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Abstract 

In this paper, we present some new results about the approximation of the  
Vlasov-Poisson system with a strong external magnetic field by the 2D finite 
Larmor radius model. The proofs within the present work are built by using two-
scale convergence tools, and can be viewed as a new slant on previous works of 
Frénod, Sonnendrücker and Bostan on the 2D finite Larmor radius model. In the 
first part, we recall the physical and mathematical contexts. We also recall two 
main results from previous papers of Frénod, Sonnendrücker and Bostan. Then, 
we introduce a set of variables, which are so-called canonical gyrokinetic 
coordinates, and we write the Vlasov equation in these new variables. Then, we 

establish some two-scale convergence and ∗-weak convergence results. 

1. Introduction 

Nowadays, domestic energy production by using magnetic confinement 
fusion (MCF) techniques is a huge technological and human challenge, as 
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it is illustrated by the international scientific collaboration around ITER, 
which is under construction in Cadarache (France). Since magnetic 
confinement, needed to reach nuclear fusion reaction, is a very complex 
physical phenomenon, the mathematical models, which are linked with 
this plasma physics subject need to be rigorously studied from theoretical 
and numerical points of view. Such a work programme based on rigorous 
mathematical studies and high precision numerical simulations can bring 
some additional informations about the behaviour of the studied plasma 
before the launch of real experiments. 

The present paper can be viewed as a part of the recent work 
programme about the mathematical justification of the mathematical 
models, which are used for numerical simulations of MCF experiments. 
Indeed, the first tokamak plasma models have been proposed by 
Littlejohn [22], Lee [19, 20], Dubin et al. [8] or Brizard et al. [6, 7] 
nevertheless, most of these models were established by using formal 
assumptions. For ten years, many mathematicians have been working on 
mathematical justification of these models, especially the gyrokinetic 
approaches like guiding-center approximations and finite Larmor radius 
approximations: Many results in this research field are due to Frénod and 
Sonnendrücker et al. [9-12], Golse and Saint-Raymond [15, 16], Bostan [5] 
or, more recently, Han-Kwan [18]. These mathematical results mostly 
rely on two-scale convergence theory (see Allaire [3], Nguetseng [25]) or 
compactness arguments. 

In this paper, we are focused on the 2D finite Larmor radius model 
and its mathematical justification: More precisely, the goal is to make a 

synthesis of previous mathematical proofs of the convergence of ( ),~,  Ef  

where 

( ) ( ),,sin2,cos2,cos2,sin2~,,, 21 tkkkxkxftkf ααα+α−=α  x  

(1.1) 

and where ( ) E~,~f  is the solution of the following 2D Vlasov-Poisson 

system: 
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towards the couple ( ),~, Ef  which is the solution of the 2D finite Larmor 
radius model given in [5] (see also Theorem 2 below). The main results on 
this model are due to Sonnendrücker, Frénod and Bostan, and indicates 

that ( ) E~,f  somehow ∗-weak converges to the solution of the finite 
Larmor radius model. However, the proofs within these articles are based 
on various assumptions and use various tools. 

The first part of the present paper is devoted to a state-of-the-art 
about the two dimensional finite Larmor radius approximation. Firstly, 
we recall the procedure, which allows us to obtain the dimensionless 
model (1.2) from the complete Vlasov-Poisson model by considering 
specific assumptions. Then, we recall the two-scale convergence theorem 
of Frénod and Sonnendrücker [11] on the one hand, and the 

∗-weak convergence theorem of Bostan [5] on the other hand. 

In the second part, we introduce a set of variables, which are so-called 
canonical gyrokinetic coordinates and we reformulate the Vlasov-Poisson 
system (1.2) in these new variables. Then, we establish a two-scale 
convergence theorem, which only relies on Frénod and Sonnendrücker’s 
assumptions. Finally, we deduce directly from this result Bostan’s finite 
Larmor radius model (see [5]) by adding a somehow non-physical 
assumption on the electric field, which consists in considering a strong 

convergence of the sequence ( ) .~
0>E  

2. State-of-the-Art 

2.1. Scaling of the Vlasov-Poisson model 

This paragraph is devoted to the scaling of the following Vlasov-
Poisson model: 
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where ( ) 3
~321

~,~,~~
xx R∈= xxx  is the position variable, ( ) ∈= 321

~,~,~~ vvvv  

3
~vR  is the velocity variable, +∈ Rt  is the time variable, ( )tff ,~,~~~ vx=  is 

the ion distribution function, en~  is the electron density, ( )t,~~~ xEE =  is 

the self-consistent electric field generated by the ions and the electrons, 

( )t,~~~ xBB =  is the magnetic field, which is applied on the considered 

plasma, ( )t,~~~ xφ=φ  is the electric potential linked with e,~E  is the 

elementary charge, and im  is the elementary mass of an ion. 

In this model, the external magnetic field B~  is assumed to be 
uniform and carried by the unit vector .3e  We also assume that the 

electron density en~  is given for any ( ) .,~ 3
~ +×∈ RRxx t  Following the same 

approach as in Bostan [5], Frénod et al. [11, 12], Golse and Saint-Raymond 
[15, 16], and Han-Kwan [18], we add the following assumptions: 

(i) The magnetic field is supposed to be strong. 

(ii) The finite Larmor radius effects are taken into account. 

(iii) The ion gyroperiod is supposed to be small. 

We define the dimensionless variables and unknowns ( ,~,~~
21 xx ′′=′x  

) ( ) ,~,~,,~,~,~~,~
3213 Ev ′′′′′′=′′ ftvvvx  and φ′~  by 

,~~,,~~,~~,~~
332211 vv ′=′=′=′=′= ⊥⊥ vtttxLxxLxxLx  

( ) ( ),,~,~,~,~,~,~~,~,~,~,~,~,~~
321321321321 tvvvxxxffttvvvvvvxLxLxLf ′′′′′′′′=′′′′′′′ ⊥⊥  
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( ) ( ),,~,~,~~,~,~,~~
321321 txxxEttxLxLxL ′′′′′=′′′′ ⊥⊥ EE  

( ) ( ).,~,~,~~,~,~,~~
321321 txxxttxLxLxL ′′′′φ′φ=′′′′φ ⊥⊥  (2.2) 

In these definitions, ⊥L  is the characteristic length in the direction 

perpendicular to the magnetic field, L  is the characteristic length in the 

direction of the magnetic field, v  is the characteristic velocity, and t  is 
the characteristic time. We also rescale the electron density as follows: 

( ) ( ).,~,~,~~,~,~,~~
321321 txxxnnttxLxLxLn ee ′′′′′=′′′′ ⊥⊥  (2.3) 

Following the assumptions on the magnetic field ,~B  we set B  as 

being such that 

.~
3eB B=   (2.4) 

Then, we set L  as the size of the physical device in game. We also link 

,, Ef  and φ  with the characteristic Debye length Dλ  by 

,,,
0

2

03 ε
λ

=φ
ε

λ
==

neneE
v
nf DD  (2.5) 

and we take Dλ  as the characteristic length in the direction perpendicular 

to the magnetic field, i.e., 

.DL λ=⊥   (2.6) 

Since we want to take into account the smallness of the gyroperiod and the 
finite Larmor radius effects, we define the characteristic gyrofrequency 

iω  and the characteristic Larmor radius Lr  as 

.,
i

L
i

i
vrm

Be
ω

==ω  (2.7) 
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With these notations, the Vlasov-Poisson system is rescaled as 
follows: 
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 (2.8) 

Taking into account, the finite Larmor radius effects consists in 
considering a regime in which the Larmor radius is of the order of the 
Debye length. This implies 

.1=
λD

Lr   (2.9) 

Since the magnetic field is assumed to be strong, the Larmor radius is 
small when compared with the size of the physical domain. Then, it is 
natural to take 

,=
L
rL   (2.10) 

where 0>  is small. 

