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Abstract

By using the bifurcation theory of dynamical systems to a class of generalized
nonlinear evolution equations, the existence of solitary wave solutions, kink and
anti-kink wave solutions, periodic cusp wave solutions and uncountably infinite
many smooth and non-smooth periodic wave solutions is obtained. Under
different parametric conditions, various sufficient conditions to guarantee the
existence of the above solutions are given. Some exact explicit parametric
representations of the above travelling wave solutions are determined.

1. Introduction

In this paper, we would like to seek the travelling wave solutions of a

class of generalized nonlinear evolution equations, namely
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("), +a(u"),, +bu+ cu® =0, 1)

where a, b and ¢ are constant, n > 1 is positive integer. The equation

reduces to the following reaction duffing equation for n =1
Uy + AUy, +bu + cu® = 0. @)

Equation (2) can be reduces to many famous NPDE,, such as ¢4

equation, Klein-Gorden equation, Duffing equation, Landau-Ginburg-
Higgs equation and so on [1, 4, 6]. By using trigonometric function
method, Yang et al. [6] considered some travelling wave solutions for
Equation (2). By using the tanh-method, Xie et al. [3] considered some
travelling wave solutions for Equation (2). But, the author does not make
further research the dynamical behavior of solutions of Equation (2). It is
very important to understand the dynamical behavior of solutions for the
travelling wave equation of Equation (1). To answer this question, we
shall consider the bifurcations of travelling wave solutions of (1) in the

five -parameter space (a, b, c, n, 1).
Let ul(x, t) = ¢(&) = ¢(x — At), substituting ¢(x —At) into (1), we
obtain
n(a +22)" 9" + n(n = 1) (a + 22" 2(¢')? + b + cp® = 0, 3)

where "/" is the derivative with respect to &, A is the wave speed and
& =x—AL

Clearly, (3) is equivalent to the following two-dimensional systems for

a+3 #0:

do _, dy _ 1

2\, n-2_2 3
di_y’ dé——W(n(n—l)(a+k 0" TEyT +bd + o). (4)

System (4) has the first integrals

2 _ 1 —2b n+1 | —2¢ 43
Y= n(a+k2)¢2(n_1)(n+1¢ +n+3¢ +h) ®)
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and

_ 2\, 2(n-1), 2 2b a1 2¢ n+3
H(¢, y) = n(a +27)o Y= T =g = (6)

System (4) is a planar dynamical system defined in the 5-parameter
space (a, b, ¢, n, 1). Because the phase orbits defined by the vector fields
of (4) determine all travelling wave solutions, we will investigate
bifurcations of phase portraits of this system as these parameters are
varied. The bifurcation theory of dynamical systems (see [2]) is very
important and useful.

For different n and a fixed a and A, we shall investigate the
bifurcations of phase portraits of (4) in the phase plane (¢, y) as the

parameters b, ¢ are changed. It is easy to see that the right-hand side of

the second equation in (4) is generally not continuous whenn = 1, ¢ = 0.
In other words, on such straight lines in the phase plane (¢, y), the
function ¢E is not well-defined. It implies that smooth Systems (1)

sometimes have non-smooth travelling wave solutions (see [5]).
2. Bifurcations of Phase Portraits of System (4)

In this section, we study all possible periodic annuluses defined by
the vector fields of (4) when the parameters b, ¢ are varied. Systems (4)
has the same phase orbits as the following systems

% = n(a +22)" 1y, % = —(n(n =1)(a+ W %" 2y* +bp+ch’)  (7)

except for the straight line ¢ = 0, where d¢ = n(a + 22 )}0" 'dr. Now, the

straight lines ¢ = 0 is an integral invariant straight line of (7).
For bc < 0, there exist 3 equilibrium points of (4) at S(0, 0) and

A+ 1/—%, 0); for bc > 0, there exist one equilibrium points of (4) at

S(0,0); when n =3, in the straight line ¢ =0 there exist two
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—6(a +22)

5 forb(a +

equilibrium points at S.(0, Y,.), where Y, =+
22) <o.
Let M(¢;, y;) be the coefficient matrix of the linearized system of (4)

at an equilibrium point (¢;, y;). Then, we have Trace (M(¢;, 0)) = 0,
J(M(9;, 0)) = n(a + 212 )(I)?*l(b +3cp?), for H(¢, y) defined by (6), we

B b 4b 5"
have H(0,0)—O, H(i —Z,O)—m[i —Zj .

