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Abstract 

Linear discriminant analysis (LDA) is a well-known method for dimensionality 
reduction and classification. LDA finds a transformation matrix, which is 
readily computed by solving a generalized eigenvalue problem. The accuracy of 
LDA can be measured by the condition number of the generalized     
eigenvalue problem. 

In this paper, we find the relation of the maximum of relative condition 
numbers related to the generalized eigenvalue problem with some variables. 

1. Introduction 

Discriminant analysis aims at the classification of an object into one 
of c given classes based on information from a set of p predictor features. 
Among the many available methods, the simplest and the most popular 
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approach is linear discriminant analysis (LDA) that projects high-
dimensional data onto a low-dimensional space, where the data achieves 
maximum class separability [3, 6, 7]. 

The derived features in LDA are linear combinations of the original 
features, where the coefficients are from the transformation matrix. The 
optimal projection or transformation in classical LDA is obtained by 
minimizing the within-class distance and maximizing the between-class 
distance simultaneously, thus achieving maximum class discrimination. 
It has been applied successfully in many applications [1, 2, 4, 11] 
including face recognition and microarray gene expression data analysis. 

The original LDA formulation, known as the Fisher linear 
discriminant analysis (FLDA) [5] deals with binary-class classifications. 
The key idea in FLDA is to look for a direction that separates the class 
means well (when projected onto that direction) while achieving a small 
variance around these means. Linear discriminant analysis is optimal if 

(a) multivariate normal distribution for the observation in each of the 
groups; 

(b) equal covariance matrix for all groups; 

(c) equal prior probability for each group; 

(d) equal costs for misclassification. 

For evaluating the performance of LDA, apparent classification error 
rate (APER), expected cost of misclassification (ECM), total probability of 
misclassification (TPM), optimal error rate (OER), and actual error rate 
(AER) are used. We want to define a new measure which depends on 
eigenvectors of a generalized eigenvalue problem. As we know, the 
columns of the projection matrix in LDA are the eigenvectors of a 
generalized eigenvalue problem. So a criterion, which could measure the 
accuracy of the eigenvectors, will be appropriate for evaluating the 
performance of LDA. Relative condition number is an index, which has 
this property. Here, we consider some of the variables defined on the data 
or matrices W and B, and then investigate to see if there is any relations 
between the relative condition number and the mentioned variables. 



LDA AND THE RELATION OF THE RELATIVE … 189

2. LDA and Generalized Eigenvalue Problem 

A data set of n data vectors in a p-dimensional space is denoted as 

[ ] [ ] ,,,,,,, 2121
np

cn RUUUOOOS ×∈== ……   (2.1) 

where the data is clustered to c classes and each block has data vectors as 
follows: 

[ ].,,1 iinii XXU …=  

Here, we assume that ijX  is an observation of a multivariate normal 

distribution and the class covariance matrices are identical. The between-
class scatter matrix B and the within-class scatter matrix W are defined 
as 
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are the centroid of the class i and the global centroid, respectively. The 
separability of classes in a data set can be measured by using the traces 
of these scatter matrices. The goal of linear discriminant analysis (LDA) 

is to find a transformation matrix lpG ×  for some integer l with pl ≤  

that defines a linear transformation 
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,: 1×× ∈=→∈ l
i

Tlp
i

T ROGyROG  

and preserves the cluster structure by maximizing the between-class 
scatter and minimizing the within-class scatter. In the transformed space 
defined by ,TG  the between-class scatter matrix B~  and the within-class 

scatter matrix jW  become 

,~ BGGB T=  

and 

j ,TW G WG=  

respectively. A commonly used criterion in LDA for finding an optimal 
clustered structure preserving transformation TG  is 

(( ) ( )).max 1 BGGWGGtrace TT
G

−  

It is well known [6] that this criterion is satisfied when 1−= cl  and the 

columns of ( )1−× cpG  are the eigenvectors corresponding to the 1−c  
largest eigenvalue for the following generalized eigenvalue problem, 

,WVBW λ=   (2.3) 

in which λ  and V denote the eigenvalue and the eigenvector, 
respectively. When W is nonsingular, we face the following standard 
eigenvalue problem, 

.1 VBVW λ=−  

However, as in many applications such as information retrival [8] and 
face recognition [9], when the number of data items is smaller than the 
dimension of data space, W becomes singular. 