Assumption (iii) can be translated in terms of characteristic scales by 

.1


=ωit   (2.11) 

Assumption (i) means that the magnetic force is much stronger than the 
electric force, so we consider 

.=
ωiimv
eE   (2.12) 
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Then, removing the primes and adding   in the subscript, the rescaled 
Vlasov-Poisson model writes 
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 (2.13) 

which is the model studied in previous works of Frénod and Sonnendrücker 
[11], Golse and Saint-Raymond [15, 16], and Bostan [5]. 

2.2. Previous results 

In this paragraph, we recall two main results about the asymptotic 
behaviour of the sequences ( ) 0

~
>f  and ( ) 0

~
>E  when   goes to 0. The 

first one is based on the use of two-scale convergence and homogenization 
techniques developed by Allaire [3] and Nguetseng [25], and was 
established by Frénod and Sonnendrücker in [11]. The second one relies 
on compactness arguments and was proved by Bostan in [5]. After 
recalling these two results, we discuss the main differences between 
them. These differences are the source of the motivation of the present 
paper. 

In order to simplify, we consider that the whole model (2.13) does not 
depend on 3

~x  nor ,~
3v  and we assume that 00 ~~ ff =  for all .  Then, it is 

reduced to a singularly perturbed 2D Vlasov-Poisson model of the form 
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 (2.14) 

where ( ) 2
21

~,~~ R∈= xxx  and ( ) .~,~~ 2
21 R∈= vvv  
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The following theorem can be attributed to Frénod and Sonnendrücker 
[11] (see Theorem 1.5) even if, the setting of this paper is a charged 
particle beam Vlasov-Poisson model not involving any electron density. 
Nonetheless, the proof of [11] works again in the setting of model (2.14), 
which involves an electron density. 

Theorem 1 (Frénod and Sonnendrücker [11]). We assume that, for a 

fixed 0~,2 fp ≥  is in ( ) ( ),441 RR pLL I  is positive everywhere and such 

that 

( ) .~~~,~~~ 02
4 +∞<∫ vxvxv ddf

R
  (2.15) 

We also assume that en~  does not depend on t, is in ( ) ( )22/321 RR LL I  

and satisfies 

( ) ( ) .~~~~~~,~~
24

0 xxvxvx dnddf e∫∫ =
RR

  (2.16) 

Then, the sequence ( ) 0
~,~

> Ef  is bounded ( ( )) ( ( ;,0;,0 4 TLLTL p ∞∞ ×R  

( )))222/3,1 RW  independently of .  Furthermore, by extracting some 

subsequences, 

( )tFFf ,,~,~~~~ τvx=→  two-scale in ( ( ( ))),;2,0;,0 4RpLLTL π∞∞
#  

( )t,,~~~~ τxE EE =→  two-scale in ( ( ( ( )))) .;2,0;,0 222/3,1 RWLTL π∞∞
#  

(2.17) 

Moreover, F~  is linked with ( ) ( ( ))4;,0,~,~~~ RpLTLtGG ∞∈= uy  by the 

relation 

( ) ( ( ) ( ) ),,~,~~~,,~,~~ tRGtF vvxvx τττ −−+= R   (2.18) 

and ( )E~,~G  is the solution of 
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where 

( ) ( ) .
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In this theorem, ( ( ))4;2,0 RpLL π∞
#  stands for the space of functions 

( )τ,~,~~~ vxhh =  being in ( ( ))4;2,0 RpLL π∞  and -2π periodic with respect 

to .τ  

As a consequence of this theorem, extracting some subsequences, we 
have 

( ( )),;,0in~~ 4RpLTLff ∞∗  

( ( ( ))) ,;,0in~~ 222/3,1 RWTL∞∗ EE   (2.21) 

where 

( ) ( ) ( ) ( ) .,,~~,~~and,,,~,~~,~,~~ 2

0

2

0
ττττ dttdtFtf xxEvxvx E∫∫

ππ
==  (2.22) 
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By using the relation between F~  and ,~G  we can easily remark that 

( )E~,~f  is the solution of 
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We notice that these equations still involve F~  and .~E  In order to make 
these dependencies disappear, Bostan has proposed in [5], a reformulation 
of the Vlasov equation in guiding-center coordinates. Before presenting it, 

we introduce the sequence ( ) 0>
.
f  defined by 

( ) ,,~,~
~

~,~,~~
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2 
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v

v
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  (2.24) 

and, in the same spirit, we define the initial guiding-center distribution 
0f
.

 by 

( ) .,~,~
~

~,~,~~
1

200 
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





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
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
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v

v
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  (2.25) 

Theorem 2 (Bostan [5]). We assume that ,1~ =en  and that 0~f  is 

-2π periodic in 1
~x  and ,~

2x  is positive everywhere and satisfies 
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We also assume that there exists ( ) ( )drrLLF ;~ 10
++

∞∈ RR I  such that 

( ) [ ] ( ) ( ).~~~,~~,2,0~,~ 0022 vvxvx Ff ≤×π∈∀ R   (2.27) 

We also assume that ( ) 0
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In this theorem, ([ ] )22 2,0 π#L  stands for the space of functions 

( )x~~~ hh =  being in ([ ] ),2,0 22 πL  and -2π periodic with respect to 1
~x  and 

.~
2x  
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This last result introduces a mathematical justification of the 
approximation of the Vlasov-Poisson model (2.14) by the finite Larmor 
radius model, which is exactly (2.28)-(2.29). However, in order to prove 
this convergence result, Bostan considered stronger assumptions on 0~f  

and en~  than needed to get existence of the ∗-weak  limit ( )E~,~f  from 

Theorem 1: The initial distribution 0~f  is supposed to be -2π periodic in 

1
~x  and ,~

2x  and ( ) 0
~

>E  is supposed to admit a strong limit in some 

Banach space. 

3. Convergence Result in Canonical 
Gyrokinetic Coordinates 

This section is devoted to a two-scale convergence result for model 
(2.14) written in a new set of variables, which are so-called canonical 
gyrokinetic coordinates. Then, by adding a non-physical hypothesis for the 

electric field ,~
E  we obtain straightforwardly Bostan’s ∗-weak convergence 

result. 

