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Abstract 

Our aim in this paper is to study the long time behavior of a class of doubly 

nonlinear parabolic equations in .NR  We prove the asymptotic compactness 
of the solutions and then establish the existence of the global attractor in 

( ) .2 NRL  

1. Introduction 

We are interested in the long time behavior of doubly nonlinear 
parabolic equations of the form 

( ) ( ) ( ) .+×=λ++∆−
∂
α∂ RRinxguufut

u N  (1.1) 
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The existence of global attractor for Eq. (1.1) in a bounded domain was 
studied in [7]. In bounded domains, the asymptotic compactness of the 
solutions follows from the compactness of the Sobolev embedding. This 
method cannot be applied to unbounded domain, since in this case the 
compactness of Sobolev embedding are no longer hold. To overcome the 
difficulty of the noncompact embedding, several typical methods have 

been developed [5, 6, 10]. The existence of the global attractor in ( )NRL2  

for nondegenerate reaction diffusion with forcing term from ( )NRL2  
was, to our knowledge, first proved in [10]. In this paper, using the 
similar idea, we will show that the solution of (1.1) are uniformly small at 
infinity for large time. Combining priori estimate method, we obtain the 
existence of global attractor for Eq. (1.1). 

Throughout this paper, we will use ( )⋅  and ( )( )⋅  to denote the scalar 

product in ( )NRL2  and ( ) p
NRH ⋅,1  and ⋅  to denote the norm of 

( )Np RL  and ( ),1 NRH  and u  the modular (or absolute value) of u. 

2. Preliminaries 

In this section, we consider the following doubly nonlinear parabolic 
equation of the form 

( ) ( ) ( ) ,in +×=λ++∆−
∂
α∂ RRxguufut

u N  (2.1) 

( ) ( ) .in,0 0
NRxuxu =  (2.2) 

We assume that ( ) ( ) ( ) λ∈ ,, 2
0

NRLxuxg  is a positive constant. 
Furthermore, we make the following assumptions: 

( ) ( ) ( ) ;,0,,,00, 2121
1 RscccscRC ∈>≤α′≤=α∈α  (2.3) 

( ) ( ) ,,2
11

2
22 lsfukuuufuku pp ≥′+α≤≤−α  (2.4) 

here 2121 ,,, kkαα  are positive constants and FRlkp ,,,0 2 ∈λ<≥  is 

the primitive function of ( ) ( ) .:
0

drrfsFf
s
∫=  
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We set ( ),uw α=  note that ,01 >≥α′ c  hence there exists ,1−α  the 
inverse function of .α  Eq. (2.1) can be transformed into the following 
equation: 

( ( )) ( ( )) ( ) ( ) .in111 +−−− ×=λα+α+α∆−
∂
∂ RRxgwwfwt
w N  (2.5) 

Under the above assumptions, in a bounded domain { xRxxBR ,: ≤=  

},nR∈  we can prove, by using Galerkin approximations method that 

(2.5) is well-posed in ( )RBL2  (see, e.g., [1, 8, 9]), that is, for any ∈0w  

( ),2
RBL  there exists a unique solution ( ) ( ( )) 22, LBLRCtw R ∩+∈  

( ( ))., 1
0 RBHR+  By Lemma 2.3, the solution of (2.1) in NR  is almost 

equal to the solution of (2.5) in a bounded domain RB  when R is large 

enough. Therefore, wet get for any ( ),2
0

NRLu ∈  Eq. (2.1) exists a 

unique solution ( ) ( ( )) ( ( )).,, 122 NN RHRLRLRCtu ++∈ ∩  This 

establishes the existence of a dynamical system ( ){ } ,0≥ttS  which maps 

( )NRL2  into ( )NRL2  such that ( ) ( ),0 tuutS =  the solution of problem 
(2.1)-(2.2); see [1-3, 8, 9]. 

Hereafter, the same letters c(and, sometimes, corcc ′′′′′′, ) denotes 
constants which may change from line to line and even in the same line. 

Lemma 2.1. Assume that (2.3)-(2.4) hold, ( ).2 NRLg ∈  Then for any 

bounded set ( ),2 NRLD ⊂  there exist constants ,0,0 0 >> TM  for any 

,0 Du ∈  the solution ( )tu  of (2.1)-(2.2) satisfies 

( ) ( ) ,, 2
2

1
2 MdssuMtu

t

t
≤∇≤ ∫

+
 

( ) ., 0
1

TtallforMdssu p
p

t

t
≥≤∫

+
 (2.6) 

Proof. Taking the inner product in ( )NRL2  of (2.1) with u, this 

yields 
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( ) ( )( ) ( ) ( ).,,,2
1 2