3. Condition Number 

Condition number plays an important role in modern numerical 
linear algebra. It explains the sensitivity of the solution of a problem to 
perturbation in the data. Relative condition number of a generalized 
eigenvalue problem is defined as follows. 
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Let ix  and iy  be, respectively, the right and left eigenvectors of a 

given eigenvalue :iλ  

,, ByAyBxAx iiiiii
∗∗ λ=λ=  

and define the corresponding components, 

( ) ( ) .,, 2222 i
i

iiiiiiiiiii xyBxyxyAxy
β
α

=λ=β=α ∗∗  

In [10], it is shown that a perturbation in A and B of relative size :ε  

22, BBAA ε≤δε≤δ  

may yield a perturbed eigenvalue ,~
iλ  but that the chordal distance: 
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between the original and the perturbed eigenvalue is bounded by 
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and that there exist perturbations Aδ  and ,Bδ  for which this bound is 

met. The quantity 
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is thus a valid relative condition number for iλ  in the sense that it 

measures how a perturbation of relative size ε  in A and B affects iλ  in 

the chordal metric. We define 

{ ( )},max iC λ= κ   (3.1) 

as the condition number of the generalized eigenvalue problem. 
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4. The Relation of the Condition Number  
with Other Variables 

We want to find the relation of the condition number of (2.3) with 
some variables defined on the data and on B and W matrices. For this 
purpose, we want to change the mean, variance, and correlation 
coefficients values of the features, used in LDA, so that their means and 
variances will be various and the random mechanism will also be used. 

For this purpose, we use the polynomials and some random numbers 
subject to different distributions. For each of the mean, variance, and 
correlation coefficient, 10 choices are considered, and therefore ×× 1010  

100010 =  different conditions are made in which, we simulate the 
multivariate normal distributions. We do this when === pcni ,4,20  

.40  We consider 40,20 == pni  to follow the work in an undersample 

condition that makes W singular. 

Considering 

[ ] ,,,1
T

ijpijij xxX …=  

as a simulated sample, we define 

( ) ;,,1;,,1 iikijk njcimxE …… ===  

( ) ;,,1,corr pkxx klijlijk …=ρ=  

( ) .,,1Var plvx kijk …==  

Then, we consider the values of ,kv  the variance values for k-th features, 

as follows: 

(1) A random number of the uniform distribution in interval (10, 
1000). 

(2) A random number of the uniform distribution in interval (k, 10k). 

(3) A random number of the normal distribution with the mean of 50 
and the standard deviation of 10. 
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(4) A random number of the normal distribution with the mean of 

k10  and the standard deviation of .k  

(5) A random number of the Poisson distribution with the parameter 
of 20. 

(6) A random number of the Poisson distribution with the parameter 
of 5k. 

(7) .2010 +k  

(8) .1035 2 ++ kk  

(9) .55.03.02.0 23 +++ kkk  

(10) 

( ) ,39,,5,3,12
1 …=+ kkf  

( ) ,40,,6,4,2124 …=+− kkf  

where 

( ) .1563 2 ++= kkkf  

In number 10, we change the polynomials of degree 2 so that correlation 
coefficient between k and kv  will not be large. 

We consider the values ,ikm  the mean values for k-th features, as 

follows: 

(1) Random numbers of the uniform distributions in intervals (200, 
300), (250, 350), (300, 400) and (350, 450). 

(2) Random numbers of the uniform distributions in intervals (50k, 
60k), (60k, 70k), (70k, 80k), and (80k, 90k). 

(3) Random numbers of the normal distributions with means and 
standard deviations of (500, 10), (800, 15), (1100, 20), and (1400, 25). 
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(4) Random numbers of the normal distributions with means and 

standard deviations of ( ) ( ) ( ),12,140,11,120,10,100 kkkkkk  

and ( ).13,160 kk  

(5) Random numbers of the Poisson distributions with parameters of 
80, 90, 100, and 110. 