3.1. Reformulation of Vlasov equation 

Following the ideas of Littlejohn [22], Lee [19, 20], and Brizard et al. 

[6, 7], we define the variables ( ) ∈α,,, 21 kxx  [ ]π×× + 2,02 RR  by 

linking them with ( ) 4
2121

~,~,~,~ R∈vvxx  by 







α=+=

α=−=

.sin2~,~~

,cos2~,~~

2122

1211

kvvxx

kvvxx
 (3.1) 

This set of variables is so-called canonical gyrokinetic coordinates: Indeed, 
if we define the characteristics AKXX ,,, 21  linked with α,,, 21 kxx  by 







=+=

=−=

,sin2~,~~

,cos2~,~~

2122

1211

AKVVXX

AKVVXX
 (3.2) 

where 2121
~,~,~,~ VVXX  are the characteristics associated with the Vlasov 

equation (2.14.a), i.e., satisfying 
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( ) ( ) ( ) ( ( ) ( ) ) ( )

( ) ( ) ( ) ( ( ) ( ) ) ( )








−=∂=∂

+=∂=∂

,~1,~,~~~,~1~

,~1,~,~~~,~1~

1212,222

2211,111

tVttXtXEtVtVtX

tVttXtXEtVtVtX

tt

tt









 (3.3) 

we have 

( ) ( ( ) ( ) ( ) ( ) )

( ) ( ( ) ( ) ( ) ( ) )

( ) ( ( ) ( ) ( ) ( ) )

( ) ( ( ) ( ) ( ) ( ) )














∂−=∂

∂=∂

∂=∂

∂−=∂

α

,,,,,

,,,,,

,,,,,

,,,,,

21

21

212

211

1

2

ttAtKtXtXHtA

ttAtKtXtXHtK

ttAtKtXtXHtX

ttAtKtXtXHtX

kt

t

xt

xt









 (3.4) 

where the Hamiltonian function H  is defined by 

( ) ( ),,,,,,,,, 2121 tkxxktkxxH αφ+=α  
 (3.5) 

and φ  is linked with φ
~  by the relation 

( ) ( ).,cos2,sin2~,,,, 2121 tkxkxtkxx α+α−φ=αφ    (3.6) 

Then it is straightforward to see that, in the gyrokinetic canonical 
coordinates, the Vlasov-Poisson system (2.14) has the following shape: 

( )

( ) ( )

( ) ( )

( ) ( )

( ) ( ) ( )























−ααα−α+=φ∆−

φ−∇=

α+α−=α

ααα+α−=α

=∂−∂
α−α

+

∂α+α+∂−∂+∂

∫∫
∞+π

αα

,,~~,,,cos2~,sin2~,~~

,,~~,~~

,,cos2,sin2~,,,

,sin2,cos2,cos2,sin2~0,,,

,01
2

sincos

sincos2

21
0

2

0
~

~

21

21
0

1,2,

2,1,1,2, 21

tnddktkkxkxft

tt

tkxkxtk

kkkxkxfkf

ff
k
EE

fEEkfEfEf

e

kxxt

xx

xxE

ExE

x

x

x
















 

(3.7) 
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where ( )21
~,~~ xx=x  and ( ),, 21 xx=x  and where ( )tkff ,,, α= x  and 

( )tk ,,, α= xEE   are linked with f
~  and E~  by 

 ( ) ( ),,sin2,cos2,cos2,sin2~,,, 21 tkkkxkxftkf ααα+α−=α  x  

( ) ( ).,cos2,sin2~,,, 21 tkxkxtk α+α−=α  ExE  (3.8) 

3.2. Two-scale convergence 

We set the following notations: 

[ ] [ ],2,0,,2,0 22 π×=×=Γπ××=Ω +++ RRRRR S   (3.9) 

and we consider the following Banach spaces, involving periodicity with 
respect to :α  

 ( ( )) ( ){ },inperiodicis:;2,0 αΩ∈=Γπ fLfLL ppp
#  

( ( )) ( ) ( ) ( ){ },inperiodicis:2.,.,0.,.,,;2,0 ,1,1,1 απ=Ω∈=Γπ fffWfWW ppp
#

( ( ))Γπ pp WW ,2,2 ;2,0#  

( ) ( ) ( ) ( ) ( ){ },inperiodicis:2.,.,0.,.,,2.,.,0.,.,,,2 απ∂=∂π=Ω∈= αα fffffWf p  

and we can state the following theorem: 

Theorem 3. We assume that, for a fixed 0~,2 fp ≥  and en~  satisfy the 

assumptions of Theorem 1. Then, the sequences ( ) 0>f  and ( ) 0
~

>E  of 

system (3.7) are bounded independently of   in ( ( ( )))Γπ∞ pp LLTL ;2,0;,0 #  

and ( ( ( ))) ,;,0 222/3,1 RWTL∞  respectively. As a consequence, there exist 

( )tkFF ,,,, τα= x  and ( )t,,~~~ τxEE =  such that, extracting some 

subsequences, 

( ( ( ( )))),;2,0;2,0;,0- Γππ→ ∞∞ pp LLLTLinscaletwoFf ##  

( ( ( ( )))) .;2,0;,0-~~ 222/3,1 RWLTLinscaletwo π→ ∞∞
#EE  (3.10) 
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Furthermore, there exist ( ) ( ( ( )))Γπ∈α= ∞ pp LLTLtkGG ;2,0;,0,,, #x  

and ( ) ( ( ( ( ( )))))22/3,1;2,0;2,0;,0,,,, Γππ∈α= ∞∞ WWLTLtk 3/21,
##τxEE  

such that 

( ) ( ),,,,,,,, tkGtkF ττ +α=α xx   (3.11) 

( ) ( ),,,cos2,sin2~,,,, 21 tkxkxtk ττ α+α−=α EE x   (3.12) 

and verifying 

( ) ( )

( ) ( )

( ) ( )

( )

( ) ( ( ) ( ) )

( ) ( ) ( )






























αα−αα
=α

αα+αα=α

π
−

α+αα−α+=Φ∆−

=Φ∇−

ααα+α−
π

=α

=∂+∂+∂−∂+∂

α

αα

∫

,
2

sin,,,,cos,,,,,,,,

,sin,,,cos,,,2,,,,

,~~
2
1

,,,cos2~,sin2~,,~~

,,,~~,,~~

,sin2,cos2,cos2,sin2~
2
10,,,

,0

12

21

21~

~

21
0

12 21

k
tktktk

tktkktk

n

ddktkkxkxGt

tt

kkkxkxfkG

GGGGG

k

e

kkxxt

τττ

τττ

ττ

ττ

xxx

xxx

x

x

xx

x

x

x

EE
F

EEF

E

FFEE

S

 

(3.13) 

where the notation ⋅  stands for 

( ) ( ) .,,,,,,,
2

0
τττ dtkutku −α=α ∫

π
xx  (3.14) 

Proof of Theorem 3. Several parts of this proof are only sketched 
since they can be redundant with [11]. However, more details can be 
found in Mouton [23]. 