2
2 uguuuufudxudt

duNR
=λ++∇+α′∫  

Since ( ) ( )2

2
22

2
2

22 22, k
g

ukugug
−λ

+
−λ

≤≤  and using (2.4), we 

have  

( ) ( ) ,22 2
222

2
2

2 cukuudxudt
du p

pRN ≤−λ+α+∇+α′∫  

here .
2

2
2
k

g
c

−λ
=  

By (2.3), we find 

,22
1

2
21

2
1
22

21
2
2 c

cuc
kucucudt

d p
p ≤

−λ
+

α
+∇+

+
 (2.7) 

and 

.22
2

2
22

2
2
22

22
2
2 c

cuc
kucucudt

d p
p ≤

−λ
+

α
+∇+

−
 (2.8) 

Here .0:,0: 2
2

2
2

2
2

2
2 ≤=≥=

−+
udt

dudt
dudt

dudt
d  

Combining (2.7) and (2.8), and note that ,21 cc ≤  we obtain 

.22
1

2
22

2
2
22

22
2
2 c

cuc
kucucudt

d p
p ≤

−λ
+

α
+∇+  (2.9) 

Therefore, we get 

.
1

2
22

22
2 c

cuc
kudt

d ≤
−λ

+  (2.10) 

Thanks to the Gronwall inequality, we find 

( ) ( ) ,0 2
2

2
2 cuetu tc ′′+≤ ′−  

here ( ) .,
21

2
2

2
kc

cccc
kc

−λ
=′′

−λ
=′  
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Obviously for any bounded set ( )NRLD 2⊂  and every ,0 Du ∈  

there exists ,00 >T  such that 

( ) .allfor2 0
2
2 Ttctu ≥′′≤  (2.11) 

Integrating (2.9) between t and ,1+t  by (2.11) we get for 0Tt ≥  

( ) ( ) ( ) ,22
0

1
2
2

1

2
22

2
1

2
Ttallforcc

ctudssucdssuc
p
p

t

t

t

t
≥′′′≤+≤

α
+∇ ∫∫

++
 

where ,2
1c
ccc +′′=′′′  we immediately get 

( ) ( ) .2,2 0
2

2122
2

1
Ttallforccdssuccdssu p

p
t

t

t

t
≥

α
′′′

≤
′′′

≤∇ ∫∫
++

 

Taking {( ) },2,2,2max
2

222
1

α
′′′′′′

′′=
cccccM  we conclude the proof of 

Lemma 2.1. 

In what follows, we denote by B the ball of radius M, i.e., { ( )xuB =  

( ) ( ) }.:2 MxuRL N ≤∈  Obviously B is a bounded absorbing set in 

( ).2 NRL  By the bounded of B and Lemma 2.1. We know that there 

exists a constant ( ) 01 >BT  such that ( ) BBtS ⊂  for all .1Tt ≥  

We now establish the estimates in the space ( ).1 NRH  

Lemma 2.2. Assume that (2.3)-(2.4) hold, ( ) ., 0
2 BuRLg N ∈∈  Then 

there exist 01 >M  and ,02 >T  for any solution ( )tu  of problem (2.1)-

(2.2) satisfying 

., 211
2 TtforMuMu p

p ≥≤≤  (2.12) 

Proof. Taking the inner product of (2.1) with tu  in ( ),2 NRL  we get 

( ) ( ( ) ) ( ).,2
222

t
R

t
R

ugdxuuFudt
ddxuu NN =λ++∇+α′ ∫∫  
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Since ( ) ( ) ( )
( ) ( )

1
2

2
2

4
1

4, cdxuudxu
xgdxuuug t

RR
t

R
t NNN +α′≤

α′
+α′≤ ∫∫∫  

,2
2g  therefore, we have 

( ( ) ) .4
1

2
2
21

22 gcdxuuFudt
d

NR
≤λ++∇∫  (2.13) 

In the light of (2.4), we can get 

( ) .0,,,, 2121
2

11
2

22 >′′α′α′′+α′≤≤′−α′ kkukuuFuku pp  (2.14) 

Using (2.6), we obtain 

( ( ) ) .and,0somefor2 1
221

TtccdsuuFuNR

t

t
≥>≤λ++∇∫∫

+
 

In view of the Uniform Cronwall Lemma, we get 

( ( ) ) ,1and0somefor,2 100
22 +≥>≤λ++∇∫ TtMMuuFuNR

 

thus from (2.14), we have 

( ) ( ) ,1:and,0somefor,, 12111
2 +=≥>≤≤ TTtMMtuMtu p

p  (2.15) 

so that (2.12) satisfied. 

We are now in a position to derive the estimate on solution for large 
time and space variables. The following lemma will be used when we 
prove the asymptotic compactness of dynamical system ( )tS  and play a 

crucial role in the proof of our result. 