(6) Random numbers of the Poisson distributions with parameters of 
50k, 60k, 70k, and 80k. 

(7) 100k + 50, 150k + 60, 200k + 70, 250k + 80. 

(8) 

,1501535,1001025 22 ++++ kkkk  

.2502555,2002045 22 ++++ kkkk  

(9) 

,708711,505510 2323 ++++++ kkkkkk  

.110141113,9011912 2323 ++++++ kkkkkk  

(10) 

( ) ;39,,5,3,12
1 …=+ kkfi  

( ) ;40,,6,4,2124 …=+− kkfi  

( ) ( ) ;90120;7090 21 +=+= kkfkkf  

( ) ( ) .130180;110150 43 +=+= kkfkkf  

In number 10, we change the polynomial of degree 1 so that the 
correlation coefficient between k and ikm  will not be large. 

We consider the values ,klρ  the correlation coefficient between the   

k-th and l-th features, as follows: 
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(1) A random number of the uniform distribution in interval (0.05, 
0.2). 

(2) A random number of the uniform distribution in interval 
( ).03.0,0 lk +  

(3) A random number of the uniform distribution in interval 
( ( ) ( )).0015.0004.0,0015.0004.0 lklk ++−  

(4) A random number of the uniform distribution in interval ( ,1
lk +

−  

).1
lk +

 

(5) A random number of the normal distribution with the mean of 
−0.02 and the standard deviation of 0.005. 

(6) A random number of the normal distribution with the mean of 0.2 
and the standard deviation of 0.01. 

(7) A random number of the normal distribution with the mean of 0.3 
and the standard deviation of ( ).001.0 lk +  

(8) A random number of the exponential distribution with the 
parameter of 0.01 multiplied by −1. 

(9) A random number of the exponential distribution with the 

parameter of .
5

1
lk +

 

(10) A random number of the exponential distribution with the 

parameter of .5.2
0015.0004.0 lk +  

Now, we notice many variables defined on the data and matrices W 
and B. Corresponding with each simulation of these variables and that of 
the matrices W and B, we compute the condition number defined in (3.1) 
by replacing A and B with B and W, respectively. Using the multivariate 
linear regression, we find the following variables, which are related to ln 
C. 
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ijr  denotes the sample correlation coefficient between the i-th and j-th 

features. So 1Y  denotes mean of the sample correlation coefficients. 
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iiW  denotes the variance estimation of the i-th feature. So 2Y  denotes the 

coefficient of variation for the sample variance of the features. 

Considering Corr as the correlation coefficient, we define 

( ),,Corr3 dWIY =  

where 

[ ] ,,,2,1 TpI …=  

and 

[ ] ,,,11
T

ppd WWW …=  
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3Y  denotes the correlation coefficient between the row number of S, 
defined by (2.1), and the feature variance of the related row. 
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4Y  denotes the coefficient of variation for the transformed entries of 
matrix W. 
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5Y  denotes the coefficient of variation for the transformed entries of 

matrix B. 

,6
E

S
Y E=  

where 

( ) ,1 2
.

1

2 EEpS i

p

i
E −= ∑

=

 

with 

,1

1
. ij

p

j
i EpE ∑

=

=  

6Y  denotes the coefficient of variation for the mean of the rows for the 

transformed W. 
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7Y  denotes the coefficient of variation subject to coefficients of variation 

for the entries of each row of W. 
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8Y  denotes the mean of coefficients of variation of the entries for each 

transformed row of W. 
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9Y  denotes the coefficient of variation for the row mean of the 

transformed B. 
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jiX .  is defined in (2.2), and 10Y  denotes the mean of coefficient of 

variation corresponding with the features so that the coefficient of 
variation corresponding with each feature is computed through the c 
value, corresponding with the c class. 

Considering 
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and 
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For each class, the mean of coefficient of variation for the features is 
computed. 11Y  denotes the coefficient of variation of the computed values 

corresponding with the classes. 
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For each class, the variance for the coefficient of variation of the features 
is computed. 12Y  denotes the mean of the computed values subject to 

classes. 

