
Journal of Pure and Applied Mathematics: Advances and Applications  
Volume 1, Number 1, 2009, Pages 83-94 

2000 Mathematics Subject Classification: 35K57, 35B40, 35B41.
 Keywords and phrases: dynamical system, attractor, measure of non-compactness, reaction 

diffusion equation. 

Submitted by Jingtang Ma 

Supported by the National Natural Science Foundation of China (10771159). 

Received November 23, 2008 

 2009 Scientific Advances Publishers 

THE EXISTENCE OF COMPACT EXPONENTIAL 
ATTRACTING SET FOR REACTION DIFFUSION 

EQUATION IN 1
0H   

YONGJUN LI, ZILONG ZANG and YANHONG ZHANG 

School of Mathematics 
Lanzhou City University  
Lanzhou 730070 
P. R. China 
e-mail: liyj@lztc.edu.cn 

Abstract 

Using the measure of non-compactness, we prove the existence of compact 
exponential attracting set for general dynamical system and give a method 
for proving the existence of compact exponential attracting set. As 
application, we prove the existence of compact exponential set for reaction 

diffusion equation in .1
0H  

1. Introduction 

The study of the asymptotic behavior that arises in many infinite 
dimensional dynamical systems is one of the most important problems of 
modern mathematical physics. For autonomous dissipative systems, one 
way is to analyse the existence and structure of its global attractor [1, 2, 
5]. Many authors have paid much attention to this problem for a quite 
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long time and have made a lot of successful progress [3, 4, 6]. Teman [5] 
presents a general approach that is well suited to study equations arising 
in mathematic physics. In [4], the authors establish some necessary and 
sufficient conditions for the existence of the global attractor of an infinite 
dimensional dynamical system and give a new method for proving the 
existence of the global attractor. To verify the existence of a global 
attractor, one need to show that 

(1) the existence of an absorbing set, and 

(2) condition (C), 

where condition (C) is: for any bounded set B of X and for any ,0>ε  
there exist ( ) 0>Bt  and a finite dimensional subspace 1X  of X, such 
that ( ){ }BtPS  is bounded and 

( ) ( ) ( ) ,,for BxBttxtSPI ∈≥ε<−  

where ,: 1XXP →  is a bounded projector. 

In fact, for many equations, we find not only condition (C) hold true 
but also condition ( )Ĉ  [see Definition 3.5], i.e., the measure of non-
compactness is exponential decay. By using the measure of non-
compactness technique, we establish the existence of compact 
exponential attracting set for general dynamical system and include the 
global attractor, and give a method for proving the existence of compact 
exponential attracting set. As an example, we consider reaction-diffusion 
equation and get the existence of compact exponential attracting set in 

.1
0H  

Throughout this paper we will use the following notation: X is a 
complete metric space with the metric ( )XBd,  is the set of all bounded 
subsets of X, denote by ( )rxB ,  the neighborhood ( ){ }rxydXy <∈ ,:  of 
radius 0>r  of x, and ( )rAB ,  the neighborhood ( ){ }rAydXy <∈ ,:  of 
radius 0>r  of A. 

2. Preliminaries 

Let X be a complete metric space. One parameter family of 
(nonlinear) mappings ( ) ( )0: ≥→ tXXtS  is called the semigroup 
provided that 
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(1) ( ) ;0 IS =  

(2) ( ) ( ) ( )sStSstS =+  for all .0, ≥st  

The couple ( )( )XtS ,  is usually referred to as a dynamical system, 
( )( )XnS ,  is called the discrete dynamical system generated by ( ( ),tS  
).X  

A set X⊂A  is called a global attractor to ( )( )XtS ,  if (i) A  is 
compact in X, (ii) ( ) AA =tS  for all 0≥t  and (iii) for any XB ⊂  that is 
bounded, ( )( ) 0, →ABtSd  as ,∞→t  where ( ) AA ∈∈= aBbBd infsup,  

.Xab −  

A set B is called a bounded absorbing set to ( )( ),, XtS  if for any bou-
nded set ,0 XB ⊂  there exists ( )000 Btt =  such that ( ) BBtS ⊂0  for all 

.0tt ≥  A set E is called positively invariant w.r.t. ( )tS  if for all ,0≥t  
( ) .EEtS ⊂  

Theorem 2.1 (Teman [5]). Continuous semigroup ( )tS  has a global 
attractor A  if and only if ( )tS  has a bounded absorbing set B and for an 
arbitrary sequence of points ,Bxn ∈  the sequence ( ) nn xtS  has a 
subsequence converging in B. 

