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Abstract

In this paper, we present some new results about the approximation of the
Vlasov-Poisson system with a strong external magnetic field by the 2D finite
Larmor radius model. The proofs within the present work are built by using two-
scale convergence tools, and can be viewed as a new slant on previous works of
Frénod, Sonnendriicker and Bostan on the 2D finite Larmor radius model. In the
first part, we recall the physical and mathematical contexts. We also recall two
main results from previous papers of Frénod, Sonnendriicker and Bostan. Then,
we introduce a set of variables, which are so-called canonical gyrokinetic
coordinates, and we write the Vlasov equation in these new variables. Then, we

. *
establish some two-scale convergence and weak -~ convergence results.

1. Introduction

Nowadays, domestic energy production by using magnetic confinement
fusion (MCF) techniques is a huge technological and human challenge, as
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it is illustrated by the international scientific collaboration around ITER,
which is under construction in Cadarache (France). Since magnetic
confinement, needed to reach nuclear fusion reaction, is a very complex
physical phenomenon, the mathematical models, which are linked with
this plasma physics subject need to be rigorously studied from theoretical
and numerical points of view. Such a work programme based on rigorous
mathematical studies and high precision numerical simulations can bring
some additional informations about the behaviour of the studied plasma
before the launch of real experiments.

The present paper can be viewed as a part of the recent work
programme about the mathematical justification of the mathematical
models, which are used for numerical simulations of MCF experiments.
Indeed, the first tokamak plasma models have been proposed by
Littlejohn [22], Lee [19, 20], Dubin et al. [8] or Brizard et al. [6, 7]
nevertheless, most of these models were established by using formal
assumptions. For ten years, many mathematicians have been working on
mathematical justification of these models, especially the gyrokinetic
approaches like guiding-center approximations and finite Larmor radius
approximations: Many results in this research field are due to Frénod and
Sonnendricker et al. [9-12], Golse and Saint-Raymond [15, 16], Bostan [5]
or, more recently, Han-Kwan [18]. These mathematical results mostly
rely on two-scale convergence theory (see Allaire [3], Nguetseng [25]) or

compactness arguments.

In this paper, we are focused on the 2D finite Larmor radius model
and its mathematical justification: More precisely, the goal is to make a

synthesis of previous mathematical proofs of the convergence of (f,, ]1 ),

where
fo(x, ko, t)= Z(xl — 2k sin a, X9 + V2k cos a, V2k cos o, v/2k sina, t),
(1.1

and where (Z, EE) is the solution of the following 2D Vlasov-Poisson

system:
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atﬁ+lv.v§i+[i}€+1(U3D-v;i _o,
€ _Ul

(%, ¥,0) = fU%, 9), (1.2)

towards the couple (f, E), which is the solution of the 2D finite Larmor

radius model given in [5] (see also Theorem 2 below). The main results on
this model are due to Sonnendriicker, Frénod and Bostan, and indicates

that (f., EE) somehow weak-" converges to the solution of the finite

Larmor radius model. However, the proofs within these articles are based

on various assumptions and use various tools.

The first part of the present paper is devoted to a state-of-the-art
about the two dimensional finite Larmor radius approximation. Firstly,
we recall the procedure, which allows us to obtain the dimensionless
model (1.2) from the complete Vlasov-Poisson model by considering
specific assumptions. Then, we recall the two-scale convergence theorem

of Frénod and Sonnendricker [11] on the one hand, and the

weak -* convergence theorem of Bostan [5] on the other hand.

In the second part, we introduce a set of variables, which are so-called
canonical gyrokinetic coordinates and we reformulate the Vlasov-Poisson
system (1.2) in these new variables. Then, we establish a two-scale
convergence theorem, which only relies on Frénod and Sonnendricker’s
assumptions. Finally, we deduce directly from this result Bostan’s finite
Larmor radius model (see [5]) by adding a somehow non-physical

assumption on the electric field, which consists in considering a strong

convergence of the sequence (E.),. .

2. State-of-the-Art

2.1. Scaling of the Vlasov-Poisson model

This paragraph is devoted to the scaling of the following Vlasov-
Poisson model:
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,0) = %, %), @2.1)

where X = (¥, Xg, X3) € Rg is the position variable, Vv = (07, 0y, U3) €
R% is the velocity variable, ¢ € R, is the time variable, f = }?()N(, v, t) is
the ion distribution function, 7, is the electron density, E = E(i, t) is

the self-consistent electric field generated by the ions and the electrons,

B = B(%, t) is the magnetic field, which is applied on the considered

plasma, ¢ = §(%, ¢) is the electric potential linked with E, e is the

elementary charge, and m; is the elementary mass of an ion.

In this model, the external magnetic field B is assumed to be
uniform and carried by the unit vector es3. We also assume that the
electron density 7, is given for any (X, ¢) € R% x R, . Following the same

approach as in Bostan [5], Frénod et al. [11, 12], Golse and Saint-Raymond
[15, 16], and Han-Kwan [18], we add the following assumptions:

(1) The magnetic field is supposed to be strong.

(1) The finite Larmor radius effects are taken into account.

(111) The 1on gyroperiod is supposed to be small.

We define the dimensionless variables and unknowns X' = (X{, X3,
%), ¥ = (87, 05, 05), ¢, [, B, and ¢’ by

%= L%, %p=L%, =0T, (=i, =0

>

f(L\ &, L %, L&), 007, 003, 003, 1t') = f (%], &y, %, 7, 03, 03, ¢'),
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B(L, %, L&, L)%, tt') = EB/(&], %, %, 1),
O(L &, L&y, LEs, 1) = 0 9'(&], &3, &5, 1'). 2.2)
In these definitions, Z is the characteristic length in the direction

perpendicular to the magnetic field, L_H 1s the characteristic length in the

direction of the magnetic field, 0 is the characteristic velocity, and # is

the characteristic time. We also rescale the electron density as follows:
n.(L %7, L X3, LHEé, tt') = nn,(x], X5, X5, ). (2.3)

Following the assumptions on the magnetic field ]~3, we set B as

being such that
B = Bes. (2.4)

Then, we set L_H as the size of the physical device in game. We also link

f ,E, and ¢ with the characteristic Debye length E by

f-L, E-ton g lpen (2.5)
v

and we take E as the characteristic length in the direction perpendicular

to the magnetic field, i.e.,
L, =\p. (2.6)