For the mentioned simulated data, the range of variation for C and 
the other variables have been computed as follows: 

,00.122.0,12.118.0,32.001.0 321 ≤≤−≤≤≤≤ YYY  

,54.001.0,98.130.0,18.128.0 654 ≤≤≤≤≤≤ YYY  

,12.111.0,10.147.0,63.140.0 987 ≤≤≤≤≤≤ YYY  

,95.500.0,47.004.0,35.005.0 121110 ≤≤≤≤≤≤ YYY  

 .1053.263.171 3×≤≤ C  
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We first, used the ordinary least square regression, but we faced 
heteroskedasticity problem. To remove this problem, we used weighted 
least square regression, which resulted the 18 models. 

The models 1 through 17 use both the variables defined on matrices B 
and W, and the variables defined on the data. To minimize the 
colinearity, a few variables were entered each time. Some models include 
constant value and some lack it. Having constant value will bring about a 
higher tolerance and a lower vif, and lacking it will bring about a bigger 
eigenvalue and a smaller condition index. 

These models are presented in Tables 1 through 17, on pages 205, 
206, 206, 207, 207, 208, 208, 209, 209, 210, 210, 211, 211, 212, 212, 213, 
and 213 respectively. 

Now, we want to convey a model, which can only be defined on the 
entries of B or W matrices. We use the variable 5Y  defined on the entries 

of B matrix, to present a quadratic model so that the colinearity will be 
minimized. Regarding [9], ( )v1φ  and ( ),2 vφ  which are defined as follows, 
are orthogonal and therefore their colinearity will be minimized. 

,1041.1max
5

5

5 <<== vY
Y

Yv  

,61.0
39.12

min1
1min2 −=

−
−−= v

v
vvu  

( ) ,695.02
1min

1 −=+−=φ vvvv  

( ) ( ) ( ) ( ) ( ),3112
61.03112

min1 2
2

2
2

2 uuvv +−=+−−=φ  

and therefore the Model 18 on page 214 will be obtained. 

In all the above 18 models, we have 

  Tolerance 25.0>       VIF 4<  

Eigenvalue 01.0>       Condition Index .15<  

Therefore, the probability of colinearity is low. 
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For analyzing the residuals, we used the normality test and the 
charts of residuals. The normality test of residuals were carried out using 
the Lillifors test and K-stat values, the corresponding statistic values 
mentioned in tables related to models. The charts of residuals for the 18 
above-mentioned models are displayed in Figures 1 through 18 on pages 
214, 214, 215, 215, 215, 215, 216, 216, 216, 217, 217, 217, 218, 218, 218, 
219, 219 and 219, respectively. 

5. Conclusion 

We found out that there is a relationship between the condition 
number and some variables. These variables have been defined either on 
the data or on the matrices W and B. The positive and negative 
coefficients of variables indicate increasing and decreasing effect of the 
variable values on the condition number, respectively. So, these variables 
could be considered as the criteria for measuring the performance of LDA. 
Some of them are controllable, that is, by following some principles, we 
can control their values to decrease the condition number. 

The positive coefficients for the variables 
8

1
Y  and 

12

1
Y  as well as 

those of the variables ,,,,,,,,, 1097654321 YYYYYYYYY  and 11Y  in 

models indicate the magnitude of their values will increase the index C. 
Then, the magnitude of the values of variables 8Y  and 12Y  indicates the 

high accuracy of LDA and the other variables magnitude represents the 
low accuracy of LDA. 

Noticing the decreasing effect of the variable ,,,, 10132 YYYY  and 11Y  

on the accuracy of LDA, we should respectively observe what follows. 
When choosing the features in LDA, it is necessary to select the features, 
whose variances are close to one another. When the data matrix is made, 
we should allocate the features to the rows so that the linear correlation 
coefficient between the feature variance and the row number is small. We 
should choose the features so that their correlation coefficient mean is 
small. We should choose the features in LDA so that their means in c 
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class are close to one another. We should choose the features so that the 
mean of coefficient of variation corresponding with classes are close to 
each other. 

