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Abstract 

Sufficient conditions for uniform stability of the zero solution of linear and 
nonlinear second order differential equations. We use Liapunov functions 
technique. 

1. Introduction 

In this paper we study stability properties of the second order 
differential equation described by the equation 

( ) ,0=β+′′ utu  (1.1) 
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where RR →β +:  is differentiable. We also consider an important 
general form of nonlinear second order differential equation of the form 

( ) ( ) ( ) ,0,,, =′+β+′+′′ uutgututfu  (1.2) 

where  RRRf →×+:  and RRRg →×+ 2:  are continuous. 

Linear and nonlinear second order differential equations were 
studied by many mathematicians where many important results were 
obtained, refer for example to ([2]-[8]). Vladimirescu [8] studied the 
second order differential equation 

( ) ( ) .0,2 =++′+′′ utguutfu  (1.3) 

He proved the uniform stability of the zero solution of equation (1.3) 
when f and g satisfy the following conditions 

(i) ( )+∈ RCf 1  and ( ) 0>tf  for ,0tt ≥  

(ii) there exist a positive constant 0≥α  and ( )1,0∈k  such that 

( ) +′ tf  ( ) ( )tkftf ≤2  for all [ ),, ∞α∈t  

  (iii) ( )RRCg ×∈ +  and g is locally Lipshitzian in u, 

  (iv)  there exists a positive constant 0≥M  and 1>α  such that 

( ) ( ) ., α≤ utfMutg  

Recently Vladimirescu et al. [7] considered a more general type of the 
equation (1.3) described by the equation 

( ) ( ) ( ) .0,2 =+β+′+′′ utgututfu  (1.4) 

They proved the uniform stability of the zero solution of equation (1.4) for 
the above conditions ( i- iii ) in addition to the condition 

( ) ( ) β∈β + ,v 1 RC  is decreasing and ( ) 2
0 kt ≥β≥β  with ,+∈ Rt  where 

0β  is constant. 

In this paper we use Liapunov function to prove the uniform stability 
of the equation (1.1). Moreover we study the nonlinear second order 
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differential equation with the more general form with time varying 
coefficients described by equation (1.2). And we give sufficient conditions 
which guarantee the uniform stability of the zero solution of equation 
(1.2). Our results extend and improve the results obtained in [7] and [8]. 
In Section 2 we give the statement and proof of the main results. 
Illustrative examples are given in Section 3. 

2. Main Results 

In this section we give two theorems with new sufficient conditions 
for uniform stability of the zero solution of the linear and nonlinear 
differential equations (1.1) and (1.2) respectively. We use Liapunov 
theorems in our proof. 

Theorem 2.1. Assume that there exist positive constants 21, bb  and 

3b  such that for ,0tt ≥  suppose that the function ( )tβ  satisfies the 

following conditions :- 

( ) ( ) ( ) ( ) ,0:H 21
1

1 btbandRCt ≤β≤<∈β +  

( ) ( ).0:H 32 tb β′≤≤  

Then the zero solution of equation (1.1) is uniformly stable. 

Proof. Let the system equivalent form of equation (1.1) is 

( ) ,ytAy =′  (2.1) 

where ( ) ( ( )tuyRyyy T =∈= 1
2

21 ,,  and ( ))tuy ′=2  is the solution of 

equation (2.1) starting at 0t  in ( ( ) ( ))Ttytyyy 020100 ,, =  and 

( )
( )

.
0
10






β−
=

t
tA  Let 

( ) ( ) ( ) ( ),2
1

2
1, 2

2
2
1 tyttyytV

β
+≡  (2.2) 

defined on a cylinder [ ) ,,0 Gt ×∞  where 2RG ⊂  be a neighborhood of 
the origin. From condition ( ),H1  we have ( ) .11 2bt ≥β  Hence, 
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( ) ( ) ( ) ( ) ( ) ( ) ( )yWtybtytyttyytV ≡+≥
β

+= 2
2

2
2
1

2
2

2
1 2

1
2
1

2
1

2
1,  for 0≠y  in G. 

