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Abstract
In this paper, based on a new quasi-Newton equation and the conjugacy
condition, we propose a modified conjugate gradient method. Under some suitable
conditions, it is proven that the method converges globally for general functions.

1. Introduction

The nonlinear conjugate gradient method is designed to solve the

following unconstrained optimization problem:

min f(x), x € R", (1.1)
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where fis smooth and its gradient g is available. The nonlinear conjugate
gradient method is very useful for solving (1.1), especially when n is
large, and has the following form:

Xpe1 = Xp + Opdp, (1.2)
and
- ) k = 1’
d, :{ Bk (1.3)
-8 +Bkdk—1’ k > 2,

where o) > 0 is step-length, B, is a scalar, and g;, denotes Vf(x},).

The PRP, HS, and LS methods are three well-known conjugate
gradient methods [2, 4], and other conjugate gradient methods can be
found [1, 6] et al..

Recently, based on the memoryless BFGS quasi-Newton method, [6]
propose a new LS type method, which converges globally for general
functions with the Grippo-Lucidi line search.

In this paper, based on a new quasi-Newton equation proposed in [5],
we establish a new conjugate gradient method, by modifying the Liu-
Storey type nonlinear conjugate gradient method and the conjugacy
condition, which derived from [1]. Under some suitable properties, it is
proven that the global convergence of the method for general functions
with the strong Wolfe line search.

2. A Modified Conjugate
Gradient Method

In [5], a new quasi-Newton equation was proposed for the problem
(1.1):

Bypask = Yk Yk = Ykt Yk2 Sk 2.1)
sl

where By,; is the Hessian approximation of f(x), Spi1 = Xpyq — X =

0y Vi = 8kl — ks

Ve = 2(fr = fes1) + (&k + 8rs1) k- (2.2)
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We give our new conjugacy condition by using this new quasi-Newton
equation. Let Hj_; be the inverse Hessian approximation of f(x). Since

By, satisfies the new quasi-Newton equation: Bj.15, = ¥, Yp = Y +

Tk
sl

5 Sk and the search direction is calculated as following:

dk+1 = _Hk+1gk+1~

We obtain that
dis1Yk = die1(Braase) = = 8ha1ses (2.3)
where y}; is defined as (2.1). Finally, taking (2.3) into consideration and
adding the parameter £, we achieve our new conjugacy condition:
dfs1Vk = ~18k+15k- (2.4)

Using the new conjugacy condition (2.4), we are now ready to give
some new nonlinear conjugate gradient methods. Multiplying the search

direction with y, in [6] and using (2.4), we obtain the following formula

for computing:

dl:+1 2 —Gpa t BZ+ldz + 9k+1(y7§ - 5,). (2.5)

We obtain that

(BO )yoa Eha1k _ ”yl: ||2g;§+1d7§
k+1 - ’
T (@) e |(di) gl

T *
s 8radp

Opy = —SEa%h (2.6)
—(dr)" g

where y}, is defined as (2.1). It can be seen that if the objective function f

1s uniformly convex, then we have

* * % 2f _f +(gp,+8 TS
(@) 3% = (df )|+ 2L k+1>" ("2k ) e
Sk
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= (i) (She1 — 8k) + 20551 (fr, — fosr) + (81 + Sha1) " dJ,

* -1
= 2(dy,)" ghe1 + 20551 (f, = fre1) > 0,
where the last inequality is from the uniform convexity of f. However, if f
is a general function, then (dJ,)" y; may equal to 0. In order to overcome

this problem, we make the following modification. Define 3 = yj +

max{y, 0}

2
s

2 T *
8r1dp

T o~ ~%
1 s Sk+1Yk Yk
(Bk+1 )* = - -1 | 2

—(dr)" g |(dr)" g

Using this modification, when the strong Wolfe line search is used
and the descent condition holds, (B}, )" is well-defined since we always

have

(dp) 5k = (dp) yp 2 —(1-0)gidy, > 0. 2.7)

In addition, following Dai and Liao’s approach [1], we also give the

following formula:

T ~% ~% 12 T *
* A Y g d
(B%eJrl) a max{ gk:li’k ’ 0}—t " kl!k Tk+1 2k ) (2.8)
- (dr)" & (dr)" gl
Algorithm:
Step 0. Given constants 0 < 8 < 6 <1, ¢ > 1. Chosen an initial point

x, € R". Let k = 1.