Noticing the increasing effect of the variable 12Y  on the accuracy of 
LDA, we should select the features so that their coefficient of variation 
are far from each other. 

None of the above-mentioned models is a general model, but 
according to them, we can simulate more to achieve general models. 

The Model 18 can result in presenting a general model in which the 
performance of LDA is evaluated only based on the changes of matrix B, 
and there is no need to notice the existing changes in data for evaluating 
the performance of LDA. The other advantage of this model is that, it can 
lead us to a general model for each generalized eigenvalue problem 

,BVAV λ=  in which the changes in A entries determine the condition 
number. 

6. Tables and Figures 

The tables and figures of the 18 models follow the references. The 
figures include the histograms of the residuals accompanied by the 
normal fit and the charts of residuals against the predicted values. The 
tables include an independent variable and dependent ones related to 
each model. They also include non-standard coefficient, standard 
coefficient, t, significance, tolerance, vif related to the independent 
variables, and eigenvalue and condition index related to the dimensions. 
The results indicate that the above-mentioned models are fairly 
appropriate. 
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Table 1. Model 1 

Dep Var:(lnC)1.05 

Non-standard Coeff. Standard Coeff. 
Model 

B Std. Err. Beta Std. Err. 
t 

Constant 0.352 0.165 – – – – – – 2.140 

7Y  1.382 0.108 0.093 0.007 12.748 

9Y  17.646 0.148 0.873 0.007 119.560 

11Y  17.169 0.356 0.352 0.007 48.254 

Sig Tol VIF Dim Eig Cond 

0.033 – – – – – – 1 3.665 1.000 

0.000 1.000 1.000 2 0.148 4.974 

0.000 0.993 1.008 3 0.145 5.035 

0.000 0.992 1.008 4 0.042 9.314 

K-stat Sig R-square Adj R-square F Sig 

0.0265 0.0944 0.947 0.947 5.973 × 103 0.000 
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Table 2. Model 2 

Dep Var:(lnC)1.32 

Non-standard Coeff. Standard Coeff. 
Model 

B Std. Err Beta Std. Err 
t 

Constant – 6.738 0.477 – – – – – – −14.132 

7Y  3.247 0.294 0.082 0.007 11.040 

5Y  28.575 0.221 0.995 0.008 129.290 

10Y  56.294 1.280 0.338 0.008 43.964 

Sig Tol VIF Dim Eig Cond 

0.000 – – – – – – 1 3.602 1.000 

0.000 1.000 1.000 2 0.230 3.961 

0.000 0.938 1.066 3 0.132 5.224 

0.000 0.938 1.066 4 0.032 9.870 

K-Stat Sig R-Square Adj R-Square F Sig 

0.0278 0.0628 0.945 0.945 5.669 × 103 0.000 

Table 3. Model 3 

Dep Var:(lnC)1.119 

Non-standard Coeff. Standard Coeff. 
Model 

B Std. Err Beta Std. Err 
t 

Constant 0.357 0.177 – – – – – – 2.015 

3Y  0.988 0.099 0.074 0.007 9.951 

9Y  22.728 0.193 0.875 0.007 117.683 

11Y  21.836 0.466 0.349 0.007 46.894 

Sig Tol VIF Dim Eig Cond 

0.044 – – – – – – 1 3.333 1.000 

0.000 1.000 1.000 2 0.462 2.685 

0.000 0.993 1.007 3 0.145 4.790 

0.000 0.992 1.008 4 0.059 7.522 

K-Stat Sig R-Square Adj R-Square F Sig 

0.0284 0.0525 0.945 0.945 5.739 × 103 0.000 
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Table 4. Model 4 