Clearly ( ) 00 =W  and ( ) 0>yW  for ,0≠y  then ( )yW  is positive definite 
function on G. From ( ) ( ) ( )yWytV ≥,,H1  for ( )yt,  in [ ) Gt ×∞,0  and 
( ) .00, =tV  Thus ( )ytV ,  is a positive definite function. Now the first 

derivative of V along the solution curves of the equation (2.1) is 

( ) ( )
( )[ ]

.0
2

, 2
22 ≤

β

β′−=′ y
t
tytV  

So ( )ytV ,  is a Liapunov function for equation (2.1). Now we prove thatV  
( )yt,  is a decrescent Liapunov function at the origin. Since from 

condition ( ),H1  we have ( ) .11 1bt ≤β  Then 

( ) ( ) ( ) ( ) ( )tytyttyytV 2
1

2
2

2
1 2

1
2

1
2
1, ≤

β
+=  

( ) ( ) ( ) [ ) .,,,2
1

0
2
2

1
GtytyUtyb ×∞∈≡+  

Clearly ( ) 0>yU  for all { }0−∈ Gy  and ( ) 00 =U  consequently ( )yU  is 

a positive definite function on G, hence we deduce that ( )ytV ,  is a 
decrescent Liapunov function at the origin. Applying Theorem 10.9 ([9] 
pp. 330), the zero solution of equation (2.1), is uniformly stable. 

Now we consider the differential equation (1.2) where ( )tβ  is 
bounded. We give sufficient conditions to prove that the zero solution is 
uniformly stable. 

Theorem 2.2. Let the function ( )tβ  satisfies the conditions ( )1H  and 

( ).H2  Assume that the functions f and g are locally Lipshitzian in u′  and 

in uu ′,  respectively. Assume that there exist a continuous nonnegative 

function ( ),tγ  where ( ) ,
0

∞<γ∫
∞

dtt
t

 such that the functions f and g satisfy 

the following conditions: 



STABILITY OF LINEAR AND NONLINEAR SECOND … 17

( ) ( ) ( ) ( ) 00,,,:H 0
3 =×∈′ + tfRRCutf  and ( ) ( ) ututf ′γ≤′,  

( ) ( ) ( ) ( ) 00,0,,,,:H 20
4 =×∈′ + tgRRCuutg  and ( ) ( )tuutg γ≤′,,  

( ) ., Tuu ′  

Then the zero solution of equation (1.2) is uniformly stable. 

Proof. The system form equivalent to the differential equation (1.2) 
is 

( ) ( ),, xthxtAx +=′  (2.3) 

where ( ) ( )tuxxxx T == 121 ,,  is the solution of equation (1.2) starting 

at 0x  ( ( ) ( ))Ttxtx 0201 ,=  when 0tt =  and ( ).2 tux ′=  

And ( )
[ ( ) ( )]

.
,,,

0
,,:

211

22






+−

=→×+
xxtgxtf

xthRRRh  

Since equations (2.1) and (2.3) are system forms corresponding to 
equations (1.1) and (1.2) respectively. Now from conditions, 
( ) ( )21 HandH  we deduce that the zero solution of equation (1.1) 
(equivalently the System (2.1)) is uniformly stable. Let ( )tY  be a 
fundamental solution matrix of System (2.1). Applying Theorem 1 ([1] pp. 
54) we deduce that there exists a constant 0≥K  such that 

( ) ( ) KsYtY ≤−1  for st ≤0  .∞≤≤ t  Using the above results and 
conditions ( )3H  and ( )4H  we can apply Theorem 6 ([1] pp. 64) to deduce 
that the zero solution of (2.3) is uniformly stable. Then the proof is 
completed. 

Remark. Theorem 2.2 extend and improve the work had been done 
in [7] and [8]. Theorem 2.2 not only nonlinear damping terms are 
considered but also we are not in needed to the important condition of 
decreasing the function ( )tβ  as stated in [7]. 

3. Applications 

Example 3.1. Consider the linear second order differential equation 

( ) ( )( ) ( ) .0exp10 =−−+′′ tuttu  
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Let .0,10,9 321 === bbb  Then the coefficients of Example 3.1 satisfy 
the conditions of Theorem 2.1, and hence the zero solution of Example 3.1 
is uniformly stable. A numerical solution of Example 3.1 is shown in 
figures ( ).1,1 ba −−  

  

Example 3.2. Consider the nonlinear second order differential 
equation 

( ) ( ) ( )) ( )( ) ( ) ( ( )) ( ( )) .0
1

exp10exp 2

32
23 =

+

′+
+−−+′−+′′

t
tutututtuttu  

The coefficients of Example 3.2 satisfy the conditions of Theorem 2.2 and 
hence its zero solution is uniformly stable. A numerical solution of 
Example 3.2 is shown in figures ( ).b2,a2 −−  
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