Since we want to take into account the smallness of the gyroperiod and the

finite Larmor radius effects, we define the characteristic gyrofrequency

®; and the characteristic Larmor radius r;, as

— v
w; = E, ry, = (D= (27)
t i
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With these notations, the Vlasov-Poisson system is rescaled as

follows:
g
7 hpeln
~ - ~ e‘n ~ —— ~
Opf ' +1U| LBy | Vef +| 2222 F + 10,V xe3 |- Vof' =0,
tf @ 2 xf [ €m0 i 3 vf
TL, ~1
= Ug
~ L")
f(&,¥,0)=F%%, ¥), (2.8)
-0z ¢' —
ﬁ!_ —6“'5, — Armr $'—XL62 T devr_ﬁr
= 7x ’ (xl,x2) L_2 fé - ]RS e-
A =
_fﬁ)af,q) [

Taking into account, the finite Larmor radius effects consists in
considering a regime in which the Larmor radius is of the order of the
Debye length. This implies

L -1, 2.9

Since the magnetic field is assumed to be strong, the Larmor radius is
small when compared with the size of the physical domain. Then, it is
natural to take

= = €, (210)
where ¢ > 0 is small.

Assumption (iii) can be translated in terms of characteristic scales by

For -

%. 2.11)

Assumption (i) means that the magnetic force is much stronger than the
electric force, so we consider

== (2.12)
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Then, removing the primes and adding ¢ in the subscript, the rescaled
Vlasov-Poisson model writes

7FalfY 7 o~ 7 (5 . 1g ~
@tfe +?(51] ~V(§ly§2)f€ + U3553fe +(EE +?v>< e3).V;fE =0,
2
(% 9,0) = 2R, 9) 2.19)
_V(;C'IVEC'Z),(I‘)‘E o ~ 9.9 ~ ~ -
( _ 665356 = Ee; - A(fl7§2 )d)e — € 69’2‘3¢€ = JRSﬂ dV — ne,

which is the model studied in previous works of Frénod and Sonnendricker
[11], Golse and Saint-Raymond [15, 16], and Bostan [5].

2.2. Previous results

In this paragraph, we recall two main results about the asymptotic
behaviour of the sequences (f. )eso and (ES)DO when ¢ goes to 0. The

first one is based on the use of two-scale convergence and homogenization
techniques developed by Allaire [3] and Nguetseng [25], and was
established by Frénod and Sonnendriicker in [11]. The second one relies
on compactness arguments and was proved by Bostan in [5]. After
recalling these two results, we discuss the main differences between
them. These differences are the source of the motivation of the present

paper.
In order to simplify, we consider that the whole model (2.13) does not
depend on X3 nor U3, and we assume that ZO =19 for all . Then, it is

reduced to a singularly perturbed 2D Vlasov-Poisson model of the form

- - ([~ o7 -
ate+lV-V§ﬁ+(Ee+l( ?;D-V;,fezo,

(% %,0)=FYU% ¥), (2.14)

where % = (%], ¥3) € R? and ¥ = (7, 0y ) € RZ.
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The following theorem can be attributed to Frénod and Sonnendriicker
[11] (see Theorem 1.5) even if, the setting of this paper is a charged
particle beam Vlasov-Poisson model not involving any electron density.
Nonetheless, the proof of [11] works again in the setting of model (2.14),

which involves an electron density.

Theorem 1 (Frénod and Sonnendriicker [11]). We assume that, for a
fixed p>2, f° isin LHRY) N LP(R?), is positive everywhere and such
that

I JEFOR, ¥)dRdV < +oo. 2.15)
R

We also assume that 7, does not depend on t, is in L'(R%)N L*'2(R?)

and satisfies

j' Rjo(i, ¥)dZdv = JRQ 7, (R)d%. (2.16)

Then, the sequence (f., E.)..q is bounded L*(0,T; LP(R*))x (L*(0, T;

wh3/2(r? )))2 independently of . Furthermore, by extracting some

subsequences,

~ ~

f. > F=F&¥,,t) two-scale in L*(0, T; L%(0, 2m; IP(R))),

E. > £ =28(%, 1 t) two-scale in (L*(0, T; L7(0, 2m; wh3/2(Rr2)))) 2,
2.17)

Moreover, F is linked with G = G(¥, 4, t) e L*(0, T; LP(R*)) by the

relation
F(%, 9, 1,t)= G(X+ R(- 7, R(- )%, 1), (2.18)

and (G, €) is the solution of
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~ 2n ~ ~
0,G(y, u, t)+ U. R(- 0)E(¥ + R(o)u, o, t)dc} -V3G(¥, U, t)
0
2n - ~
+ |:j‘ R(- 6)&(y + R(o)u, o, t)dc} -VgG(¥, u, t) = 0,
0

N~ o~ 1 0/~ ~
G 0)=—

(¥, 1, 0) = 57, 1),
g(;(, T, t) = —V;{(’f)(i, T, t),

CALDE, T, 1) = jRZ G(R + R(- 7%, R(- 7)%, 1)d¥ - ;—ﬂ 7, (%),

(2.19)

where

R(r) = ( sinT 1 - cos Tj’ R(r) = ( cos T sin Tj. 2.20)

cosT -1 sin T —sinT CcoS T

In this theorem, L% (0, 2m; L? (R*)) stands for the space of functions

h = h(X, ¥, T) being in L*(0, 2r; LP(R*)) and 2n- periodic with respect

to 7.

As a consequence of this theorem, extracting some subsequences, we

have

f. &7 in L*(0, T; LP(R*)),

E. % E in (I*(0, T; Wh3/2(R2))), (2.21)

21 o ~ 27
7%, 9, 1) = j F(& %, 1 t)dr, and B(&t)-= J' & 1, t)dr. (2.22)
0 0
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By using the relation between F and 5, we can easily remark that

(}7, f]) is the solution of
at?(;(’ Va t)

2 27 - ~
; I [ I Rt - 0)8(X + R(o - 77, o, t)dc} VeF(Z, 9, 7, t)dr
0 0

21 2n ~ ~
; I [ J' Rt - 0)8(X + R(c - 7)¥, o, t)dc} VeF(%, ¥, 1, t)dr = 0,
0 0

F(2.9.0)= & 02”70(;; + R, R 1¥)d-,
VA& ) =B& 1), - A& 1) = ij (& 9, )dv - 7,(%).

