ) ( ) ( ) ( ) ( )( ),
0

1,,
1
,

,,
1,1 snmqsq

sqsq
sq IeIVIA

I
IWLW +λ−

−
λ

λλ
+λ+ 








+








=   

(2.6e) 

partition  

( ) ,1,1 



=+λ+ d
DLW sq  

( ) ( )( ) ( ) ,,1,, dMVMe sqsnmq λ+λ− =  (2.6f) 

( ) ( ) ,,1, dMBDLW sqsq λ+λ −=  (2.6g) 

( ) ( ) ( ) ( )( ) ( ) ( ) ( )( ),1,,
1
,1,,,1,1 snmqsqsnmqsqsq IeIVIeIL +λ−
−
λ+λ−λ+λ+ ′+α=α  

(2.6h) 

( ) ( ) ( ) ( )( ) ,1,,1,11, dMeLL snmqsqsq +λ−+λ++λ ′−α=α  (2.6i) 

( ) ( )( ) ( ) ( )( ) ( )[ ] ,1
1,1,,1,,

−
+λ+λ−+λ− α=ε sqsnmqsnmq LMeM  (2.6j) 

( ) ( ) ( ) ( )( ) ( ) ( )( ),1,,1,,,1, snmqsnmqsqsq MeMMVMV +λ−+λ−λ+λ ′ε+=  (2.6k) 

( ) ( ) ( ) ( ) ( )( ),1,,1,,1, snmqsqsqsq MLWMBMB +λ−+λλ+λ ε′−=  (2.6l) 

We observe that, if there is a consecutive set of k deleted lags beginning 
at lag 1 in the forward ( )sIp,AR  model and fitted using the sample 

( ) ( ){ },1,,1 +λyy "  we have 
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( ) ( ),1,1, kkkqsq IWIW −+λ−+λ =  

and 

( ) ( ),1,1, kkkqsq II −+λ−+λ α=α   (2.6m) 

where sI  contains ,,,,,1 sk iii ""  and ,,,2,1, kjjij "==  and kI  

contains .,,1 kiki sk −−+ "  

When we consider a backward ( )sNq,AR  model fitted from the 
sample ( ) ( ){ },,,1 λyy "  we have 

( ) ( ) ( ) ( ) ( ),,,1,,1
1

, sinmqsinmq
i

sq NYNYND −−−−

λ

=
λ ′= ∑  

and 

( ) ( ) ( ) ( ).,,1
1
,, snmqsqsq NYNDNW λ−−
−
λ

∗
λ =  

Further, we define 

( ) ( ) ( ) ( ),1 ,,,1, sqsnmqsq NWNYN ∗
λλ−−

∗
λ ′−=α  

( ) ( ) ( ) ( ),1 1,11,,1,1 sqsnmqsq MWMYN ∗
+λ++λ−

∗
+λ+ ′−=α  

 ( ) ( ) ( ) ( ).1 1,1,,11, sqsnmqsq MWMYM ∗
+λ+λ−−

∗
+λ ′−=α  

Next, we consider a backward ( )sNq ,1AR +  model fitted from the 
sample ( ) ( ){ },1,,1 +λyy "  where jn  of sN  has the relation .1+= jj mn  

We have 

( ) ( ) ( ) ( ) ( ),,,,,

1

1
1,1 sinmqsinmq

i
sq MYMYND −−

+λ

=
+λ+ ′= ∑  

and 

( ) ( ) ( ) ( ).1,,
1

1,11,1 snmqsqsq MYNDNW +λ−
−

+λ+
∗

+λ+ =  
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Using the analogous relations for deriving the λ  to 1+λ  overall 
forward time update algorithm, we can have the 1+λ  to λ  overall 
backward time update algorithm that is summarised in Table 2. 