For a fixed h, the level curve H(¢, y) = h defined by (6) determines a

set of invariant curves of (4), which contains different branches of curves.
As h 1s varied, it defines different families of orbits of (4) with different

dynamical behaviors.

From the above analysis we obtain the different phase portraits of (4)

I\

D

\ } a'{/ :

shown in Figure 1 and Figure 2.

Figure 1. The phase portraits of (4) for bc > 0, (a + 22) = 0, k € Z,.
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(1-)n=1,b<0,c<0,a+22>00rb>0,¢>0,a+22<0.
(1-2n=1,b>0,c>0,a+2>>00rb<0,c<0,a+22<0.

1-3) n=2 k,b<0,c<0,a+k2>00rb>0,c>0,a+7\2<0.
14 n=2k>b>0,c >0,a+k2>Oorb<0,c<0,a+k2<0.
(1-5)n=3 b<0,c<0,a +:2>00rb>0,¢>0, a+)%<0.
(1-6)n=2k+3,b<0,c<0,a+k2>Oorb>0,c>0,a+k2<0.

(1-7)n=2k+1,b>0,c>0,a+k2>Oorb<0,c<0,a+k2<O.

Figure 2. The phase portraits of (4) for bc < 0, (a + X2) 20, ke Z,.

21) n=1,b>0,c<0,a+22 >0 0or b<0,¢>0,a+22<0.

2-2) n =1, b<0,c>0,a+k2>Oorb>0,c<0,a+k2<0.
(28 n=2b>0,c<0,a+2>>00r b<0,¢>0,a+2><0.
24 n=2b<0¢c>0,a+22>00rb>0c<0,a+1%<0.

(25) n=3,b<0,c>0, a+22>00rb>0,c<0,a+22<0.
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26) n=2k+1),b>0,c<0,a +22>0b<0,¢>0,a+22<0.
27 n=2k+1),b<0,c>0,a+ 2>0o0rb>0c<0,a+2%<0.
(28 n=2k+1,b>0,c<0,a+A2 >00rb<0,¢c>0,a+r <0.
29 n=2k+3,b<0,c>0,a+2>>0o0rb>0c<0,a+2%<0.

3. Exact Explicit Parametric Representations of Travelling
Wave Solutions of System (1)

In this section, by using (5), (6) and the first equations of (4) to do
integrations respectively, we give some exact explicit parametric
representations of travelling wave solutions of (1).

1. Suppose that n =1, b<0, ¢ >0, a+22>0 or b>0, ¢<0,

a+2? < 0. In this case, we have the phase portrait of (4) shown in
Figure 2(2-2). Notice that H(0, 0) = 0 = h. We see from (6) that the arch

curve connecting S(0, 0) has the algebraic equation

2 c 9 —2b 2
= - . 8
y 2(a+x2)¢(c o* | ®)

Thus, by using (8) and the first equation of (4) to calculate, we obtain
the parametric representation of this arch as follows:

2 exp(ir 3 é)
a+ N
b c
+ _
eXp[ 2\/a + 22 E)] 20

It follows that for n=1,b<0,c>0,a+k2>Oorb>0,c<0,

b = 9

a+22 < 0, Equation (1) has the solutions with the parametric

representations

2 exp[ -0 5 (o — ct)j

a + 22

eXp(mr (- ct)j 2b‘

u(x, t) (10)
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We will show in Section 4 that (10) gives rise to two solitary wave
solutions of peak type and valley type of Equation (1).

2. Suppose that n=1,b>0,c<0,a+k2 >0orn=1>b6<0,c>0,
a+22 <0. In this case, we have the phase portrait of (4) shown in

2
Figure 2 (2-1). Notice that H(i Wf%b, OJ = % We see from (6) that

the arch curve connecting A_ and A, has the algebraic equation
2
—-c b
Fe e (b a
2(a +21%) ¢
It follows that for nzl,b>0,c<0,a+k2 >0orn=1,b<0,c>0,a

+22 < 0, Equation (1) has the solutions with the parametric

representations

u(x, t) = i\/_TT tanh( ﬁ(x - ct)J. (12)

We will show in Section 4 that (12) gives rise to a kink and an anti-
kink wave solutions of Equation (1).