Dep Var:(lnC)1.15 

Non-standard Coeff. Standard Coeff. 
Model 

B Std. Err Beta Std. Err 
t 

3Y  1.075 0.106 0.033 0.003 10.145 

9Y  25.316 0.172 0.716 0.005 147.475 

11Y  24.002 0.400 0.290 0.005 59.940 

Sig Tol VIF Dim Eig Cond 

0.000 0.574 1.741 1 2.413 1.000 

0.000 0.255 3.926 2 0.441 2.338 

0.000 0.256 3.902 3 0.145 4.077 

K-Stat Sig R-Square Adj R-Square F Sig 

0.0283 0.0551 0.994 0.994 5.521 × 104 0.000 

Table 5. Model 5 

Dep Var:(lnC)1.14 

Non-standard Coeff. Standard Coeff. 
Model 

B Std. Err Beta Std. Err 
t 

1Y  5.658 0.552 0.034 0.003 10.259 

9Y  24.511 0.167 0.713 0.005 147.129 

11Y  23.382 0.390 0.291 0.005 59.979 

Sig Tol VIF Dim Eig Cond 

0.000 0.528 1.893 1 2.456 1.000 

0.000 0.253 3.955 2 0.399 2.481 

0.000 0.253 3.955 3 0.145 4.113 

K-Stat Sig R-Square Adj R-Square F Sig 

0.0284 0.0521 0.994 0.994 5.579 × 104 0.000 
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Table 6. Model 6 

Dep Var:(lnC)1.24 

Non-standard Coeff. Standard Coeff. 
Model 

B Std. Err Beta Std. Err 
t 

1Y  8.236 0.794 0.039 0.004 10.409 

5Y  19.178 0.140 0.682 0.005 137.118 

11Y  34.059 0.528 0.327 0.005 64.514 

Sig Tol VIF Dim Eig Cond 

0.000 0.536 1.865 1 2.421 1.000 

0.000 0.301 3.320 2 0.406 2.443 

0.000 0.289 3.456 3 0.174 3.735 

K-Stat Sig R-Square Adj R-Square F Sig 

0.0228 0.2445 0.993 0.993 4.444 × 104 0.000 

Table 7. Model 7 

Dep Var:(lnC)1.14 

Non-standard Coeff. Standard Coeff. 
Model 

B Std. Err Beta Std. Err 
t 

Constant 1.644 0.190 – – – – – – 8.635 

1Y  5.787 0.612 0.074 0.008 9.458 

5Y  13.374 0.121 0.869 0.008 110.544 

11Y  24.193 0.516 0.369 0.008 46.907 

Sig Tol VIF Dim Eig Cond 

0.000 – – – – – – 1 3.329 1.000 

0.000 1.000 1.000 2 0.420 2.820 

0.000 0.995 1.005 3 0.176 4.356 

0.000 0.995 1.005 4 0.065 7.152 

K-Stat Sig R-Square Adj R-Square F Sig 

0.0263 0.0979 0.939 0.939 5.093 × 103 0.000 
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Table 8. Model 8 

Dep Var:(lnC)1.14 

Non-standard Coeff. Standard Coeff. 
Model 

B Std. Err Beta Std. Err 
t 

Constant 1.209 0.216 – – – – – – 5.589 

2Y  2.041 0.201 0.077 0.008 10.129 

5Y  13.280 0.116 0.873 0.008 114.605 

11Y  23.774 0.522 0.347 0.008 45.537 

Sig Tol VIF Dim Eig Cond 

0.000 – – – – – – 1 3.592 1.000 

0.000 1.000 1.000 2 0.195 4.290 

0.000 0.992 1.008 3 0.160 4.732 

0.000 0.992 1.008 4 0.052 8.300 

K-Stat Sig R-Square Adj R-Square F Sig 

0.0276 0.0671 0.943 0.943 5.461 × 103 0.000 

Table 9. Model 9 

Dep Var:(lnC)1.1 

Non-standard Coeff. Standard Coeff. 
Model 

B Std. Err Beta Std. Err 
t 

Constant 2.254 0.164 – – – – – – 13.729 

6Y  4.916 0.481 0.078 0.008 10.217 

5Y  11.490 0.102 0.872 0.008 113.203 

11Y  20.774 0.457 0.350 0.008 45.414 

Sig Tol VIF Dim Eig Cond 

0.000 – – – – – – 1 3.274 1.000 

0.000 0.999 1.001 2 0.493 2.576 

0.000 0.992 1.008 3 0.167 4.422 

0.000 0.991 1.009 4 0.065 7.107 

K-Stat Sig R-Square Adj R-Square F Sig 

0.0243 0.1722 0.941 0.941 5.329 × 103 0.000 
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Table 10. Model 10 