In fact, we know that 

( ) .
0

BsS
tst
∪∩
≥≥

=A  (2.1) 

Next, we briefly review the basic concept about the Kuratowski 
measure of noncompact and recapitulate its basic property, which will be 
used to characterize the existence of compact exponential attracting set 
for dynamical system ( )( )., XtS  

Let X be a complete metric space and B be a bounded subset of X. The 
Kuratowski measure of non-compactness ( )Bα  of B is defined by 
( ) { BB 0inf >δ=α  has a finite open cover of sets of diameter }.δ≤  

It has the following properties 
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Lemma 2.2 (Chepyzhov and Vishik [2]). Let ( ).,, 21 XBBBB ∈  Then 

(1) ( ) ( )( ) BBNB ⇔ε≤εα⇔=α 2,0  is compact; 

(2) ( ) ( ) ( );2121 BBBB α+α≤+α  

(3) ( ) ( ),21 BB α≤α  whenever ;21 BB ⊂  

(4) ( ) { ( ) ( )};,max 2121 BBBB αα≤α ∪  

(5) ( ) ( );BB α=α  

(6) if B is a ball of radius ,ε  then ( ) .2ε≤α B  

Lemma 2.3. Let X be a complete metric space, and α  be the measure 
of non-compactness. Assume that nF  is a sequence of bounded and closed 
subsets of X, satisfying 

(1) ;∅≠nF  

(2) ,,2,1,1 "=⊂+ nFF nn  and 

(3) ( ) 0→α nF  as .∞→n  

Then nn FF ∩∞
=

= 1  is nonempty and compact. 

3. The Existence of Compact Exponential Attracting Set for 
( )( )XtS ,  

Definition 3.1 (Ma et al. [4]). A semigroup ( )tS  is called -ω limit 
compact if for every bounded B of X and for any 0,>ε  there exists a 

00 >t  such that ( ( ) ) .0 ε≤α ≥ BtStt∪  

Lemma 3.2 (Ma et al. [4]). Assume semigroup ( )tS  is -ω limit 

compact, then for any sequence ,, ∞→∈ +
nn tRt  as ,∞→n  and any 

sequence ,Bxn ∈  there exists a convergence subsequence of { ( ) }nn xtS  
whose limit lies in ( ),Bω  where B is bounded and ( )Bω  is -ω limit set of B 
defined by 
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( ) ( ) .
0

BsSB
tst
∪∩
≥≥

=ω  

Next, we first consider discrete dynamical system ( )( )., XnS  

Theorem 3.3. Assume that B is a bounded absorbing set w.r.t discrete 
dynamical system ( )nS  in X. The following are equivalent:  

(1) The dynamical system ( )( )XnS ,  is exponential decay of the 
measure of non-compactness, i.e., there exist 0, 21 >kk  such that 

( ( ) ) .21
mk

mn
ekBnS −

≥

≤α ∪  

(2) There exists a compact set E such that 

(i) ( ) ,EEnS ⊂  and 

(ii) ( )( ) ,, 21
nkekEBnSd −≤  for some .0, 21 >kk  

Obviously, semigroup ( )nS  is -ω limit compact if ( )nS  is exponential 
decay of the measure of non-compactness. 