(2.23)

We notice that these equations still involve F and €. In order to make
these dependencies disappear, Bostan has proposed in [5], a reformulation

of the Vlasov equation in guiding-center coordinates. Before presenting it,
we introduce the sequence ( £.),., defined by

~ o 52 N

(X, v, t)=f X+ 2|, v, ¢t] (2.24)

and, in the same spirit, we define the initial guiding-center distribution

° by

FOUR ¥, ¢t) = fo(m( a‘ij, 3, t]. (2.25)

_Ul

Theorem 2 (Bostan [5]). We assume that n, =1, and that ]?0 is

2n- periodic in X1 and X9, is positive everywhere and satisfies
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21 2TE~0~~ o 2n 2n~2~0~~ o
[P aa =1 [ [ 7] TREFOR 9)dRav < 4
r2Jo Jo r2Jo Jo

(2.26)

We also assume that there exists F° e L*(R, )N LY(R,; rdr) such that
V(% ¥) e [0, 2n]* x R2, FO(R, ¥) < FO(¥)). (2.27)

We also assume that (]?Jg)€>0 admits a strong limit denoted with E in

(L%(0, T; Li([O, 21]?)))2. Then, up to a subsequence, f. weakly-* converges

to a function f = f(x, v, t) in L*([0, T') x R?; % ([0, 2n?)) verifying

2
F(x, v, t) = ;—ng(x, % ), (2.28)

where g = g(x, k, t) is the solution of

0,8 + (82>6xlg - (51)8x2g =0,
27
g(x, k, 0) = I fo(x, 2k cos a, ¥2k sin a)da,
0
1 (27 .
(E)(x, k, t) = 27[.[0 E(x; — v2Fk sin o, x9 + v2k cos a, t)da,

- V(% t) = E(¥, 1),

~ +00 @271
- Azd(X, t) = %J‘o Jo g(%, + V2k sin a, Xy — V2k cos o, k, t)dadk — 1.

(2.29)
In this theorem, L‘;Z%([O, 2n]?) stands for the space of functions

h = k(%) being in L2([0, 2n]*), and 2r- periodic with respect to %, and

%o



146 E. FRENOD and A. MOUTON

This last result introduces a mathematical justification of the
approximation of the Vlasov-Poisson model (2.14) by the finite Larmor
radius model, which is exactly (2.28)-(2.29). However, in order to prove

this convergence result, Bostan considered stronger assumptions on 70
and 7, than needed to get existence of the weak-* limit (f, E) from

Theorem 1: The initial distribution }70 is supposed to be 2r- periodic in

%1 and X3, and (E.).., is supposed to admit a strong limit in some

Banach space.

3. Convergence Result in Canonical

Gyrokinetic Coordinates

This section is devoted to a two-scale convergence result for model
(2.14) written in a new set of variables, which are so-called canonical

gyrokinetic coordinates. Then, by adding a non-physical hypothesis for the
electric field IN*]E, we obtain straightforwardly Bostan’s weak-" convergence

result.
3.1. Reformulation of Vlasov equation

Following the ideas of Littlejohn [22], Lee [19, 20], and Brizard et al.
[6, 7], we define the variables (x, x9, k, a) e RZxR, x[0, 2n] by
linking them with (&, %9, 07, 02 ) € R* by

X = x1 — Vg, U; = V2k cos a,
(3.1)

~

X9 = x9 + U7, Uy = V2k sin a.

This set of variables is so-called canonical gyrokinetic coordinates: Indeed,
if we define the characteristics X7, X9, K, A linked with xq, x9, &, o by

Xl = X1 - ‘72, ‘71 = 72K cos A,
(3.2)
)N(2 = X2 + ‘71, ‘72 = +2K sin A,

where )2'1, )2'2, 171, ‘72 are the characteristics associated with the Vlasov

equation (2.14.a), i.e., satisfying
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6% =10, a0 = B (R0, Xa0), )+ L T00),
3.3)
0;Xo(t) = %Vz(t), 0;Va(t) = E’e,z(}a(t), Xo(t), t) - %‘71@),

we have
8t‘)(l(t) = _8x2He(Xl(t)7 XZ(t)7 K(t)’ A(t)7 t)>
0, X(t) = 0, H (X1 (2), X3(t), K(t), A(t), ¢),

(3.4)
6tK(t) = a(xHe(Xl(t)’ X2(t)’ K(t)’ A(t)’ t)’

01A(t) = —0pH(X1(1), X5(t), K(2), A(), 1),

where the Hamiltonian function H. is defined by
k
H (x1, x9, k, a, t) = =+ o.(x1, x9, k, a, t), (3.5)

and ¢, is linked with ¢, by the relation
Oc(x1, x9, By 0, t) = Eg(xl — 2k sin a, X9 + V2k cos a, t). (3.6)

Then it is straightforward to see that, in the gyrokinetic canonical

coordinates, the Vlasov-Poisson system (2.14) has the following shape:
Otfe + Ec 90y fc — Ec 104, fc + @(Ee,l cosa + E. o sin a)of.

E 5cosa—E sina

1
Oyuf. —=04f. =0,
N wle = Oul,

f(x, k, o, 0) = fo(xl — 2k sin a, X9 + V2F cos o, 2k cos a, V/2F sin a),
E (x, %k, o, t) = ]Ni‘,((xl — \/2F sin a, Xg + 2k cos a, t),

E((i, t) = _V§$c(i’ t):

- 21 @ 40
- Azd (X, t) = I J- f.(&) + N2k sin o, ¥y — V2k cos o, k, a, t)dkdo — 71, (X, t),
0 0

(3.7
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where X = (%], X9) and x =(x;, x9), and where f. = f.(x, k, a, t) and
E. = E.(x, k, a, t) are linked with f. and E, by

f(x, k, o, t) = f.(x; — V2k sin o, x + V2k cos a, V2k cos o, V2k sina, t),

E.(x, k a,t)= Ee(xl 2k sina, xy + 2k cosa, t). (3.8)
3.2. Two-scale convergence
We set the following notations:
0=R2xR, x[0,2n], T=R2xR,, S=R, x[0,2x], (3.9)

and we consider the following Banach spaces, involving periodicity with
respect to o