Step 1. Compute dj, by d; = — g7, and for k& > 1,

i = 1= gr+ (BE) iy + 0,3 = spr), i (BR) 2 0, ©.9)
— g1, otherwise,

where ([3% )" and 0, are defined by (2.8) and (2.6), respectively.
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Step 2. Determine o by the strong Wolfe line search (3.4).

Step 3. Let the next iterate be x,; = x;, + opdy.

Step 4. Let £ = k£ +1, go to Step 1.

3. Convergence Analysis

In this section, we will discuss the global convergence of the method
(2.8). We show that the conjugate gradient method with (2.8) is globally

convergent for general function.

Throughout this section, we assume that g; = 0, for all £ > 1.

The following basic assumptions on the objective function will be used

in this section:
H 3.1. (1) The level set T = {x | f(x) < f(x;)} is bounded, namely,

there exists a constant B > 0 such that |x|| < B, forall x e I".

(2) In some neighborhood N of T, f is continuously differentiable,

and its gradient is Lipschitz continuous, namely, there exists a constant
L > 0 such that

[Vf(x) - VF(X)| < L|x — %], for all x, X € N. (3.1)
Under the above assumptions on f, there exists a constant y > 0 such
that

[VF(x)| < v, for all x e T. (3.2)

We state the following two properties, which play important roles in

our later analysis. We say the descent condition holds, if for each search

direction d, : gid, <0, forall & > 1.

In addition, we say the sufficient descent condition holds, if there

exists a constant ¢ > 0 such that for each search direction dj,, we have

ghdy < —c|gg|?, for all k> 1. (3.3)
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The step-length o in (1.2) is obtained by some line search scheme. In

conjugate gradient methods, the strong Wolfe conditions, namely,

(3.4)

f(xk +akd}:)—fk < Sakg;IdZ, |g(xk +0Lkdk)T
where 0 < 8 < 6 <1, are often imposed on the line search (in this case,
we call the line search the strong Wolfe line search).

For any conjugate gradient method with the strong Wolfe line search,

we have the following Lemmas 3.1 and 3.2.

Lemma 3.1. Let o, be obtained by the strong Wolfe line search.
Suppose that H 3.1 and the descent condition hold. Then, we have

D - aghdy <. (3.5)
k=1

Lemma 3.2. Consider any conjugate gradient method in the form

(1.2)-(1.3), where ay, is obtained by the strong Wolfe line search. Suppose

that H 3.1 and the descent condition hold. Then, the following so-called
Zoutendijk condition holds:

Z(glzdk) (3.6)
x|

Lemma 38.3. Let {x;} and {d;} be generated by the new conjugate

gradient method, then we have (dj, 1) gy < —(1 - % ) 8k ||2

gha1Tk "yk gk 1di; _
— (dg )Tgk (d3)" g

Proof. If g/,15; >0, then (BZ,;)" 2

So,
(dha1) hor = | grsa | +2gk+1ykgk+1dk |54 1” ghindr  ok(ghandi )’
+ +1 = + .
~(dr)'g (i) gel> = (di) &
9 1 Ntglodi s 2g7 i
< lgpnl? + 2 kg (VB 5y Dl ghadi
t - (dr,) 8t (dr)" g
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1 2
=—(1- n Mgrsl”

5317 hnd

If gp15% <O, then (B%ﬁ+1 )& - .
R * 2
(dr)" gkl

’

~% * ~% 2 * *\2
Eh1Yk8hn1dk _t "yk " gh1d), B o (8ke1dr)
CANT (di) gel” —(di) g

(di1) grer = ~lgra [ +

1571 (gkaadi) _, 1541 8hadi
t

IN

1
Aghrlf + gl + ¢

* 2 * 2
|(dr.)" &l |(dr,)" g
1 2
- (-l
1 2
<= Dlgral
which shows that the conclusion holds by induction since d; = — g; and
t > 1. This completes the proof. O