Following the same way as in [11], we prove that, under the 
assumptions of Theorem 1, we have 
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( ) ( ( ) ) ( ) ,0,~, 40
;2,0 ≥∀=⋅ Γπ tftf ppp LLL R#   (3.15) 

and defining ρ~  as 

( ) ( ) ,,,,cos2~,sin2~,~~
21 ααα−α+=ρ ∫ ddktkkxkxft 

S
x   (3.16) 

that the sequence ( ) 0
~

>ρ   is bounded in ( ( ))22/3;,0 RLTL∞  independently 

of .  Then, we deduce that ( ) 0
~

>φ   and ( ) 0
~

>E  are bounded independently 

of   in ( ( ))22/3,2;,0 RWTL∞  and ( ( ;,0 TL∞  ( ))) ,222/3,1 RW  respectively. 

As a consequence, there exist =F  ( ) ( ),,,~~~,,,,, ttkF ττ xx Φ=Φα  and 

( )t,,~~~ τxEE =  such that 

( ( ( ( )))),;2,0;2,0;,0inscale-two Γππ→ ∞∞ pp LLLTLFf ##  

( ( ( ))),;2,0;,0inscale-two~~ 22/3,2 RWLTL πΦ→φ ∞∞
#  

( ( ( ( )))) .;2,0;,0inscale-two~~ 222/3,1 RWLTL π→ ∞∞
#EE  (3.17) 

Considering a compact set ,Γ⊂K  we easily remark that the 

sequence ( ) 0>φ   defined by (3.6) is bounded in ( ( ;2,0;,0 2/3,1
# π∞ WTL  

( ))),2/3,1 KW  and that all its second order derivatives except φ∂2
k  are 

bounded independently of   in ( ( ( ))).;2,0;,0 2/32/3
# KLLTL π∞  The 

sequence ( ) 0>E  defined by (3.8.b) is bounded in ( ( ( ;2,0;,0 2/3,1
# π∞ WTL  

( ))))22/3,1 KW  independently of .  As a consequence, we claim that there 
exist ( )tk ,,,, ταΦ=Φ x  and ( )tk ,,,, τα= xEE  such that  

( ( ( ( )))),;2,0;2,0;,0inscale-two 2/3,12/3,1 KWWLTL ππΦ→φ ∞∞
##  

( ( ( ( ( ))))) .;2,0;2,0;,0inscale-two 22/3,12/3,1 KWWLTL ππ→ ∞∞
##EE  

(3.18) 
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Furthermore, we remark that Φ  and E  are linked with Φ~  and E~  by the 
formula 

( ) ( ),,,cos2,sin2~,,,, 21 tkxkxtk ττ α+α−=α EE x  

( ) ( ).,,cos2,sin2~,,,, 21 tkxkxtk ττ α+α−Φ=αΦ x  (3.19) 

Then, the vector function A  defined by 

( ) ,

2
sincos

sincos2
1,2,

2,1,

1,

2,

1

2























α−α
α+α

−
=



















φ∂−
φ∂
φ∂
φ∂−

=
α

k
EE

EEk
E

E

k

x

x

















A  (3.20) 

has its three first components, which are bounded in ( 2/3,1
#;,0 WTL∞  

( ( )))KW 2/3,1;2,0 π  independently of   and its fourth one in ( ;,0 TL∞  

( ( )))KLL 2/32/3
# ;2,0 π  and admits a two-scale limit denoted =A  

( )tk ,,,, ταxA  in ( ( ( ( ( ))))) ×ππ∞∞ 32/3,12/3,1
## ;2,0;2,0;,0 KWWLTL  

( ( ( ( )))).;2,0;2,0;,0 2/32/3
## KLLLTL ππ∞∞  The convergence of the three 

first components is the consequence of classical embedding of Sobolev 

spaces in pL  spaces. Concerning the convergence of the fourth one, we 
need to use that 1,E  and 2,E  are bounded independently of   in 

( ( ( )))KWWTL 2/3,12/3,1
# ;2,0;,0 π∞  and consequently in ( 6

#;,0 LTL∞  

( ( )))KL6;2,0 π  and that ( ) 2/12 −k  is, for any maxk  and for any ,2<q  in 

( ).,0 maxkLq  The vector function A  is linked with Φ  and E  as follows: 

( ) .

2
sincos

sincos2
12

21

1

2

1

2





















α−α
α+α

−
=



















Φ∂−
Φ∂
Φ∂
Φ∂−

=
α

k

k

k

x

x

EE
EE

E
E

A  (3.21) 
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In order to establish the two-scale limit model, we cannot simply 
apply Theorem 1.3 of [11]: Indeed, the formulation (3.7.a) of Vlasov 
equation does not fit with the assumptions, which are needed for applying 

this theorem since the differential operator ff α∂−

1

a  cannot be written 

under the form 

( ) ,1 2

1

f
k
x
x

f ∇⋅+



















α

NM


a  (3.22) 

where M  is a constant square matrix satisfying ( ) ,0Tr =M  and ∈N  
( ).Im M  However, the approach which is considered in [11] can be 

adapted to the present case. 

Firstly, we prove that there exists a function G such that 
( ) ( ).,,,,,,, tkGtkF ττ +α=α xx  To reach such a result, we consider a 

test function ( )tkvv ,,,, τα/=/ x  on [ ] [ ],,02,0 T×π×Ω  which is 

-2π periodic in α  and .τ  If we multiply (3.7.a) by ( )ttkv ,,,,


α/ x  and 

integrate over [ ],,0 T×Ω  we obtain 

( ) [ ( ) ( )ttkvttkvtkf t
T

,,,,1,,,,,,,
0  α/∂+α/∂α∫∫ Ω

xxx τ  

( ) ( ) ( ) ] dtddkdttkvtkftk αα/∂−α∇⋅α+ α xxxxA ,,,,1,,,,,,
  

( )ααα+α−−= ∫Ω sin2,cos2,cos2,sin2~
21

0 kkkxkxf  

( ) .0,0,,,, 2121 αα/× ddkdxdxkxxv  (3.23) 

Multiplying (3.23) by   and letting ,0→  we obtain the weak formulation 

of ,0=∂−∂ αFFτ  which indicates that there exists a function ∞∈LG  

( ( ( )))Γπ pp LLT ;2,0;,0 #  such that 

( ) ( ).,,,,,,, tkGtkF ττ +α=α xx   (3.24) 
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Secondly, we introduce the sequence ( ) 0>g  defined by 

( ) .,,,,,, 




 −α=α ttkftkg

 xx   (3.25) 