L(0, 2m LP(T)) = {f e LP(Q): f is periodic in oc},

Wﬁlé’p(O, om; WHP(I)) = {f e WHP(Q), £(.,.,0) = f(.,.,2n): f is periodic in oc},
W2 P (0, 2m W*P(I))

~{f eW=P(Q), £(,1,0) = £(,27),00 f(,-,0) = 8o f(,,27): [ is periodic in o,
and we can state the following theorem:

Theorem 3. We assume that, for a fixed p > 2, 70 and 7, satisfy the
assumptions of Theorem 1. Then, the sequences (f.).., and (E. )eso Of
system (3.7) are bounded independently of € in L”(0, T; Li(o, 2n; LP(I)))
and (L*(0, T; Wh3/2(R2)))2, respectively. As a consequence, there exist

F=F(x, k a1t) and &=EX, t1,t) such that, extracting some

subsequences,
f. = F two-scale in L*(0, T; L (0, 2x; L;’&(O, 2n; LP(1)))),

E. > & two-scale in (L*(0, T; L7(0, 2m; wh3/2(rR2))))2. (3.10)
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Furthermore, there exist G = G(x, k, o, t) e L”(0, T} L;’&(O, 2mn; LP(T)))

and € = £(x, k, a, 7, 1) € (L*(0, T; L3(0, 2m W, *%(0, 2m W3/2(1))))?

such that
F(x, ko, 71,t)=G(x, k, o+T,t), (3.11)
E(x, ko, 7,t) = E(x; —V2k sina, xg + V2k cosa, T, t), (3.12)

and verifying

0,G +(€2)0,,G = (£1)0x,G +(F1,) 01,G + (F 4)0,G = 0,
G(x, k, a, 0) = zl—nfo(xl — 2k sin a, Xq + V2Fk cos a, V2F cos a, V2F sin a),
- vgé(i, T, t) = E(i, T, ),

- A;ﬁ)(i, T, t) = '[ G(x, + VoFk sin a, X9 — Vok cosa, k, o + T, t)dkda
S

- ﬂ n8(§)7

Frx, koo, t)= @(El(x, ka, T, t)ecosa + Ey(x, k a, T, t)sina),

Fox ka1, t) = E9(x, k, a, T, t)cosa — E1(x, k, a, T, t)sin a

NoT :
(3.13)

where the notation (-) stands for
(u)(x, k, 0, t) = J.O%u(x, k, o —T, T, t)dT. (3.14)

Proof of Theorem 3. Several parts of this proof are only sketched
since they can be redundant with [11]. However, more details can be
found in Mouton [23].

Following the same way as in [11], we prove that, under the

assumptions of Theorem 1, we have
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70
fe(, t)"Li’#(O,%; ) = I p sy, Vi 20, (3.15)
and defining p, as

p.(X, t) = I fo(x + V2F sin a, Xy — Vok cosa, k, o, t)dkda, (3.16)
S

that the sequence (p. ), isboundedin L*(0, T} L*'2(R?)) independently
of e. Then, we deduce that (¢, )., and (E. )eso are bounded independently
of ¢ in L*(0, T; W>*2(R?)) and (L*(0, T; W3/2(R?)))?, respectively.
As a consequence, there exist F = F(x, k, a, T, t), O = (TD(i, T, t), and
E= E(i, T, t) such that

f. = F two-scale in L*(0, T; L% (0, 2m; L‘;(O, 2n; LP(T)))),

9. — @ two-scale in L”(0, T; L5(0, 2m; W>3/2(R?))),

E. - € two-scale in (L*(0, T; L (0, 2m Wwh32(R2))2. (3.17)

Considering a compact set K < I, we easily remark that the
sequence (¢.)..o defined by (3.6) is bounded in L*(0, T; Wé’3/2(0, 2m;
Wb3/2(K))), and that all its second order derivatives except 07¢, are
bounded independently of ¢ in L*(0, T; L} 2(0, 2n; L*'%(K))). The
sequence (E,),., defined by (3.8.b) is bounded in (L*(0, T’ W;’S/z(O, am;
W'3/2(K))))? independently of . As a consequence, we claim that there

exist ® = O(x, k, a, 7, ¢) and € = &(%, k, a, T, ¢) such that

¢. - @ two-scale in L*(0, T; L% (0, 2m; Wf’”(o, om Wh3/2(K)))),

E. — £ two-scale in (L*(0, T'; L% (0, 2m; W%é’g'/z(o, om W3/2(K)))))2.

(3.18)
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Furthermore, we remark that ® and & are linked with ® and g by the
formula

E(x, ko, 1,t) = E(x; —V2k sina, xo + V2k cosa, T, t),
O(x, k, a, T, ) = D(x; — V2k sina, xo + V2k cosa, T, t). (3.19)

Then, the vector function A, defined by

E 5
- axQ(I)e : E; .
0. b. .
A, = 8351(: = | V2R(E.; cosa + E, y sina) |, (3.20)
i E.5cosa - E_qsina
- akd)e : 2k 2

has its three first components, which are bounded in L*(0, T} W#’Sm
(0, 2m; WH3/2(K))) independently of ¢ and its fourth one in L*(0, T}
L3'2(0, 2m; I?/2(K))) and admits a two-scale limit denoted A =
A(x, by a, 7,8) in (L°(0, T; LE(0, 21 Wi 2(0, 2m; Wh3/2(K)))))? x

(0, T; L2(0, 2m; LY 2(0, 2n; L3'2(K)))). The convergence of the three
first components is the consequence of classical embedding of Sobolev

spaces in LP spaces. Concerning the convergence of the fourth one, we

need to use that E.; and E., are bounded independently of ¢ in
(0, T; Wy3'2(0, 2r; Wh3/2(K))) and consequently in L*(0, T; L%
(0, 2m; L8(K))) and that (2k)™1/2 is, for any k., and for any ¢ < 2, in

L(0, kpay )- The vector function A is linked with @ and & as follows:

— 0y, @ &9
2 _51
0, ®
A= axlq) = | V2k(E) cosa + Egsina) | (3.21)
o

Egcosa — &y sina

V2k

- 0,0
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In order to establish the two-scale limit model, we cannot simply
apply Theorem 1.3 of [11]: Indeed, the formulation (38.7.a) of Vlasov
equation does not fit with the assumptions, which are needed for applying

this theorem since the differential operator f — —% 0, f cannot be written
under the form
X1
f > 1|72+ N)- V7, (3.22)
o

where M is a constant square matrix satisfying Tr(M) =0, and N e
Im(M). However, the approach which is considered in [11] can be

adapted to the present case.