Proof ( ) ( )( ) ( )nS.21 ⇒  is exponential decay of the measure of non-
compactness w.r.t B, by Lemma 3.2 and Theorem 2.1, we get 

( ) ,
1

BnS
mnm
∪∩
≥

∞

=

=A  (3.1) 

is the global attractor for ( ).nS  Using (3) of Lemma 2.2 and the 

assumption of (1), we find ( )( ) ( ( ) ) ,21
mk

mn ekBnSmS −
≥

≤α≤α ∪B  by the 

definition of the measure of non-compactness. ,N∈∀m  there exist finite 

points ( ) ,BmSx im ∈  and ( ) ( )., 21
mk

m ekxBBmS i
−⊂ ∪  Let =mE  

{ },imx  setting  

( ) ,1,0 kkm EmSE ≥= ∪  

and 

.0EE ∪A=  
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We claim that E is the compact set we are looking for. 

Since ( ) ( ) ,, 00 EEnSnS ⊂= AA  so we get ( ) ,EEnS ⊂  in addition 
we find 0E  is a countable set, for arbitrary sequence of ,Exn ∈  by 
Lemma 3.2, there exists a convergence subsequence has an accumulation 

point in .A  Furthermore, ( )( ) ,21
mkekBmS −≤α  so we get ( ( ) ,BmSd  )E  

.21
mkek −≤  

( ) ( )( )/12 ⇒  Since E is compact, hence there exist ,,,, 21 Exxx l ∈…  

such that ( ),, 211
nk

i
l
i ekxBE −
=

⊂ ∪  therefore we have 

( ) ( ).2, 21
1

nk
i

l

i
ekxBBnS −

=

⊂ ∪  

By (3.1) we know that ( ) ,lim BmSkmk ∪ ≥∞→
=A  for ,21

nkek −=ε  there 

exists ,, KkK ≥∀  we get 

( ) ( )., 21
nk

km
ekBmS −

≥

⊂ AB∪  

A  is compact, so there exist finite points A∈′ix  such that ∪⊂A B  

( ),, 21
nk

i ekx −′   

and     ( ) ( ).2, 21
nk

i
km

ekxBmS −

≥

′⊂ ∪∪ B  

By (4) of Lemma 2.2, we find ( ( ) ) ,2 21
nk

nm
ekBmS −

≥
≤α ∪  i.e., ( )nS  is 

exponential decay of the measure of non-compactness. 

Theorem 3.4. Assume B be a bounded absorbing set for ( )tS  in X, 

and there exists integer number ,0>M  for ( ) ( )tSMt tt 0,0 ≥α≥ ∪ )B  

021
tkek −≤  for some ,0, 21 >kk  i.e., ( )tS  is exponential decay of the 

measure of non-compactness. Then there exists a compact set E, for any 
bounded ( ),XBB ∈  there exist 21, ηη  and 0>T  such that 
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( )( ) .,, 21 TtforeEBtSd t ≥η≤ η−  

Proof. By the proof of Theorem 3.3, we know that there exists a 
compact set E and 0, 21 >kk  such that 

( )( ) .,, 21 MnforekEBnSd nk ≥≤ −  (3.2) 

Since B is bounded absorbing set of ( ),tS  so we get there exists ,01 >T   
,1Tt ≥∀  

( ) .BBtS ⊂  

Let ,11 ++= TMT  Tt ≥∀  there exists a unique [ )1, 110 +∈ TTT  such 
that [ ],00 TtTt −=−  where [ ] denote maximum integer number. By 
(3.2) we must have 

( )( ) ( ( ) ( ) ) ( ) ( ) .,, 21202 1
1100

tkTkTtk eekekEBTSTtSdEBtSd −+−− ≤≤−=  

Setting ( ) ,, 22
1

11 12 kek Tk =η=η +  we obtain 

( )( ) ., 21
teEBtSd η−η≤  

For any bounded set B, we take 1T  satisfies ( ) BBtS ⊂  ,1Tt ≥∀  the 
same conclusion is also hold true. 

We present now a method to verify that the semigroup ( )tS  is 
exponential decay of the measure of non-compactness. 