In the spirit of [11], we prove that g  strongly converges to Gπ2  in a 

given Banach space. For that, we notice that, up to a subsequence, g  

two-scale converges to G in ( ( ( ( )))),;2,0;2,0;,0 Γππ∞∞ pp LLLTL ##  since 

we have 

( ) ( ) dtddkdttkvtkg
T

αα/α∫∫ Ω
xxx ,,,,,,,

0   

( ) ( ) dtddkdtttkvtkf
T

α+α/α= ∫∫ Ω
xxx ,,,,,,,

0   

( ) ( ) ττττ ddtddkdtkvtkF
T

α+α/α→ ∫∫∫ Ω

π
xxx ,,,,,,,,

0

2

0
 

( ) ( ) ,,,,,,,,
0

2

0
ττ ddtddkdtkvtkG

T
αα/α= ∫∫∫ Ω

π
xxx  (3.26) 

for any test function v/  on [ ] [ ],,02,0 T×π×Ω  which is -2π periodic in α  

and .τ  As a consequence, g  ∗-weakly converges to Gπ2  in ( ;,0 TL∞   

( ( ))).;2,0 Γπ pp LL#  

Let us prove that this ∗-weak convergence is a strong convergence in 

a given Banach space. This is the aim of the following lemma: 

Lemma 4. For any compact subset K of ,Γ  and up to a subsequence, 

g  strongly converges to Gπ2  in ( ( ( ( ))) ).;2,0;,0 2/3,1
0

2/3,1 ∗∞ π KWWTL #   

In this lemma, ( ( ( )))∗π KWW 2/3,1
0

2/3,1
# ;2,0  stands for the dual of 

( ( )).;2,0 2/3,1
0

2/3,1
# KWW π   
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Proof of Lemma 4. For any compact subset K of ( ) 0, >Γ g  and 

( ) 0>A  are bounded independently of   in ( ( ( )))KLLTL pp ;2,0;,0 π∞
#  

and ( ( ( ( )))) ( ( ( ))),;2,0;,0;2,0;,0 2/32/3
#

32/3,12/3,1 KLLTLKWWTL π×π ∞∞
#  

respectively. Then, remarking that g  is the solution of 

( ) ( ) ( )

( ) ( )








ααα+α−=α

=α∇⋅−α+α∂

,sin2,cos2,cos2,sin2~0,,,

,0,,,,,,,,,

21
0 kkkxkxfkg

tkgttktkgt

x

xxAx



   

(3.27) 

we use similar arguments as the ones given after Equation (3.20) to 
deduce 

(1) ( ) 0>A  is bounded independently of   in ( ( ( ;2,0;,0 23 π∞
#LTL  

( )))) ,423 KL   

(2) ( ( ) ( )) 0,,,,,, >−αα  
ttktkg xAx  is bounded in ( ( ( ;2,0;,0 π∞ rLTL #  

( ))))4KLr  independently of   with r defined by ( ∈+= rqpr
111  ] [ ),2

3,1  

(3) ( ) 0>∂ gt  is bounded in ( ( ( ( ))) )∗∞ ∗∗
π KWWTL rr ,1

0
,1 ;2,0;,0 #  

independently of   with .111 =+
∗ rr

 

If ,23<r  the embedding ( ( )) ( ;2,0;2,0 2/3,1
#

,1
0

,1 π⊂π
∗∗

WKWW rr
#  

( ))KW 2/3,1
0  is compact with density. Furthermore, Rellich-Kondrakov’s 

theorem (see [1]) gives the compact embedding ( ( )) ⊂π KLL pp ;2,0#  

( ( ( )))∗π KWW 2/3,1
0

2/3,1 ;2,0#  since .2≥p  Then, we apply Aubin-Lions’ 

lemma (see [21]), and we prove that the functional space U  defined by 



TWO-DIMENSIONAL FINITE LARMOR RADIUS … 155

{ ( ( ( ))) :;2,0;,0 KLLTLu pp π∈= ∞
#U  

  ( ( ( ( ))) ) },;2,0;,0 ,1
0

,1 ∗∞ ∗∗
π∈∂ KWWTLu rr

t #  (3.28) 

is compactly embedded in ( ( ( ( ))) ).;2,0;,0 2/3,1
0

2/3,1 ∗∞ π KWWTL #  Since 

U∈g  for all ,  we deduce that the ∗-weak convergence of g  to Gπ2  in 

( ( ( )))KLLTL pp ;2,0;,0 π∞
#  is a strong convergence in ( ;,0 TL∞  

( ( ( ))) ).;2,0 2/3,1
0

2/3,1 ∗π KWW#  

If ,23≥r  the compact embedding ( ( ( ))) ⊂π ∗∗∗
KWW rr ,1

0
,1 ;2,0#  

( ( ( )))∗π KWW 2/3,1
0

2/3,1 ;2,0#  is gotten directly. If we introduce the 

functional space U ′  defined by 

{ ( ( ( ))) :;2,0;,0 KLLTLu pp π∈=′ ∞
#U  

 ( ( ( ( ))) ) },;2,0;,0 2/3,1
0

2/3,1 ∗∞ π∈∂ KWWTLut #  (3.29) 

we remark that the sequence ( ) 0>g  is bounded in U ′  independently of 

.  By using Aubin-Lions’ lemma, we prove that ( ( 2/3,1;,0 #WTL∞⊂′U  

( ( ))) )∗π KW 2/3,1
0;2,0  is a compact embedding. Then, g  strongly 

converges to Gπ2  in ( ( ( ( ))) ).;2,0;,0 2/3,1
0

2/3,1 ∗∞ π KWWTL #   

Let us finish the proof of Theorem 3 by establishing a transport 
equation satisfied by G. Let us consider a test function ( )tkvv ,,, α/=/ x  on 

.Ω  We denote its compact support in Γ  by K, and we assume that v/  and 
its first order derivatives are -2π periodic in the α  direction. Then, we 
have 

( ) ( ) dtddkdtkvtkg t
K

T
αα/∂α∫∫∫

π
xxx ,,,,,,

2

00
   
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( ) ( ) ( ) dtddkdtkvttktkg
K

T
αα/∇⋅−αα+ ∫∫∫

π
xxxAx ,,,,,,,,,

2

00   

( )ααα+α−+ ∫∫
π

sin2,cos2,cos2,sin2~
21

02

0
kkkxkxf

K
 

( ) .00,,, =αα/× ddkdkv xx  (3.30) 

Since the vector function ( ) ( ) ( )ttktkgtk ,,,,,,,,,
 −αα=α xAxxZ  is 

bounded independently of   in ( ( ( ( ))))4# ;2,0;,0 KLLTL rr π∞  with 

] [,2
3,1∈r  there exists a function ( )tk ,,,, τα= xZZ  in ( ( ;,0 TL∞  

( ( ( ))))) ,;2,0;2,0 4
## KLLL rr ππ∞  such that Z  two-scale converges to Z  in 