Firstly, we prove that there exists a function G such that

F(x, k, a, 7,t) = G(x, k, o + 7, t). To reach such a result, we consider a

test function y = p(x, k, o, 7, t) on Q x [0, 2x] x [0, T'], which is
2n- periodic in o and 7. If we multiply (3.7.a) by ¥(x, k&, a, E, t) and

integrate over Q x [0, T'], we obtain
r t 1 t

j j fo(x, k, a,t)[@tw(x, kya, =, t)+=0.¥(x, k, a, =, t)
0 Q € € €

P A(x ko t) VE(x ko, t) - Loup(x, ko, L, 1) |dxdkdadt

= —J 70(x1 — 2k sin a, xg + 2k cos o, V2k cosa, V2k sin o)
Q

x¥(xq1, %9, k, a, 0, 0)dx; dxg dkdo. (3.23)

Multiplying (3.23) by ¢ andletting ¢ — 0, we obtain the weak formulation
of 0.F —0,F =0, which indicates that there exists a function G e L”

(0, T; L;l(O, 2n; LP(T))) such that

F(x, k, a,,t)=G(x, k, o + 7, t). (3.24)
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Secondly, we introduce the sequence (g, ).., defined by

g(x ko, t) = ﬁ(x, koot tj. (3.25)

In the spirit of [11], we prove that g. strongly converges to 2rG in a

given Banach space. For that, we notice that, up to a subsequence, g,
two-scale converges to G in L*(0, T; L% (0, 2m; L;fé(O, 2m; LP(I)))), since

we have

T
j j g.(x, k, a, tW(x, b, a, L, t)dxdkdodt
0JQ €
T t ot
:j Ife(x,k,oc,t)w(x, koa+l L t)dxdkdads
O Q € €
2n o T
—>J' '[ '[ F(x, k, o, 7, W(x, k, o+ 7, 7, t)dxdkdadtdr
0 0JQ

2n o T
- j' I J G(x, k, o, 1 Y(x, k, a, 7, t)dxdkdadtdr, (3.26)
0 0JQ

for any test function y on Q x [0, 2r]x [0, T'], which is 2x- periodic in a
and 7. As a consequence, g, weakly-" converges to 2nG in L*(0, T}

12,0, 2x; LP(D)).

Let us prove that this weak-" convergence is a strong convergence in

a given Banach space. This is the aim of the following lemma:

Lemma 4. For any compact subset K of T, and up to a subsequence,

g. strongly converges to 2nG in L”(0, T} (W#B/Q(O, 2m; W01’3/2(K)))*).

In this lemma, (W;’S/z(o, 2m; W01’3/2(K)))* stands for the dual of

Wy 320, 2m; W' 2(K)).
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Proof of Lemma 4. For any compact subset K of T, (g,).., and
(Ac).so are bounded independently of ¢ in L*(0, T L%,(0, 2m; LP(K)))
and (L7(0,T; Wy™'%(0, 2m Wh*'(K))))* x (0, T; L *(0, 2m: L' (K)),

respectively. Then, remarking that g. is the solution of
0,8 (%, ko, 1)+ Au(x ko a— L, 1) Ve (x, ko, £) =0,
€

g.(x,k, 0,0)= fo(xl —J2k sin a, xg9 + 2k cos o, V2k cos o, ¥V2k sin ),

(3.27)

we use similar arguments as the ones given after Equation (3.20) to
deduce

(1) (A.)..o is bounded independently of ¢ in (L*(0, T; Ljf(o, 2m;

LRE)),
2) (g(x, k,a,t)A(x, &k, a —é, t))eso is bounded in (L”(0, T; L (0, 27;
+

L' (K))))* independently of ¢ with r defined by % = (re N, %[),

Q|

1
p
(3) (6:8)s0 is bounded in L*(0, T5 (WE' (0, 2m Wy (K)))')

independently of ¢ with L* + % =1.
r

If r <3/2, the embedding W;’r*(o, 2m; Wol’r* (K)) c W#,S/.‘z(o, 2m;

W(}’B/Z(K)) is compact with density. Furthermore, Rellich-Kondrakov’s

theorem (see [1]) gives the compact embedding Li(O, 2m; [P (K)) <

(W;’g/Q(O, om; W(}’3/2(K)))* since p > 2. Then, we apply Aubin-Lions’

lemma (see [21]), and we prove that the functional space U defined by
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U ={ue L0, T L£(0, 2m; LP(K))) :
o e L*(0, T (WL (0, 2m WO (K))Y) ), (329

is compactly embedded in L*(0, T; (Wy®'?(0, 2m; Wy®'*(K)))*). Since

g. € U for all ¢, we deduce that the weak -* convergence of g, to 2nG in

L*(0, T; Li(O, 2n; LP(K))) is a strong convergence in L*(0, T;

(Wy22(0, 2m Wy 2(K)))").