3. Suppose that n:2,b>0,c<0,a+%2>Oorn:2,b<0,c>

0, a+ 22 < 0. In this case, we have the phase portrait of (4) shown in
Figure 2 (2-3). Notice that H(0, 0) = 0 = h. We see from (6) that the arch

curve has the algebraic equation

s —c —5b —5b
y —m‘b[d” 60}(4)— 6 ) (13)

Thus, by using the first equation of (4) and (13) to calculate, we

obtain the parametric representation of this arch as follows:

e () a4

where cn(x, k) is the Jacobin elliptic function with the modulo k£ and

- bc 4 9 1
Ql = 5 k = —.
(120((1 + 22 )QJ 2

N
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It follows that for n =2, >0, ¢ <0, a+23 >0 or n=2 b<0,

c>0, a+ 22 < 0, Equation (1) has the solutions with the parametric

ulx, £) = —1/_6—ibcn2((21(x —ct) k). (15)

4. Suppose that n:2,b<0,c>0,a+kz>Oorn:2,b>0,c<

representations

0, a+ 22 < 0. In this case, we have the phase portrait of (4) shown in

Figure 2 (2-4). Similar to the Case 3, Equation (1) has the solutions with
the parametric representations

u(x, t) = 1{_GibcrLQ(Ql(x —ct), k). (16)

5. Suppose that n:3,b<0,c>0,a+k2>00rn:3,b>0,c<

0, a + 22 < 0. In this case, we have the phase portrait of (4) shown in
Figure 2 (2-5). Notice that H(0, 0) = 0 = h. We see from (6) that the arch

curve has the algebraic equation

2 ___ ¢ —3b 2 17
iy 9(a+k2)(2c ¢)‘ 4

Itfollowsthatforn=3,b<0,c>0,a+7»2 >0orn=30>b>0,c<

0, a+\? < 0, Equation (1) has the solutions with the parametric

representations

-3b 1 c 3n |a+ 22
= + —_— —_ — — —_—
u(x, t) = + % 008[3 Y (x ct)j, O<x—ct< 2 P (18)

We will show in Section 4 that (18) gives rise to a periodic cusp wave
solution of Equation (1).

6. Suppose that n=1,b>0,¢c >0, a + A2 >0 or In this case, we

have the phase portrait of (4) shown in Figure 1 (1-2). Corresponding to
that H(¢, y) = h, h € (0, + ©) or h € (-, 0) defined by (6), System (4)

has a family of periodic solutions enclosing the center (0, 0), these orbits
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determine uncountable infinite many periodic wave solutions of Equation
(1). We see from (6) that the arch curve has the algebraic equation

2 c (¢2+b— b2+20hJ[¢2+b+\/b2+20hJ
— |

_ 19
Y 2(a +22) ¢ 19

Thus, by using the first equation of (4) and (19), we obtain

¢ .
\/[—b+\/b2+20h_¢2][¢2+b+\/b2+2ch} 2(a +2%)

C C

~b+Vb? + 2

Making the transformations ¢2(8) = A h (1-12), (20)

becomes
dt
V- ) (1 - k%2)

Thus, we obtain the parametric representation of this arch as follows:

¢=i\/—b+\'b2+2c

p h Cn(QZQ: kz )’ (22)

= +QdE. (21)

(b2 + ZCh)i

Va+k2

Itfollowsthatforn=1,b>0,c>0,a+k2>00rn=1,b<0,c<

9 —b+Vb? +2h

where Qg = , Ry =
2vb? + 2ch

0, a+ 22 < 0, Equation (1) has a family of periodic solutions with the

parametric representations

u(x t)_+\/—b+\/b2+20
T ¢

P en(Qy(x = ct), By). 23)

For n=1,6<0,¢<0,a+ 22 < 0, we also can give exact explicit

travelling wave solutions (6) by using elliptic functions, we omit it.
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4. The Existence of Smooth Travelling Wave Solutions of (1)

In this section, we use the results of Section 2 to discuss the existence
of smooth and non-smooth solitary wave solutions and periodic wave
solutions. We first consider the existence of smooth solitary wave

solutions and periodic wave solutions.

Theorem 4.1. 1. Suppose that n =1, b < 0,¢c > 0,a + 22 >0 or

b>0,c<0,a+k2 < 0. Then,

(1) corresponding to a branch of the curves H(¢, y) = hy defined by (6),
Equation (1) has a smooth kink wave solution and a smooth anti-kink
wave solution (see Figure 2 (2-1));

(i1) corresponding to a branch of the curves H(¢, y) = h, h € (hg, hy)
defined by (6), Equation (1) has a smooth family of periodic wave solution
(see Figure 2 (2-1)).