( ( ( ( ( )))))4## ;2,0;2,0;,0 KLLLTL rr ππ∞∞  and ∗-weakly converges to 

( ) ττ d⋅⋅⋅⋅∫
π

,,,,
2
0
Z  in ( ( ( ( )))) .;2,0;,0 4

# KLLTL rr π∞  

If we now restrict our choice of test functions v/  to the one having 

their support satisfying 

( { }) ,002 /=×RIK   (3.31) 

then ( )ttk ,,,
 −αxA  is bounded in ( ( ( 2/3,12/3,1

# ;2,0;,0 WWTL π∞  

( ))))4K  independently of   and admits a two-scale limit in space 

( ( ( ( ( ))))) ,;2,0;2,0;,0 42/3,12/3,1
## KWWLTL ππ∞∞  which is exactly .A  

Since sequence ( ) 0>g  converges to Gπ2  in space ( ( 2/3,1
#;,0 WTL∞  

( ( ))) )∗π KW 2/3,1
0;2,0  strongly, we can deduce that 

,2 AZ Gπ=   (3.32) 

almost everywhere on [ ] {( ) }0,,,,\,0 =α×Ω ktkT x  and then almost 

everywhere on [ ],,0 T×Ω  and we obtain the weak formulation of  
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( ) ( ) ( )

( ) ( )








ααα+α−
π

=α

=α∇⋅







−α+α∂ ∫

π

,sin2,cos2,cos2,sin2~
2
10,,,

,0,,,,,,,,,,

21
0

2

0

kkkxkxfkG

tkGdtktkGt

x

xxx τττA
 

(3.33) 

when 0→  in (3.30). Finally, we extend this conclusion to every 

compact subsets K of Γ  by remarking that the measure of { }02 ×R  is 
null. 

In order to obtain Poisson type equations (3.13.c) and (3.13.d), we 

consider a test function ( )tvv ,,~~~ τx/=/  on [ ] [ ],,02,02 T×π×R  which is 

π2 -periodic in ,τ  we multiply ( ) ( ),,~~,,~~
~ tt xxE x  φ∇  and φ∆ ~~x ( )t,~x  by 

( )ttv ,,~~


x/  and we integrate in x~  and t. We obtain 

( ) ( ) ( ) ( ) ,~,,~,,~~~,,~,~~
22 0

2

00
τττ ddtdtvtdtdttvt

TT
xxxxxxE /→/ ∫∫∫∫∫

π
E

RR   

(3.34) 

( ) ( ) ( ) ( ) ,~,,~,,~~~,,~,~~ ~
0

2

0
~

0 22 τττ ddtdtvtdtdttvt
TT

xxxxxx xx /Φ∇→/φ∇ ∫∫∫∫∫
π

RR   

(3.35) 

( ) ( ) ( ) ( ) ,~,,~,,~~~,,~,~~ ~
0

2

0
~

0 22 τττ ddtdtvtdtdttvt
TT

xxxxxx xx /Φ∆→/φ∆ ∫∫∫∫∫
π

RR   

(3.36) 

when   converges to 0. Since F is the two-scale limit of ( ) ,0>f  we also 

have 

( ) ( ) dtdttvddktkkxkxf
T

xx ~,,~,,,cos2~,sin2~
21

0 2  /






 ααα−α+∫∫∫ SR
 

( )tkkxkxF
T

,,,,cos2~,sin2~
21

0

2

0 2 ταα−α+→ ∫∫∫∫
π

SR
  

( ) ,~,,~ ττ ddtdddktv xx α/×  (3.37) 
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when .0→  Then, gathering convergence results (3.34)-(3.37), we obtain 
the weak formulation of (3.13.c) and (3.13.d).  

3.3. ∗-Weak convergence under non-physical hypothesis 

Firstly, we have a direct corollary of Theorem 3: 

Corollary 5. Up to some subsequences, 

● ∗-weaklyf converges to ( ( ( )))Γπ∈ ∞ pp LLTLf ;2,0;,0 #  with f defined 

by 

( ) ( ) ,,,,,,,,
2

0
ττ dtkFtkf α=α ∫

π
xx   (3.38) 

● ∗-~ weaklyE converges to ( ( ( )))222/3,1;,0~ RWTL∞∈E  with E~  

defined by 

( ) ( ) ,,,~,~ 2

0
ττ dtt xxE E∫

π
=   (3.39) 

● ∗φ -~ weakly converges to ( ( ))22/3,2;,0~ RWTL∞∈φ  with φ~  defined 

by 

( ) ( ) τ.τ dtt ,,~,~ 2

0
xx Φ=φ ∫

π
  (3.40) 

From now, we add the following non-physical assumption: 

EE ~~
→  strongly.  (3.41) 

Lemma 6. Under the hypotheses of Theorem 3 and (3.41), we have 

( ) [ ] ( ) .0,,,,,,0,,,
2

0
=








−αΦ∂×Ω∈α∀ ∫

π
α τττ dtkTtk xx   (3.42) 

Proof of Lemma 6. We consider a compact subset K of Γ  and a test 
function ( )tkvv ,,, α/=/ x  on [ ],,0 T×Ω  which support in ( )k,x  is 

included in K. Since ( ) 0>φ   is bounded independently of   is ( ;,0 TL∞  
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( ( )))KWW 2/3,12/3,1
# ;2,0 π  and that all its second order derivatives, 

except ,2
φ∂k  are also bounded in ( ( ( ))),;2,0;,0 2/32/3

# KLLTL π∞  we have 

( ) ( ) dtddkdtkvttk
T

αα/−αφ∂∇ α
Γ

π

∫∫∫ xxxx ,,,,,,
2

00    

( ) ( ) ( ) dtddkdttkvtk
T

α+α/∂αφ∇−= α
Γ

π

∫∫∫ xxxx ,,,,,,
2

00    

( ) ( ) ( ) dtddkdttkvtk
T

α+α/∂α= α
Γ

π

∫∫∫ xxxE ,,,,,,
2

00   

( )t
T

,~~2

00
xE∫∫∫ Γ

π
=    

( ) ( ) .~,,,cos2~,sin2~
21 dtddkdttkkxkxv α+αα−α+/∂× α x


 

(3.43) 

Since E
~  converges to E~  strongly, we obtain 

( ) ( ) dtddkdtkvttk
T

αα/−αφ∂∇ α
Γ

π

→ ∫∫∫ xxxx ,,,,,,lim
2

000 
 

( )t
T

,~~2

00
xE∫∫∫ Γ

π
=  

( ) ( ) dtddkddtkkxkxv α+αα−α+/∂× α
π

∫ x~,,,cos2~,sin2~
21

2

0
ττ   

( )t
T

,~~2

00
xE∫∫∫ Γ

π
=  

( )( ) dtddkddtkkxkxv α+αα−α+/∂× ∫
π

x~,,,cos2~,sin2~
21

2

0
τττ   

.0=   (3.44) 
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On the other hand, we deduce from (3.18) that we also have 

( ) ( ) dtddkdtkvttk
T

αα/−αφ∂∇ α
Γ

π

∫∫∫ xxxx ,,,,,,
2

00    

( ) ( ) .,,,,,,,
2

0

2

00
dtddkdtkvdtk

T
αα/








−αΦ∂∇→ ∫∫∫∫

π
α

Γ

π
xxxx τττ  

(3.45) 

Then, it is straightforward that 

( ) ,0,,,,
2

0
=








−αΦ∂∇ ∫

π
α τττ dtkxx   (3.46) 

in ( ( ( )))KLLTL 2/32/3
# ;2,0;,0 π∞  and that 

( ) ( ) 







−αΦ∂α ∫

π
α τττ dtktk ,,,,,,,

2

0
xx a  

does not depend on x. 