If r > 3/2, the compact embedding (W:;é r (0, 2m; W&’ r (K)))" <
wh3/2 0, 2m; wh 3/ 2(K))) s gotten directly. If we introduce the
4 0
functional space U’ defined by

U = {u e L*(0, T; I5(0, 2m LP(K))):

o e L7(0, T5 (WE'2(0, 2m WE2I2(K))) |, (3:29)
we remark that the sequence (g, ). is bounded in U’ independently of
c. By using Aubin-Lions’ lemma, we prove that ¢’ < L*(0, T} (Wﬁ;;gl2
(0, 2m; W013/2(K)))*) is a compact embedding. Then, g. strongly

converges to 2nG in L*(0, T; (ij”(o, 2m; W5’3/2(K)))*)- 0

Let us finish the proof of Theorem 3 by establishing a transport

equation satisfied by G. Let us consider a test function y = y(x, %, a, t) on
Q. We denote its compact support in I' by K, and we assume that y and
its first order derivatives are 2m- periodic in the o direction. Then, we

have

T p27
_[ _[ I gu(x, k, a, 1)0,0(x, k, o, t)dx dkda.dt
0JO K
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T p 21
+I j J. g.(x, k, a, A (X, k, a —é, t)-Vy(x, k, o, t)dxdkdodt
0JO K

21 ~
+I I fo(xl — N2k sina, x9 + 2k cos a, v2k cos o, ¥2k sin o)
0 K
xp(x, k, a, 0)dxdkda = 0. (3.30)

Since the vector function Z.(x, k, a, t) = g.(%, k, o, t)A (X, k, a —é, t) is
bounded independently of ¢ in (L*(0, T; Li(0, 2m; L'(K))))* with
rell, %[, there exists a function Z = Z(x, k, o, 7, t) in (L*(0, T;
L3(0, 2m; Ly (0, 2m; L' (K)))))*, such that Z, two-scale converges to Z in
(L*(0, T; L%(0, 2m; Ly(0, 2m; L(K)))))* and weakly-* converges to
[7 26 m)dr in (I7(0, T; Ty(0, 2m I (K)))).

If we now restrict our choice of test functions y to the one having
their support satisfying

KN(RZx{0}) =0, (3.31)

then A (x, k, o —é, t) is bounded in (L”(0, T; Wé’3/2(0, om; Whd/2
(K))))* independently of ¢ and admits a two-scale limit in space
(L*(0, T; L3(0, 2w W3 2(0, 2m; WH3/2(K)))))*, which is exactly A.
Since sequence (g.)., converges to 2nG in space L*(0, T; (W¢1’3/2
(0, 2m; W§’3/2(K)))*) strongly, we can deduce that

Z = 2nGA, (3.32)

almost everywhere on Qx [0, T]\ {(x, %, a, t), k = 0} and then almost

everywhere on Q x [0, T'], and we obtain the weak formulation of
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21
0,G(x, k, a, t) + U Ax, k, o — 7, T, t)dT |- VG(X, k, o, t) = 0
0

G(x, k, a, 0) = ZLTc?O(xl — 2k sin a, X9 + V2F cos a, V2k cos a, V2k sin a),
(3.33)

when ¢ — 0 in (3.30). Finally, we extend this conclusion to every
compact subsets K of T by remarking that the measure of R? x {0} is

null.

In order to obtain Poisson type equations (3.13.c) and (3.13.d), we
consider a test function ¥ = F (X, 7, t) on RZ x [0, 2] x [0, T'], which is
2 -periodic in T, we multiply E (%, ¢), V0. (%, t), and Azd, (X, ¢) by

4

¥ (i , t) and we integrate in X and ¢. We obtain

T ~ t 27‘[ T ~
j j B.(% )& L, t)dzdt —> j I I B 7, t)0(E, 1, t)dRdt dr,
0 JRr?2 € 0 Jo JRr?

(3.34)
2n o T -
j j Vb (& O)9(E ,t)dﬁdt—)JO IO _[szgcp(ﬁ, T )%, T, ¢)d% dt dr,
(3.35)
T ~ t 2n T ~
I I2A§¢€(§, t)w(i,—,t)didtajl I IZA§®(§, T, )0, 7, t)dZ dt dr,
0 JR € 0 0 JR

(3.36)

when € converges to 0. Since F is the two-scale limit of (f,) we also

e>0>

have

T
J J.ZU fe(il+J2ksina,§2—Jzkcosa,k,a,t)dkdajw(i,i,t)didt
0JR S €

2n o T
—>'[ I J I F(x; + V2k sina, X9 —V2k cosa, k, o, T, t)
0 Jo Jr?Js

x¥(X, T, t)dkdodxdtdr,  (3.37)
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when ¢ — 0. Then, gathering convergence results (3.34)-(3.37), we obtain
the weak formulation of (3.13.c) and (3.13.d). O

3.3. Weak-" convergence under non-physical hypothesis

Firstly, we have a direct corollary of Theorem 3:

Corollary 5. Up to some subsequences,
e f. weakly-* converges to f € L*(0,T; L;(O, 2n; LP(T))) with f defined

by

2n
f(x, k, 0, ) = '[ F(x, k, a, T, t)dr, (3.38)
0

o E. weakly-* converges to E e (L*(0, T; W-3'2(R?)))? with E
defined by
21

B(x, ¢) = j B m ), (3.39)

o §. weakly-* converges to § € L*(0, T; W23/ 2(R?)) with ¢ defined
by
2n

¥(x, 1) = j B, 7, t)d. (3.40)

From now, we add the following non-physical assumption:

E. - E strongly. (3.41)

Lemma 6. Under the hypotheses of Theorem 3 and (3.41), we have

27
V(x, k, o, t) e Qx [0, T], GQ(J o(x, k, o —1, T, t)dTJ = 0. (3.42)
0

Proof of Lemma 6. We consider a compact subset K of I' and a test
function » = p(x, k, a, ) on Qx[0, T], which support in (x, k) is

included in K. Since (¢, ).., is bounded independently of ¢ is L*(0, T}
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Wé’3/2(0, 2m; W1’3/2(K))) and that all its second order derivatives,

except d7¢., are also bounded in L*(0, T; L3/ 2(0, 2r; L*'2(K))), we have

T 27 t
J J I VDb (%, ks o — L, )0(x, k, o, t)dxdkdadt
04J0 r €

T ¢ 21
—J' J' j Vb (x, ky o, 1) (0g0) (%, ky o + L, t)dxdkdadt
0J0 T €

T p2n
I I j E.(x, k, o, )(0,0)(x, k, o+, t)dzdkdodt
0J0 T €

SHNEE

x (0,0) (%, + 2k sina, Xy — V2k cosa, k, o + &, t)dRdkdadt.

