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Abstract

Sufficient conditions for uniform stability of the zero solution of linear and
nonlinear second order differential equations. We use Liapunov functions

technique.

1. Introduction

In this paper we study stability properties of the second order
differential equation described by the equation

u" + B =0, (1.1)
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where B: R" — R is differentiable. We also consider an important
general form of nonlinear second order differential equation of the form

u + f(t, u')+ B+ g(t, u, u') =0, (1.2)

where f: R* xR — R and g : R* x R> > R are continuous.

Linear and nonlinear second order differential equations were
studied by many mathematicians where many important results were
obtained, refer for example to ([2]-[8]). Vladimirescu [8] studied the

second order differential equation
u +2f(t +u+ g(t, u) = 0. (1.3)

He proved the uniform stability of the zero solution of equation (1.3)

when f and g satisfy the following conditions

() f e CL(R") and f(¢) > 0 for t > ¢,

(i) there exist a positive constant a > 0 and % € (0, 1) such that
|f(&)+ F2(t)] < kf(2) for all ¢ € [a, o),

(i) g € C(R" x R) and g is locally Lipshitzian in u,

(iv) there exists a positive constant M >0 and o >1 such that
lgt, u)| < M () [u°

Recently Vladimirescu et al. [7] considered a more general type of the
equation (1.3) described by the equation

w + 2f(t + Bt + g(t, u) = 0. (1.4)

They proved the uniform stability of the zero solution of equation (1.4) for

the above conditions (i- 111 ) in addition to the condition

(v)B € CH(R"), B is decreasing andp(t) > Bp > k2 with ¢ € R*, where

Bo 1is constant.

In this paper we use Liapunov function to prove the uniform stability

of the equation (1.1). Moreover we study the nonlinear second order
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differential equation with the more general form with time varying
coefficients described by equation (1.2). And we give sufficient conditions
which guarantee the uniform stability of the zero solution of equation
(1.2). Our results extend and improve the results obtained in [7] and [8].
In Section 2 we give the statement and proof of the main results.
Ilustrative examples are given in Section 3.

2. Main Results

In this section we give two theorems with new sufficient conditions
for uniform stability of the zero solution of the linear and nonlinear
differential equations (1.1) and (1.2) respectively. We use Liapunov

theorems in our proof.

Theorem 2.1. Assume that there exist positive constants by, by and
by such that for t >ty, suppose that the function B(t) satisfies the

following conditions :-
(Hy): B(t) e CH(R") and 0 < by < B(t) < by,
(Hy): 0 < b3 < B(2).

Then the zero solution of equation (1.1) is uniformly stable.

Proof. Let the system equivalent form of equation (1.1) is

y' = A(t)y, (2.1)

where y = (v, y2)" € R?, (y; = u(t) and y, = u/(t)) is the solution of

equation (2.1) starting at ¢, 1in g, yo = (31(¢0), ya(to ))T and

Alt) = [_ g(t) (1)} Let

Vit )= 5320 + 55 330) 2.2

defined on a cylinder [ty, ©)x G, where G c R? be a neighborhood of
the origin. From condition (H; ), we have 1/f(¢) > 1/ by. Hence,
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_1 2 L o20ys 1.2y, 1 20 -
Vit y)—Zyl(t)+2'3(t)yz(t)22y1(t)+2b2 y3(t) = W(y) for y = 0 in G.

Clearly W(0) = 0 and W(y) > 0 for y # 0, then W(y) is positive definite
function on G. From (H;), V(t, y) > W(y) for (¢, y) in [ty, ©)x G and
V(t, 0) = 0. Thus V(t, y) is a positive definite function. Now the first
derivative of V along the solution curves of the equation (2.1) is

V', y) = —%ﬁ <0.

So V(t, y) is a Liapunov function for equation (2.1). Now we prove that V'
(¢, y) is a decrescent Liapunov function at the origin. Since from

condition (H;), we have 1/B(¢) <1/b,. Then

L L
2by

Clearly U(y) > 0 for all y € G - {0} and U(0) = 0 consequently U(y) is

a positive definite function on G, hence we deduce that V(t, y) is a

¥3() = U(y), (t. ¥) € [tg, »)x G.

decrescent Liapunov function at the origin. Applying Theorem 10.9 ([9]
pp. 330), the zero solution of equation (2.1), is uniformly stable.

Now we consider the differential equation (1.2) where B(t) is
bounded. We give sufficient conditions to prove that the zero solution is
uniformly stable.

Theorem 2.2. Let the function B(t) satisfies the conditions (Hy) and
(Hy). Assume that the functions f and g are locally Lipshitzian in u' and

in u, u' respectively. Assume that there exist a continuous nonnegative

function y(t), where I y(t)dt < o, such that the functions f and g satisfy
to

the following conditions:
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(Hg): f(t, u') e CO(RJr x R), f(t, 0) = 0 and |f(t, u')| < y(¢) ||

(Hy): g(t,u, v') e C°(R* xR?), g(t,0,0)=0 and lg(t, u, u")| < y(t)
T
Then the zero solution of equation (1.2) is uniformly stable.

Proof. The system form equivalent to the differential equation (1.2)
is

x' = A(t)x + h(t, x), (2.3)

where x = (x1, x9)7, %, = u(t) is the solution of equation (1.2) starting

at xg = (x1(tp ), x2(to))” when ¢ = ¢, and xy = u'(t).

And h: RY x R2 > RZ, h(t, :{ 0 }
" - (t X) _[f(t’ x1)+g(t7 X1 xZ)]

Since equations (2.1) and (2.3) are system forms corresponding to
equations (1.1) and (1.2) respectively. Now from conditions,
(H;)and (Hy) we deduce that the zero solution of equation (1.1)

(equivalently the System (2.1)) is uniformly stable. Let Y(t) be a

fundamental solution matrix of System (2.1). Applying Theorem 1 ([1] pp.
54) we deduce that there exists a constant K >0 such that

Y)Y (s) < K for ty <s <t<w Using the above results and
conditions (H3) and (H, ) we can apply Theorem 6 ([1] pp. 64) to deduce

that the zero solution of (2.3) is uniformly stable. Then the proof is
completed.

Remark. Theorem 2.2 extend and improve the work had been done
in [7] and [8]. Theorem 2.2 not only nonlinear damping terms are
considered but also we are not in needed to the important condition of

decreasing the function B(¢) as stated in [7].

3. Applications

Example 3.1. Consider the linear second order differential equation

u"(t) + (10 — exp(-t)) u(t) = 0.
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Let by =9, by =10, by = 0. Then the coefficients of Example 3.1 satisfy

the conditions of Theorem 2.1, and hence the zero solution of Example 3.1
is uniformly stable. A numerical solution of Example 3.1 is shown in
figures (1 -a, 1 -0b).
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Example 3.2. Consider the nonlinear second order differential
equation

w'(t) + exp(— ) w'(1))*? + (10 — exp(~ t))ult) + (”(t))j i (;"(t))g = 0.

The coefficients of Example 3.2 satisfy the conditions of Theorem 2.2 and
hence its zero solution is uniformly stable. A numerical solution of
Example 3.2 is shown in figures (2 — a, 2 — b).
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