Following the same approach, we use the fact that the sequences 

( ) 0
2

, >αφ∂ k  and ( ) 0
2

>αφ∂   are bounded in ( ( ( )))KLLTL 2/32/3
# ;2,0;,0 π∞  

independently of  to obtain 

( ) ( ) ,,,,,,,,
2

0
2

,
2

, 







−αΦ∂−αφ∂ ∫

π

α
∗

α τττ dtkttk kk xx 
  

    ( ) ( ) ,,,,,,,,
2

0
22









−αΦ∂−αφ∂ ∫

π
α

∗
α τττ dtkttk xx 

  (3.47) 

in ( ( ( ))).;2,0;,0 2/32/3
# KLLTL π∞  On the other hand, we have 

( ) ( ) dtddkdtkvttkk
T

αα/−αφ∂ αΓ

π

∫∫∫ xxx ,,,,,,2
,

2

00   

( )
( ) ( ) dtddkdttkv

k
tkET

α+α/∂
αα

= α
Γ

π

∫∫∫ xx
x

,,,
2

cos,,,2,2

00 
  
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( )
( ) ( ) dtddkdttkv

k
tkET

α+α/∂
αα

− α
Γ

π

∫∫∫ xx
x

,,,
2

sin,,,1,2

00 
  

( )
k

tE
T

2
cos,~~

2,
2

00

α= ∫∫∫ Γ

π
x  

( ) ( ) dtddkdttkkxkxv α+αα−α+/∂× α x~,,,cos2~,sin2~
21 

  

( )
k

tE
T

2
sin,~~

1,
2

00

α− ∫∫∫ Γ

π
x  

( ) ( ) ,~,,,cos2~,sin2~
21 dtddkdttkkxkxv α+αα−α+/∂× α x


 

(3.48) 

and 

( ) ( ) dtddkdtkvttk
T

αα/−αφ∂α
Γ

π

∫∫∫ xxx ,,,,,,22

00   

( ) ( ) ( ) dtddkdttkvtkEk
T

α+α/∂αα= α
Γ

π

∫∫∫ xxx ,,,cos,,,2 1,
2

00   

( ) ( )( ) dtddkdttkvtkEk
T

α+α/∂αα+ α
Γ

π

∫∫∫ xxx ,,,sin,,,2 2,
2

00   

( ) α= ∫∫∫ Γ

π
cos2,~~

1,
2

00
ktE

T
x  

( ) ( ) dtddkdttkkxkxv α+αα−α+/∂× α x~,,,cos2~,sin2~
21 

 

( ) α+ ∫∫∫ Γ

π
sin2,~~

2,
2

00
ktE

T
x  

( ) ( ) ,~,,,cos2~,sin2~
21 dtddkdttkkxkxv α+αα−α+/∂× α x


 

(3.49) 

so we have 
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( ) ( ) dtddkdtkvttkk
T

αα/−αφ∂ α
Γ

π

→ ∫∫∫ xxx ,,,,,,lim 2
,

2

000 
 

( )
k

tE
T

2
cos,~~

2
2

00

α= ∫∫∫ Γ

π
x  

( ) ( ) dtddkddtkkxkxv α+αα−α+/∂× α
π

∫ x~,,,cos2~,sin2~
21

2

0
ττ  

( )
k

tE
T

2
sin,~~

1
2

00

α− ∫∫∫ Γ

π
x  

( ) ( ) dtddkddtkkxkxv α+αα−α+/∂× α
π

∫ x~,,,cos2~,sin2~
21

2

0
ττ  

( )
k

tE
T

2
cos,~~

2
2

00

α= ∫∫∫ Γ

π
x  

( ) ( ) dtddkddtkkxkxv α+αα−α+/∂× ∫
π

x~,,,cos2~,sin2~
21

2

0
τττ  

( )
k

tE
T

2
sin,~~

1
2

00

α− ∫∫∫ Γ

π
x  

( ) ( ) dtddkddtkkxkxv α+αα−α+/∂× ∫
π

x~,,,cos2~,sin2~
21

2

0
τττ  

,0=  (3.50) 

and 

( ) ( ) dtddkdtkvttkk
T

αα/−αφ∂ α
Γ

π

→ ∫∫∫ xxx ,,,,,,lim 2
,

2

000 
 

( ) α= ∫∫∫ Γ

π
cos2,~~

1
2

00
ktE

T
x  

( ) ( ) dtddkddtkkxkxv α+αα−α+/∂× α
π

∫ x~,,,cos2~,sin2~
21

2

0
ττ  
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( ) α+ ∫∫∫ Γ

π
sin2,~~

2
2

00
ktE

T
x  

( ) ( ) dtddkddtkkxkxv α+αα−α+/∂× α
π

∫ x~,,,cos2~,sin2~
21

2

0
ττ  

( ) α= ∫∫∫ Γ

π
cos2,~~

1
2

00
ktE

T
x  

( ) ( ) dtddkddtkkxkxv α+αα−α+/∂× ∫
π

x~,,,cos2~,sin2~
21

2

0
τττ  

( ) α+ ∫∫∫ Γ

π
sin2,~~

2
2

00
ktE

T
x  

( ) ( ) dtddkddtkkxkxv α+αα−α+/∂× ∫
π

x~,,,cos2~,sin2~
21

2

0
τττ  

.0=   (3.51) 

Then, we deduce that 

( ) ( ) ,0,,,,
2

0
, =








−αΦ∂∇ ∫

π
αα τττ dtkk x   (3.52) 

and that the function ( ) ( ) 




 −αΦ∂α ∫

π
α τττ dtkk ,,,,,,

2
0

xx a  is constant 

on .Ω  Then, for any ( ),,, tkx  the function aα ( ) τττ dtk ,,,,
2
0

−αΦ∫
π x  

is monotonic and periodic on [ ]π20,  and then must be constant. As a 
consequence, we finally obtain 

( ) .0,,,,
2

0
=








−αΦ∂ ∫

π
α τττ dtkx   (3.53) 

  

Consequently, if we consider the hypothesis (3.41) alongwith those 
from Theorem 3, we can write 
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( ) ( ) τ.τττττ dtkdtk ,,,,,,,,
2

0

2

0
−Φ=−αΦ ∫∫

ππ
xx   (3.54) 

Then, the two-scale limit model (3.13) can be reduced to 

( ) ( )

( ) ( )
( ) ( )

( )

( ) ( ) ( )


