Lemma 3.4. Consider the conjugate gradient method in the form
(1.2)-(1.3), where Bj is calculated by (2.8) and oy is obtained by the

strong Wolfe line search. Suppose that H 3.1 and the sufficient descent
condition (3.3) hold. Suppose that there exists a constant y; > 0 such that

lgrsill = v1, for all k=2 0. Then, we have dj # 0 and z:=1||“k+1 -

d
Mk||2 <0, Upy1 = "dz—ill

Proof. We only need to consider the case (B%Hl ) > 0. We rewrite

(2.9) as follows:

2 * A 2 *
dZJrl = —gps + (Bre1) d}: + ek+1(y;;, = 5) 2 Vg + (Bra) dZ- 3.7

Now, we define

a Vil and § A (B%-ﬂ )*”d]:" (38)

Ye+1 = +1
"dl:+1 " ”d;:+1 ”
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Then by (3.7), we have for all £ > 1,

Hetl = Yeal + Opq1bp. (3.9)
Using the identity |pnz 1| = [zl =1 and (3.9), we have

||Yk+1 ” = ||l'lk+1 - 8k+1We|l = "6k+luk+1 —Hp ” (3.10)

Using the condition dj,; > 0, the triangle inequality, and (3.10), we

obtain

lrer = Bel < Irer = Spaamel + 18rsibesr — el = 2veal (3.11)

It follows from (3.8), (2.6), (3.4), and (3.2) that there exists a constant
M; # 0 such that

[veal < I8l + ollgre - gkl + [xper = x]) < v + 20(y + B) = M.

(3.12)
So, we have from (3.7), (3.12), (3.2), and (3.6) that
< v o M?E M g
Z”ka " Z " k+1 ” Z 1 1 Z ” k+1 "
k=0 Sldial®  Zldial® v S ldial?
which together with (3.9) completes our proof. O

Let N* denote the set of positive integers. For A > 0 and a positive
integer A, we define the set of index: K;‘ NS Nk<i<k+A-1,
lIsiall > 25

Lemma 3.5. Let {x},} and {d}} be generated by the Algorithm. Then,
if |grs1ll = v1, for all k >0 holds, there exists . > 0 such that, for any

A e N* and any index ky, there is an index k >k, such that

A

A
|Kk,A| > 5

Proof. We proceed by contradiction. Suppose that for any A > 0,

there exist A € N* and k; such that
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K}yl <5, forall k> k. (3.13)

Let b >1 and A > 0 suchthat forall %, |B;|<b and |s,_1]| <A = |Bg|

< sz For A > 0, we choose A and k& such that (3.13) holds. For [ > &y +1,

we have from (3.7) and (3.12) that || |* < (Jv1||+|(B7)|di_1])* < 2M?

+2((p? )" )2||dl*_1 ||2 Now, the remaining argument is standard in the
same way as Lemma 4.2 in [2]. So, we omit it here. The proof is then
completed. O

Theorem 3.6. Let {x;} and {d}} be generated by Algorithm. Then,

Jim inflg] = 0.

4. Numerical Experiments

We carry out some numerical experiments. This algorithm has been
tested on some problems from [3]. The results are summarized in Table 1.

For each test problem, No. is the number of the test problem in [3], x( is
the initial point, x; is the final point, and FV is the final value of the

objective function.

Table 1. The detail information of numerical experiments

No. xQ xp, lgr| Fv

s201 8,9) (5, 6) 1.907348633r — 006  9.094947018e — 013
s206 (-1.2, 1) (1, 1.0004) 7.964932417e — 006 1.410015189¢ — 009
s207 (-1.2, 1) (0.9999891, 0.999736) 8.8142009¢ — 006 1.399722747e — 008
s309 0, 0) (3.48268, 3.9) 9.6410967¢ — 006 —3.9871708

s208 (-1.2, 1) (0.999903, 0.999805) 9.725340738e — 006 9.451272023e — 009
s212 2, 0) (0.141906, — 0.141907) 8.311214097e — 006 4.898648281e — 012
s311 1,1 3,2 0 0
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