(3.43)

Since fle converges to E strongly, we obtain
c—=>0
T 021 ~
SR
04J0 r
2n
xj (049) (&) + Y2k sin o, ¥y — V2k cos o, k, o+ 1, t )dTdX dkda dt
0
T ¢ 2n ~
INNES
04Jo r

2n
y j 0. (p(&, + 2k sin o, ¥y — 2k cos o, k, o + 7, t))dr dEdkdodt
0

T p 27
lim j I _[ Vb (%, by o — L, 0)0(x, k, o, t)dxdkdodt
0J0 T €

- 0. (3.44)
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On the other hand, we deduce from (3.18) that we also have

T 27 t
J' J' J Vb (x, by o — L, 0)0(x, k, o, t)dxdkdodt
0JO T €

T p 27 2n
N J J' J vxaa( J' O(x, k, o — T, T, t)dTJw(x, k, o, t)dx dkda.dt.
0J0 r 0

(3.45)

Then, it is straightforward that

2n
vxaa[‘[ CD(X> k,o—1, T, t)de =0, (3.46)
0
in L°(0, T; LY %(0, 2m; L32(K))) and that

2n
(x, k, a, t) > 6OLU. o(x, k, o — T, T, t)d‘r]
0

does not depend on x.

Following the same approach, we use the fact that the sequences
(6%,(14)6 )eso and (634)6 )eso are bounded in L*(0, T’ L§/2(0, om; L3/2(K)))

independently of €to obtain

| %

02 b(x ka-L,t)

>
€

9 21
o a(‘[ O(x, k, o — T, T, t)d'rj,
’ 0

| *

9 ¢ 9 2n
o20.(x koa-"t 1) o2 jo O(x, by o -7, 7, £)dr |, (3.47)
in L*(0, T; L3 2(0, 2m; L?'2(K))). On the other hand, we have

T 27 9 t
I j J 02 9.(x, b o — L, t)o(x, k, o, t)dxdkdadt
0JO0 r €

Te2ne E 9%, k, o, t)cos o ¢
- ’ o.0)(x, k, o+, t)dxdkdodt
IO jo L " (0u?) (%, &y .+ =, 1) o
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J.TJ.zT:J- E (%, k, a, t)sinO°(a )(x, & L 4)dxdkdodt
— d 1 X, R, a+—, X o
0o Jr 2k ¢ ‘

T p2n -
_ E€ i,t COs o
jo jo Ir 2 )@

x (049) (%1 + V2k sina, Ty — 2k cosct, k, o + =, t)dRdkdadt

T 27 _ :
B B sin o
-[0 .[o Jr 1& 1) NeTS
x (0¥) (%] + V2k sina, X9 — V2 cosa, k, o + é, t)dXdkdodt,

(3.48)

and

T 21 9 t
j J I 020.(x, b, o — L, O)0(x, k, o, )dxdkdadt
04J0 r €
T 2n t
= I J j @Ec,l(x, k, o, t)cosa(0,¥)(x, k, o + =, t)dxdkdoadt
04J0 r €
T ¢2n t
+J. J. J. @Ee,z(x, k, o, t)sina(0,¥)(x, k, o += t)dxdkda.dt
04Jo r
T 021 ~
= I J. J. E. (%, tW2k cos a
0Jo Jr ~
x (040) (%] + 2k sin a, Xy — ok cosa, k, o + E, t)dX dkdodt
T ¢2n ~
+ I j J E 5 (%, t W2k sin o
0J0 T

x (0,0) (%, + 2k sin a, Xy — V2k cos a, k, o +£, t)dxdkdodt,

(3.49)

so we have
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. T ¢ 2n 9 ;
hmJ' I I 0% b (% ko o~ £ 1)o(x, k. o, t)dxdkdodt
0JO r ~

e—>0
T p2n ~

_ E ;(,t COos o
Jo Iy LB 0S5

21
y I (0,0) (%, + V2K sina, %y — V2K cosa, k, o+ 7, ¢)drdR dkdadt
0

T 27 _ :
_ E i,t S1n o
Io Io Ir i )x/ﬁ

21
y j (0,0) (%) + V2k sin o, &y — N2k cos o, k, o+ 7, t)drdX dkdo.dt
0

T p2n ~
_ E ;(,t Cos o
-[0 Jo Ir 2( )@

21
y j (0.9)(%, + 2k sin o, %y — V2K cos a, k, o + T, t)dr dXdkda dt
0

T 27 _ :
_ E E,t Ssin o
Jo Jo Ir i )421@
21
XJ' (0.1) (%, + V2 sin o, ¥y — 2k cos o, k, o + 7, t)d7dZ dkdadt
0

=0, (3.50)

and

. T ¢2mn 9 ;
hmj J' j 0% b (x. ko o~ L 1)o(x, k. o, t)dxdkdodi
0J0 r ~’

e—>0
T 27 _

= I I I E| (X, t W2k cos a
0JOo JT

21
y j (0,0) (%, +v2F sin o, %y — 2k cos o, k, o+ T, ¢ )dr dX dk do.dt
0



TWO-DIMENSIONAL FINITE LARMOR RADIUS ... 163

T 21 ~
+ J- J. J. E5(X, t)W2k sin a
0J0 JI'

21
y I (0,0) (%, + V2K sina, %y — V2K cosa, k, o+ T, ¢ )drdZ dkdadt
0

T 27 _
= j j I E|(X, t W2k cos a
0J0 T

2n
y J (0.0) (%, + V2 sin o, ¥y — V2K cos o, k, o + 7, t)dr dX dk dodt
0

T ¢ 21 ~
N I J' j By (&, tWek sin o
0J0 r

2n
xj (0.1) (%, + 2k sin«, ¥y — 2k cosa, k, a + 1, t)dr dX dk dodt
0

= 0. (3.51)

Then, we deduce that

21
V(k,a)%( J . O(x, k, o -, T, t)de =0, (3.52)

2
and that the function (x, &, o) > Ga(jond)(x, k oo-rT,T, t)d*r) is constant

2
on Q. Then, for any (x, k, t), the function o joﬁd)(x, k,a—T1, T, t)dT

is monotonic and periodic on [0, 2r] and then must be constant. As a

consequence, we finally obtain

2n
aa( J' o(x, k, o -7, T, t)dTJ — 0. (3.53)
0

O

Consequently, if we consider the hypothesis (3.41) alongwith those

from Theorem 3, we can write
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2n 2n
J. D, k, o —T, T, t)dT = J- o(x, k, — T, T, t)dT. (3.54)
0 0