αα−αα
=

π

α+αα−α+=Φ∆−

=Φ∇−

ααα+α−
π

=α

=∂+∂−∂+∂

α

αα

∫

,
2

sin,,,,cos,,,,,,,

,~~
2
1

,,,cos2~,sin2~,,~~
,,,~~,,~~

,sin2,cos2,cos2,sin2~
2
10,,,

,0

12

21~

~

21
0
12 21

k
tktktk

n

ddktkkxkxGt
tt

kkkxkxfkG

GGGG

e

xxt

τττ

−

ττ
ττ

xxx

x

x
xx

x

x

x

EE
F

E

FEE

S

  

(3.55) 

and the notation ⋅  stands for 

( ) ( ) τ.ττ dtkutku ,,,,,,
2

0
−= ∫

π
xx   (3.56) 

Theorem 7. Under the hypotheses of Theorem 3 and (3.41), there 
exists a function g defined on [ ]T0,×Γ  such that 

( ) ( ) ( ) [ ],,0,,,,,,2
1,,, Ttktkgtkf ×Ω∈α∀
π

=α xxx  (3.57) 

and verifying 

( ) ( )

( ) ( )

( ) ( )

( ) ( ) ( )























−αα−α+
π

=φ∆−

=φ∇−

αα+α−
π

=

αααα+α−=

=∂−∂+∂

∫

∫

∫
π

π

.~~,,cos2~,sin2~
2
1,~~

,,~~,~~

,,cos2,sin2~
2
1,,

,sin2,cos2,cos2,sin2~0,,

,0

21~

~

21
2

0

21
02

0

12 21

xx

xEx

Ex

x

x

x

e

xxt

nddktkkxkxgt

tt

dtkxkxtk

dkkkxkxfkg

ggg

S

E

EE

 

(3.58) 
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Proof of Theorem 7. Since F and G are linked by the relation (3.11), 
f does not depend on .α  Indeed, we have 

( ) ( ) ττ dtkFtkf ,,,,,,,
2

0
α∂=α∂ ∫

π
αα xx  

( ) ττ dtkG ,,,
2

0
+α∂= ∫

π
α x  

( ) ττ dtkG ,,,
2

0
x∫

π
α∂=  

.0=  (3.59) 

Then, if we integrate (3.55.a) in ,α  we obtain 

,021 12 =∂−∂+∂ fff xxt EE   (3.60) 

and the Equation (3.58.a). 

By integrating the initial condition (3.55.b) in α  and dividing it by 
,2π  we obtain the initial condition (3.58.b). 

Since E  does not depend on ,α  we can integrate it in α  and divide 
it by ;2π  then, we have 

( ) ( ) α−α
π

= ∫∫
ππ

ddtktk τττ ,,,,2
1,,

2

0

2

0
xx EE  

( ) αα
π

= ∫∫
ππ

ddtk ττ,,,,2
1 2

0

2

0
xE   

( ) .,cos2,sin2~
2
1

21
2

0

2

0
αα+α−

π
= ∫∫

ππ
dtkxkxE  

 (3.61) 

By using similar techniques, we integrate (3.55.d) in ,τ  and we obtain 

( ) ( ) ( ).~~,,cos2~,sin2~
2
1,~~

21~ xxx enddktkkxkxgt −αα−α+
π

=φ∆− ∫S  

(3.62) 
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Finally, we integrate (3.55.c) in τ  and we obtain (3.58.d), which concludes 
the proof.  

We can remark that, even if they are based on the non-physical 

hypothesis (3.41) for ( ) ,~
0>E  Bostan’s results on the mathematical 

justification of the 2D finite Larmor radius approximation have been 
improved: Indeed, we have proved that the hypotheses of Theorem 3 
coupled with (3.41) are sufficient to prove Theorem 7. Furthermore, this 
result has been generalized to a non-periodic initial distribution 0

~f  and to 

a non-uniform electron density .~
en  

4. Conclusions and Perspectives 

In the first part, we recalled a two-scale convergence result for a 2D 
Vlasov-Poisson model for a charged particle beam, which is due to Frénod 
and Sonnendrücker. After adapting it to plasma modelling by adding an 
electron density en~  and some reasonable compatibility conditions, we 

recalled that such a result trivially implies, up to some subsequences, the 
∗-weak convergence of ( ) E~,~f  to a couple ( ).~,~ Ef  Then, we compared 

this conclusion to Bostan’s results, which was established in [5] under 
stronger assumptions. 

In the second part, we introduced a new set of variables involving the 
guiding-center position coordinates and the transverse part of the kinetic 
energy, which is denoted with k. After rewriting the Vlasov equation in 
these new coordinates, we established a two-scale convergence result by 
using Fŕenod and Sonnendrücker’s assumptions and the compatibility 
conditions for ,~

en  which were added in Theorem 1. Then, we proved that 

( ) ∗-weakly~,  Ef converges to a couple ( )E~,f  and, under an additional 

non-physical property for ( ) ,~
0>E  we established a system of constraints 

satisfied by ( )E~,f  through a few computations lines, remarking that this 
limit model is exactly the 2D finite Larmor radius model, which was 
studied in [5]. 
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The first main remark, we can do about the present work concerns 
the formulation of the two-scale limit model in canonical gyrokinetic 
coordinates under hypothesis (3.41): Indeed, the transport equations 
(3.55.a) and (3.58.a) indicate that k is an adiabatic invariant not only for 

the ∗-weak  limit system, but also for the two-scale limit system. Since k 
is the dimensionless transverse kinetic energy, this remark confirms 
previous results about the adiabatic invariant property of the magnetic 
momentum (see Littlejohn [22], Lee [19, 20], Brizard et al. [6, 7], and 
Grandgirard et al. [17]). 

The second remark, which can be done is about the mathematical 
results, which have been established in this paper: By linking previous 

two-scale and ∗-weak convergence under common assumptions, i.e., the 
assumptions from Theorem 3 coupled with (3.41), we have improved 
Bostan’s results by generalizing them to some cases involving a non-
uniform electron density or a non-periodic initial distribution .~

0f  

Since the canonical gyrokinetic variables allow us to simplify the 
formulation of the two scale limit model and, under (3.41), allow us to 
highlight the adiabatic invariant property of the magnetic momentum, 
they may be a useful tool for a mathematical justification of the full 3D 
finite Larmor radius model. 

From a numerical point of view, the model (3.13) can be used to build 
a two-scale numerical method in order to simulate the high frequency 
oscillations of the solution ( ) E~,~f  of the Vlasov-Poisson model (2.14), 
such as it has been done before for low Mach number problems (see [13]), 
charged particle beams problems (see [14] and [24]), or drift problems in 
the ocean (see [2]). As an example, a numerical method based on the 
computation of the characteristics associated with the limit transport 
equation will be simpler to be developed on the formulation (3.13.a) than 
the formulation (2.19.a). Indeed, since we have 

,012 21 =∂+∂=∂−∂ αα FFEE kkxx  (4.1) 

the transport equation (3.13.a) can support a time splitting without losing 
its conservation property (see [4]). 
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