Definition 3.5 (Condition Ĉ ). Let X be a convex Banach space, for 
any bounded set B of X, there exist 21, kk  and ,0>T  and for any finite 

dimension subspace 1X  of X, such that 

(i ) ( ( ) )BtSP ttm ∪ 0≥
 is bounded; and 

(ii) ( ) ( ( ) ) ( ) ,,02
0 12 BxmkekxtSPI tk

ttm ∈∀+≤− −
≥∪  

for all ,0 Tt ≥  where 1: XXPm →  is a bounded projector, m is the 

dimension of ,1X  ⋅  denote the norm in X and ( )sk  is real-valued 
function satisfying 
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( ) .0lim =
∞→

sk
s

 

Theorem 3.6. A semigroup ( )tS  satisfies condition Ĉ  implies that 
the semigroup ( )tS  is exponential decay of the measure of non-
compactness. 

Proof. For any bounded set B of X, from (2) and (6) of Lemma 2.2, 
and by condition ,Ĉ  we get 

( ( ) ) ( ( ( ) )) (( ) ( ( ) ))BtSPIBtSPBtS
ttmttmtt ∪∪∪
000 ≥≥≥

−α+α≤α  

(( ) ( ( ) ))BtSPI
ttm ∪
0≥

−α=  

(( ) (
( )

( ) ))BtSPI
ttm ∪ 22 0≥

−α=  

( ).02
2

1 mkek
tk

+≤
−

 

Since ( ) 0→mk  for ,02
2

10
tk

ek
−

=ε  there exists ,,0 MmM >∀>  we 
have 

( ) .02
2

1
tk

ekmk
−

<  

Hence, ( ( ) ) 02
2

0 12
t

tt

k
ekBtS
−

≥
≤α ∪  ,Mm >∀  that is, ( )tS  is exponential 

decay of the measure of non-compactness. 

By Theorem 3.4 and Theorem 3.6, we have the following theorem. 

Theorem 3.7. Let X be a complete metric space and ( )tS  be a 
semigroup in X. Then there is a compact set E exponential attracting every 
bounded set B of X if the following conditions hold true: 

(i ) ( )tS  satisfies condition ,Ĉ  and 

(ii) there is a bounded absorbing set .XB ⊂  

Remark 3.8. In fact ( )tS  satisfies condition Ĉ  implies that ( )tS  is 
-ω limit compact, by Theorem 2.1, we get ( )tS  has a global attractor ,A  

from Theorem 3.3, we know that .E⊂A  
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4. Example 

This section is to apply our abstract theory developed in Section 3 to 
obtain the existence of compact exponential attracting set for reaction 

diffusion equation in .1
0H  

We consider the following nonlinear reaction diffusion equation: 

( ) ( ),xgufuut =+∆−  (4.1) 

,0=Ω∂u  (4.2) 

( ) ,0, 0uxu =  (4.3) 

where Ω  is a bounded smooth domain in ( ) ( ) fLxgRn ,, 2 Ω∈  is a 1C  
function and there exist 5,,1,0,2 …=>≥ icp i  such that 

( ) ,4321 cucuufcuc pp +≤≤−  (4.4) 

( ) ,5cufu −≥  (4.5) 

for all .Ru ∈  

For convenience, hereafter let p⋅  be the norm of ( ) ( ),1≥Ω pLp  and 

c the arbitrary positive constants, which may be different from line to 

line and even in the same line. We denote ( )Ω= 2LH  with scalar product 

( )⋅  and norm ,⋅  let ( )( )⋅  and ⋅  denote the scalar product and norm of 

( )Ω1
0H  and ( )( ) vdxuvu ∇∇= ∫Ω,  for all ., 1

0Hvu ∈  

For this initial boundary value problem, we know from [5], that for 

any initial date 2
0 Lu ∈  and any ,0>T  there exists a unique solution 

( ) ([ ) ( )) ( ( )) ( ( )).;,0;,0;,0 1
0

2 ΩΩΩ∈ pp LTLHTLHTtu ∩∩C  

Thanks to the existence theorem, the initial boundary value problem 
is equivalent to a semigroup ( )tS  defined by 