2. Suppose that n=1,b<0,c>0,a+k2>Oorb>0,c<0,a+
22 < 0. Then,

(iii) corresponding to a branch of the curves H(9, y) = hy defined by

(6), Equation (1) has a smooth solitary wave solutions of peak type and a

smooth solitary wave solution of valley type (see Figure 2 (2-2)).

(iv) corresponding to a branch of the curves H(o, y) = h, h € (hy, hy)
defined by (6), Equation (1) has two smooth families of periodic wave
solutions (see Figure 2 (2-2)).

3. Suppose that n=1,b>0,c>0,a+k2 >Oorb<0,c<0,a+k2
< 0. Then, corresponding to a branch of the curves H(¢, y) = h, h e
(0, + ©) or h e (o, 0) defined by (6), Equation (1) has a smooth family

of wave solutions (see Figure 1 (1-2)).

4. Suppose that n:2,b>0,c<0,a+).2>00rb<0,c>0,

a+12 <o0. Then, corresponding to a branch of the curves H(¢, y) = h,
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h € (hg, hy) defined by (6), Equation (1) has a smooth family of wave
solutions (see Figure 2 (2-3)).

5. Suppose that n:2,b<0,c>0,a+k2 >0o0rb>0,c<0,
a+322 <0. Then, corresponding to a branch of the curves
H(¢, y) = h, h € (hy, hy) defined by (6), Equation (1) has a smooth
family of periodic wave solutions (see Figure 2 (2-4)).

We shall describe what types of non-smooth solitary wave and

periodic wave solutions can appear for our System (1) which correspond

to some orbits of (7) near the straight line ¢ = 0. To discuss the existence
of cusp waves, we need to use the following lemma relating to the

singular straight line [5].

Lemma 4.2. The boundary curves of a periodic annulus are the limit
curves of closed orbits inside the annulus; If these boundary curves

contain a segment of the singular straight line ¢ = 0 of (4), then along
this segment and near this segment, in very short time interval y = ¢
jumps rapidly.

Base on Lemma 4.2 and Figure 2, we have the following result.

Theorem 4.3. 1. Suppose that n=3,b<0,¢c>0, a+ A2 >0 or

b>0,c<0,a+%2 < 0. Then,

(i) corresponding to the arch curve H($, y) = hy defined by (6),

Equation (1) has two periodic cusp wave solutions (see Figure 2 (2-5));

(ii) corresponding a branch of the curves H(d, y) = h, h € (hy,ho)

defined by (6), Equation (1) has two families of periodic wave solutions.

When h varies from hy to hy, these periodic travelling waves will

gradually lose their smoothness, and evolve from smooth periodic
travelling waves to periodic cusp travelling waves, finally approach a
periodic cusp wave of valley type and a periodic cusp wave of peak type
defined by H(d, v) = hy of (6) (see Figure 2 (2-5)).
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2. Suppose that n=2(k+1)>2,b>0,c<0,a+k2 >0o0rb<0,

¢>0,a+22 <0. Then, corresponding to the arch curve H(, y)=h, h
€ (hg, hy) defined by (6), Equation (1) has a family periodic wave
solutions. When h varies from hg to hy, these periodic travelling waves

will gradually lose their smoothness, and evolve from smooth periodic

travelling waves to periodic cusp travelling waves (see Figure 2 (2-6)).

3. Suppose that n:2(k+1)>2,b<0,c>0,0¢+k2 >0o0rb>0,

¢ <0, a+2% <0. Then, corresponding to the arch curve H(§, y)=nh, h
€ (hg, hy) defined by (6), Equation (1) has a family periodic wave
solutions. When h varies from hg to hg, these periodic travelling waves

will gradually lose their smoothness, and evolve from smooth periodic

travelling waves to periodic cusp travelling waves (see Figure 2 (2-7)).

4. Suppose that n:2k+3>3,b<0,c>0,a+%.2>Oorb>0,

¢ <0,a+22 <0. Then, corresponding to the arch curve H(, y)=h, h
€ (hg, hy) defined by (6), Equation (1) has two families periodic wave
solutions. When h varies from hg to hg, these periodic travelling waves

will gradually lose their smoothness, and evolve from smooth periodic

travelling waves to periodic cusp travelling waves (see Figure 2 (2-9)).
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