Table 2 

Backward space time recursions from 1+λ  to λ  

( ) ( )( ) [ ( ) ] ( ),1,1,1,, sqsqsnmq MYIMBM +λ+λ+λ− ′=ε  (2.7a) 

( ) ( )( ) ( ) ( )( ) ( ),1
1,1,,1,, sqsnmqsnmq MMMe −∗
+λ+λ−+λ− αε=  (2.7b) 

( ) ( ) ( ) ( ) ( )( ),1,,1,1,, snmqsqsqsq MeMWMBMB +λ−
∗

+λ+λλ ′+=  (2.7c) 

( ) ( ) ( ) ( )( ) ( ) ( )( ),1,,1,,1,, snmqsnmqsqsq MeMMVMV +λ−+λ−+λλ ′ε−=   

(2.7d) 

( ) ( )








=

∗
+λ∗

+λ+ 0
1,1,1 sqsq

MWNW  

( ) ( ) ( ) ( )( ),1,,
1

1,
1,

snmqsq
sq MMV

I
MB

+λ−
−

+λ
+λ ε



+  (2.7e) 

partition 

( ) ,1,1 







=

∗

∗
∗

+λ+
D
dNW sq  

( ) ( )( ) ( ) ,1,1,,
∗

+λ+λ− =ε dIVI sqsnmq  (2.7f) 

( ) ( ) ,1,,
∗

+λ
∗∗

λ −= dIADNW sqsq  (2.7g) 

( ) ( ) ( ) ( )( )snmqsqsq MMN ∗
+λ−

∗
+λ

∗
+λ+ ε−α=α 1,,1,1,1  

( ) ( ) ( )( ),1,,
1

1, snmqsq MMV +λ−
−

+λ ε×  (2.7h) 

( ) ( ) ( ) ( )( ) ,1,,1,1,
∗

+λ−
∗

+λ+
∗
λ ε′+α=α dINN snmqsqsq  (2.7i) 
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( ) ( )( ) ( ) ( )( ) ( )[ ] ,1
,1,,1,,

−∗
λ+λ−+λ− αε= sqsnmqsnmq NIIe  (2.7j) 

( ) ( ) ( ) ( )( ) ( ) ( )( ),1,,1,,1,, snmqsnmqsqsq IeIIVIV +λ−+λ−+λλ ′ε−=   

(2.7k) 

( ) ( ) ( ) ( ) ( )( ).1,,,1,, snmqsqsqsq IeNWIAIA +λ−
∗
λ+λλ ′+=  (2.7l) 

Note that if there is a consecutive set of k deleted leads beginning at          
lead 1 in the backward ( )sMp,AR  model fitted using the sample 

( ) ( ){ },,,1 λyy "  we have 

( ) ( ),,, Kkqsq MWMW ∗
λ−

∗
λ =  

and 

( ) ( ),,, Kkqsq MM ∗
λ−

∗
λ α=α  (2.7m) 

where sM  contains ,,,,,1 sk mmm ""  and ,,,2,1, kjjmj "==  and 

kM  contains .,,1 kmkm sk −−+ "  

Furthermore, a model selection criterion for the 2D case as suggested 
by Hannan and Deistler [4], could be modified to use at each time instant 
with the proposed method to select the optimal 2D subset autoregressive 
model among all candidate 2D autoregressive models, including 2D               
full-order models. This model selection criterion is defined by: +G  

[ ] ,/loglog2 Sλλ  where S is the number of functionally independent 

parameters, and Ĝ  is the estimate of λ,qV  for the autoregression. 

3. Conclusion 

We have developed an effective recursive algorithm for fitting 2D 
subset autoregressions, including 2D full-order models. The optimum 
model is found by employing the proposed recursive procedures in 
conjunction with model selection criteria. Compared to the conventional 
procedure of including every lag in the model, this method has the 



ON THE RECURSIONS OF TWO-DIMENSIONAL … 25

advantage of considering all possible 2D ARs, and so establishing the 
number of nonzero parameters, which characterise the system. To 
implement this procedure effectively, we have found necessary, however, 
to select a maximum pair of lag length ( ),, NM  which exceeds the true 

pair of lag length. 
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