Then, the two-scale limit model (3.13) can be reduced to
0;G +(E2)0x, G = (£1)05,G +(F 4 )0,G =0,
G(x, k, a, 0) = % fo(xl — 2k sin q, X9 + V2Fk cos o, 2k cos o, v/2k sin a),

~Vz0RX, 7, 1) = EF, T, 1),
- Az DX, T, t) = J. G(%] + V2k sin a, Xy — 2k cos a, k, o + 7, t)dkdo
S

- 5 (),
Folx bom ) = Ey(x, k, a, T, t)cos oi/;_ké'l(x, k, o, T, t)sin a ’
(3.55)
and the notation (-) stands for
() (%, k, 1) = j jnu(x, k, -1, 7, t)dr. (3.56)

Theorem 7. Under the hypotheses of Theorem 3 and (3.41), there
exists a function g defined on T x [0, T] such that

f(x, k, a, t) = zl_n g(x, k1), V(x k o,t)eQx[0,T], (3.57)

and verifying

atg + <52 >ax1g - <51 >ang =0,
2m
g(x, k, 0) = I FO(x; — V2k sin a, xq + +/2k cos a, V2k cos a, Y2k sin o )da,
0
1 (¥ .
(E)(x, k,t) = 2_71:-[0 E(x; - v2k sina, x9 + v2k cosa, t)da,

- Vo0&, t) = E(%, t),

C ARG, 1) = %jsg(yl + 2k sin o, By — V2 cos a, k, t)dkdo — 71,().

(3.58)
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Proof of Theorem 7. Since F and G are linked by the relation (3.11),
f does not depend on a. Indeed, we have

2n
0o f(x, k, 0, t) = O J' F(x, k, o, 7, t)dr
0
2n
_ %I G(x, by o+ 7, £)dr
0

21
= Gaj G(x, k, T, t)dT
0

=0. (3.59)
Then, if we integrate (3.55.a) in o, we obtain
oif +(52)8x1f—(51)8x2f =0, (3.60)
and the Equation (3.58.a).

By integrating the initial condition (3.55.b) in o and dividing it by
27, we obtain the initial condition (3.58.b).

Since (5 ) does not depend on o, we can integrate it in o and divide

it by 2mx; then, we have

(S)(x, k,t) = 1 [ ‘an(x, k,o -7, T, t)dTda
2nJo Jo
= [ .ZEE(X, k, a, T, t)dTda
2rdo Jo
1 P27 02T .
“ondo Jo E(x; - V2k sin a, xy + v2k cos a, t)do.

(3.61)

By using similar techniques, we integrate (3.55.d) in 7, and we obtain
C ALK&, 1) = Zij g (%, + 2k sin o, %y — 2k cos a, k, ¢)dkdo - 7i,(%).
nts

(3.62)
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Finally, we integrate (3.55.c) in T and we obtain (3.58.d), which concludes
the proof. O

We can remark that, even if they are based on the non-physical

hypothesis (3.41) for (E.) Bostan’s results on the mathematical

e>0>
justification of the 2D finite Larmor radius approximation have been
improved: Indeed, we have proved that the hypotheses of Theorem 3
coupled with (3.41) are sufficient to prove Theorem 7. Furthermore, this

result has been generalized to a non-periodic initial distribution 7, and to

a non-uniform electron density f,.

4. Conclusions and Perspectives

In the first part, we recalled a two-scale convergence result for a 2D
Vlasov-Poisson model for a charged particle beam, which is due to Frénod
and Sonnendriicker. After adapting it to plasma modelling by adding an

electron density 7, and some reasonable compatibility conditions, we
recalled that such a result trivially implies, up to some subsequences, the
weak-" convergence of (z, E.) to a couple (}7, E). Then, we compared

this conclusion to Bostan’s results, which was established in [5] under

stronger assumptions.

In the second part, we introduced a new set of variables involving the
guiding-center position coordinates and the transverse part of the kinetic
energy, which is denoted with k. After rewriting the Vlasov equation in
these new coordinates, we established a two-scale convergence result by
using Frenod and Sonnendriicker’s assumptions and the compatibility

conditions for 7,, which were added in Theorem 1. Then, we proved that
(f., E.)weakly-* converges to a couple (f, E) and, under an additional

non-physical property for (INL‘C) we established a system of constraints

e>0>
satisfied by (f, f}) through a few computations lines, remarking that this

limit model is exactly the 2D finite Larmor radius model, which was
studied in [5].
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The first main remark, we can do about the present work concerns
the formulation of the two-scale limit model in canonical gyrokinetic
coordinates under hypothesis (3.41): Indeed, the transport equations
(3.55.a) and (3.58.a) indicate that k is an adiabatic invariant not only for

the weak-" limit system, but also for the two-scale limit system. Since &

is the dimensionless transverse kinetic energy, this remark confirms
previous results about the adiabatic invariant property of the magnetic
momentum (see Littlejohn [22], Lee [19, 20], Brizard et al. [6, 7], and
Grandgirard et al. [17]).

The second remark, which can be done is about the mathematical
results, which have been established in this paper: By linking previous

* . .
two-scale and weak-" convergence under common assumptions, i.e., the

assumptions from Theorem 3 coupled with (3.41), we have improved
Bostan’s results by generalizing them to some cases involving a non-

uniform electron density or a non-periodic initial distribution f.

Since the canonical gyrokinetic variables allow us to simplify the
formulation of the two scale limit model and, under (3.41), allow us to
highlight the adiabatic invariant property of the magnetic momentum,
they may be a useful tool for a mathematical justification of the full 3D

finite Larmor radius model.

From a numerical point of view, the model (3.13) can be used to build
a two-scale numerical method in order to simulate the high frequency

oscillations of the solution (}z, ]7]5) of the Vlasov-Poisson model (2.14),

such as it has been done before for low Mach number problems (see [13]),
charged particle beams problems (see [14] and [24]), or drift problems in
the ocean (see [2]). As an example, a numerical method based on the
computation of the characteristics associated with the limit transport
equation will be simpler to be developed on the formulation (3.13.a) than
the formulation (2.19.a). Indeed, since we have

03 (€2) = 0xy(€1) = Op(F k) + 0a(Fa) = 0, (4.1)

the transport equation (3.13.a) can support a time splitting without losing
its conservation property (see [4]).
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