Dep Var:(lnC)1.08 

Non-standard Coeff. Standard Coeff. 
Model 

B Std. Err Beta Std. Err 
t 

Constant 0.883 0.153 – – – – – – 5.770 

6Y  4.583 0.426 0.080 0.007 10.761 

9Y  19.726 0.167 0.875 0.007 117.901 

11Y  19.107 0.403 0.351 0.007 47.358 

Sig Tol VIF Dim Eig Cond 

0.000 – – – – – – 1 3.305 1.000 

0.000 0.999 1.001 2 0.490 2.596 

0.000 0.993 1.007 3 0.145 4.770 

0.000 0.992 1.008 4 0.059 7.488 

K-Stat Sig R-Square Adj R-Square F Sig 

0.0256 0.1211 0.946 0.945 5.771 × 103 0.000 

Table 11. Model 11 

Dep Var:(lnC)1.14 

Non-standard Coeff. Standard Coeff. 
Model 

B Std. Err Beta Std. Err 
t 

6Y  5.648 0.503 0.035 0.003 11.222 

9Y  24.529 0.164 0.714 0.005 149.616 

11Y  23.474 0.503 0.292 0.005 61.345 

Sig Tol VIF Dim Eig Cond 

0.000 0.602 1.660 1 2.387 1.000 

0.000 0.256 3.901 2 0.468 2.258 

0.000 0.258 3.882 3 0.145 4.055 

K-Stat Sig R-Square Adj R-Square F Sig 

0.0265 0.0929 0.994 0.994 5.685 × 104 0.000 
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Table 12. Model 12 

Dep Var:(lnC)1.24 

Non-standard Coeff. Standard Coeff. 
Model 

B Std. Err Beta Std. Err 
t 

6Y  8.051 0.727 0.038 0.003 11.077 

5Y  19.199 0.138 0.682 0.005 138.949 

11Y  34.236 0.518 0.329 0.005 66.127 

Sig Tol VIF Dim Eig Cond 

0.000 0.609 1.642 1 2.353 1.000 

0.000 0.305 3.283 2 0.473 2.229 

0.000 0.297 3.367 3 0.174 3.680 

K-Stat Sig R-Square Adj R-Square F Sig 

0.0230 0.2339 0.993 0.993 4.502 × 104 0.000 

Table 13. Model 13 

Dep Var:(lnC)1.1 

Non-standard Coeff. Standard Coeff. 
Model 

B Std. Err Beta Std. Err 
t 

Constant 1.160 0.249 – – – – – – 4.658 

4Y  2.851 0.383 0.060 0.008 7.438 

5Y  11.564 0.108 0.867 0.008 107.182 

11Y  21.097 0.460 0.371 0.008 45.865 

Sig Tol VIF Dim Eig Cond 

0.000 – – – – – – 1 3.665 1.000 

0.000 0.999 1.001 2 0.181 4.501 

0.000 0.995 1.005 3 0.125 5.424 

0.000 0.995 1.005 4 0.030 11.132 

K-Stat Sig R-Square Adj R-Square F Sig 

0.0221 0.2920 0.935 0.935 4.791 × 103 0.000 
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Table 14. Model 14 