( ) .: HHtS →  (4.6) 
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Lemma 4.1 (Zhong et al. [6]). The semigroup ( )tS  has a bounded 

absorbing set in ( )Ω1
0H  and ( )Ω−22pL  respectively, that is, for any 

bounded subset B in ( ),2 ΩL  there exists a positive constant T, such that 

( ) TtandBuanyforMtu p
p ≥∈≤−
− 0

22
22  (4.7) 

and 

( ) ,0
2 TtandBuanyforMtu ≥∈≤  (4.8) 

where M is a positive constant independent of ( ) ( ) ., 0utStuB =  

Next we verify that ( )tS  satisfies condition Ĉ  in .1
0H  

We set ,∆−=A  since 1−A  is a continuous compact operator in H, by 

the classical spectral theorem, there exist a sequence { } ,1
∞
=λ jj  

,,,0 21 ∞→+∞→λ≤λ≤≤λ≤λ< jasjj ……  

and a family of elements { }∞=1jje  of ( )Ω1
0H  which are orthonormal in H 

such that 

.NjeAe jjj ∈∀λ=  

Let { }mm eeespanH ,,, 21 …=  in H and mm HHP →:  is a orthogonal 

projector. For any Hu ∈  we write 

( ) .21 uuuPIuPu mm +=−+= ∆  

Lemma 4.2. Assume ( ) ( )Ω∈ 2Lxg  and f satisfies (4.4) and (4.5), and 

let ( )tS  be the semigroup associated with (4.1)-(4.3). Then ( )tS  satisfies 

condition Ĉ  in ,1
0H  that is, for any bounded subset B in ( ),2 ΩL  there 

exist 0,, 21 >Tkk  and ( )mk  such that 
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( ) ( ) ( ) ,, 01
2

2 02
0 BuanyformkektuPI tk

ttm ∈+≤− ≥∪  

and 

( ) ,0lim =
∞→

mk
m

 

provided that .0 Tt ≥  

Combining Lemma 4.1 and Lemma 4.2, by using Theorem 3.7, we 
have the following result. 

Theorem 4.3. Assume ( ) ( )Ω∈ 2Lxg  and f satisfies (4.4) and (4.5), 

and let ( )tS  be the semigroup associated with (4.1)-(4.3). Then ( )tS  has a 

compact exponential attracting set E in ( ),1
0 ΩH  i.e., for any bounded 

,XB ⊂  there exist 21, ηη  and 0>T  such that 

( )( ) .,, 21 TtforeEBtSd t ≥η≤ η−  

Proof. By Lemma 4.1, for any bounded subset B in H, there exist 
positive constants T and M, such that 

( ) ( ) ., 0
22
22 TtandBuanyforMtuMtu p

p ≥∈≤≤−
−  (4.9) 

Taking inner product of (4.1) with 2u∆−  in H, we get 

( ) ( ) ,2
1

22
2

2
2

2 uxguufuudt
d ∆+∆≤∆+  (4.10) 

since 

( ) ( ) ,4
2

2
2

2 ufuuuf +
∆

≤∆  

( ) ( ) ,4
2

2
2

2 xguuxg +
∆

≤∆  

(4.10) implies that 

( ( ) ( ) ).2 222
2

2
2 xgufuudt

d +≤∆+  
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Using (4.4), we find 

( ) ( ) ( ),122
22

22 +≤= −
−Ω∫

p
pucdxufuf  

thanks to (4.9) and Poincaré inequality, we get 

,,2
2

2
2 Ttforcuudt

d
m ≥≤λ+  

applying the Gronwall’s lemma, we have 

( ) ( ) ( )
m

ttm ctuetu
λ

+≤ −λ− 2
02

2
2 0  

( ) ,2
001

m
t ctue

λ
+≤ λ−  

for ,2 0tt ≥  and .0 Tt >  Obviously, condition Ĉ  hold true. 
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