Dep Var:(lnC)1.15 

Non-standard Coeff. Standard Coeff. 
Model 

B Std. Err Beta Std. Err 
t 

Constant – 1.284 0.289 – – – – – – – 4.449 

4Y  3.354 0.432 0.058 0.008 7.773 

9Y  25.452 0.219 0.877 0.008 116.225 

11Y  24.296 0.528 0.347 0.008 46.009 

Sig Tol VIF Dim Eig Cond 

0.000 – – – – – – 1 3.709 1.000 

0.000 0.999 1.001 2 0.145 5.050 

0.000 0.993 1.008 3 0.117 5.628 

0.000 0.992 1.008 4 0.028 11.429 

K-Stat Sig R-Square Adj R-Square F Sig 

0.0282 0.0562 0.944 0.944 5.566 × 103 0.000 

Table 15. Model 15 

Dep Var:(lnC)1.22 

Non-standard Coeff. Standard Coeff. 
Model 

B Std. Err Beta Std. Err 
t 

Constant – 1.428 0.245 – – – – – – – 5.833 

12
1

Y  0.001 0.000 0.076 0.007 10.598 

9Y  33.069 0.268 0.887 0.007 123.286 

11Y  29.354 0.671 0.316 0.007 43.751 

Sig Tol VIF Dim Eig Cond 

0.000 – – – – – – 1 3.199 1.000 

0.000 0.986 1.014 2 0.607 2.295 

0.000 0.987 1.013 3 0.135 4.873 

0.000 0.978 1.023 4 0.059 7.354 

K-Stat Sig R-Square Adj R-Square F Sig 

0.0253 0.1290 0.949 0.949 6.189 × 103 0.000 
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Table 16. Model 16 

Dep Var:(lnC)1.09 

Non-standard Coeff. Standard Coeff. 
Model 

B Std. Err Beta Std. Err 
t 

Constant 2.601 0.148 – – – – – – 17.540 

12
1

Y  0.001 0.000 0.104 0.007 14.412 

5Y  11.116 0.091 0.885 0.007 122.205 

11Y  18.885 0.431 0.317 0.007 43.644 

Sig Tol VIF Dim Eig Cond 

0.000 – – – – – – 1 3.162 1.000 

0.000 0.981 1.019 2 0.619 2.261 

0.000 0.982 1.018 3 0.154 4.538 

0.000 0.976 1.025 4 0.065 6.951 

K-Stat Sig R-Square Adj R-Square F Sig 

0.0268 0.0860 0.949 0.948 6.132 × 103 0.000 

Table 17. Model 17 

Dep Var:(lnC)1.1 

Non-standard Coeff. Standard Coeff. 
Model 

V Std. Err Beta Std. Err 
t 

Constant 1.059 0.279 – – – – – – 3.792 

8
1

Y  1.329 0.200 0.054 0.008 6.660 

5Y  11.562 0.108 0.867 0.008 106.609 

11Y  21.049 0.462 0.370 0.008 45.533 

Sig Tol VIF Dim Eig Cond 

0.000 – – – – – – 1 3.681 1.000 

0.000 1.000 1.000 2 0.180 4.517 

0.000 0.995 1.005 3 0.116 5.639 

0.000 0.995 1.005 4 0.022 12.798 

K-Stat Sig R-Square Adj R-Square F Sig 

0.0215 0.3292 0.935 0.935 4.738 × 103 0.000 
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Table 18. Model 18 

Dep Var:(lnC)0.00001 

Non-standard Coeff. Standard Coeff. 
Model 

B Std. Err Beta Std. Err 
t 

Constant 1.000 0.000 – – – – 5×107 

1φ  6×10–6 0.000 1.016 0.020 49.628 

2φ  – 6×10–6 0.000 – 0.199 0.020 – 9.741 

Sig Tol VIF Dim Eig Cond 

0.000 ------ ------ 1 1.908 1.000 

0.000 0.508 1.969 2 0.840 1.507 

0.000 0.508 1.969 3 0.252 2.749 

K-Stat Sig R-Square Adj R-Square F Sig 

0.0242 0.1741 0.788 0.788 1.85 × 103 0.000 

 

 

Figure 1. Model 1. 

 

Figure 2. Model 2. 
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Figure 3. Model 3. 

 

Figure 4. Model 4. 

 

Figure 5. Model 5. 

 

Figure 6. Model 6. 
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Figure 7. Model 7. 

 

 

Figure 8. Model 8. 

 

 

Figure 9. Model 9. 



LDA AND THE RELATION OF THE RELATIVE … 217

 

Figure 10. Model 10. 

 

 

Figure 11. Model 11. 

 

 

Figure 12. Model 12. 
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Figure 13. Model 13. 

 

 

Figure 14. Model 14. 

 

 

Figure 15. Model 15. 
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Figure 16. Model 16. 

 

 

Figure 17. Model 17. 

 

Figure 18. Model 18. 
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