Lemma 2.3. Assume that (2.3)-(2.4) hold, ( ),2 NRLg ∈  and ,0 Bu ∈  

the bounded absorbing set of ( ).tS  Then for any ,0>ε  there exist ( )εT  

and ( )εK  depending on ε  such that the following holds 

( ) ( ) ( ).,2 ε≥ε≥ε<∫ ≥
KkTtfordxtu

kx
 (2.16) 
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Proof. Choose a smooth function θ  such that ( ) 10 ≤θ≤ s  for 

,+∈ Rs  and ( ) 0=θ s  for ( ) 1,10 =θ≤≤ ss  for ,2≥s  and there exists a 

constant c such that ( ) cs ≤θ′  for .+∈ Rs  

Multiplying (2.1) by ( ) ,2

2
u

k
x

θ  and integrating in ( ),2 NRL  we find 

( ) ( ) ( ( ) )dxu
k
xudxudt

d
k
xu NN RR 2

2
2

2

2

2
1 θ∇∇+θα′ ∫∫  

( ) ( ) ( ) dxu
k
xuudx

k
xuf NN RR

2
2

2

2

2
θλ+θ+ ∫∫  

( ) ( ) .2

2
udx

k
xxgNR

θ= ∫  (2.17) 

We now majorization each term of (2.17) 

( ( ) ) ( ) dxu
k
xdxu

k
xu NN RR

2
2

2

2

2
∇θ=θ∇∇ ∫∫  

( ) .2
2

2

2 udx
k
xu

k
x

NR
∇θ′+ ∫  

We get 

( ) udx
k
xu

k
x

NR
∇θ′∫ 2

2

2
2  

( ) dxuu
k
x

k
xc

kxk
∇θ′≤ ∫ ≤≤ 2

2

22
 

.22 uuk
c ∇
′

≤  

Using Lemma 2.1 and Lemma 2.2, for given ,0>ε  there exists ( )ε0K  
,0>  for 20 , TtKk ≥≥  we have 

( ( ) ) .2

2
ε−≥θ∇∇∫ dxu

k
xuNR

 (2.18) 
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We infer from (2.4) that 

( ) ( ) ( ) ( ) ( ) .2
2

2
2

2
2

2

2

2
dxu

k
xkdxu

k
xudx

k
xuf NNN RRR

θ−λ≥θλ+θ ∫∫∫
 

On the right-hand side of (2.17), we have 

( ) ( )udx
k
xxgNR 2

2
θ∫  

( )gudx
k
x

kx 2

2
θ= ∫ ≥

 

( ( ) ) ( ( ) )2
1

2
1 2

2

2
2

2

2
dxu

k
xdxg

k
x

kxkx
θθ≤ ∫∫ ≥≥

 

( ) ( ( ) )2
1

2
1 2

2

2
2 dxu

k
xdxg

kxkx
θ≤ ∫∫ ≥≥

 (2.19) 

( ) ( ) dxgkdxu
k
xk

kxkx
2

2
2

2

2
2

2
1

2 ∫∫ ≥≥ −λ
+θ

−λ
≤  

( ) ( ) .2
1

2
2

2
2

2

2
2 dxgkdxu

k
xk

kxRN ∫∫ ≥−λ
+θ

−λ
≤  

Since ( ),2 NRLg ∈  for given ,0>ε  there exists ( ) 01 >εK  such that 

( ) .2
1

1
2

2
Kkfordxgk kx

≥ε≤
−λ ∫ ≥

 (2.20) 

Therefore, from (2.19) and (2.20) we find 

( ) ( ) .2 1
2

2

2
2

2

2
Kkfordxu

k
xkugdx

k
x

NN RR
≥ε+θ

−λ
≤θ ∫∫  (2.21) 

Taking { },,max 10 KKK =  by (2.3) and (2.18)-(2.20), we get for 2Tt ≥  
and ,Kk ≥  we have 
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( ) ( ) ,4
1

2
2

2

2
22

2

2

cdxu
k
x

c
kdxu

k
x

dt
d

NN RR

ε≤θ
−λ

+θ ∫∫  

then it follows from Gronwall inequality that 

( ) ( )
2

22
02

2
2

2

2 42
2

k
cdxu

k
xedxu

k
x

N
c

k

N R

t

R −λ
ε

+θ≤θ ∫∫
−λ−

 

.4
2

22
202

2

k
cue

tc
k

−λ
ε

+≤
−λ−

 

Obviously there exists ,0>T  for any KkTt ≥≥ ,  we have 

( ) .8
2

22
2

2
2

k
cdxu

k
xdxu NRkx −λ

ε
≤θ≤ ∫∫ ≥

 

Which conclude the proof of Lemma 2.3. 

3. Global Attractors 

In this section, we present our main result, that is, the existence of 

the global attractor for ( )tS  in ( ).2 NRL  We need to establish the 

asymptotic compactness for the dynamical system ( ).tS  Once this kind of 
compactness is obtained, the existence of the global attractor follows from 
a standard result which can be stated as follows [2, 4, 8, 9]. 

Theorem 3.1. Assume that X is a metric space and ( ){ } 0≥ttS  is a 

semigroup of continuous operators in X. If ( ){ } 0≥ttS  has a bounded 

absorbing set and is asymptotically compact, then ( ){ } 0≥ttS  possesses a 

global attractor which is a compact invariant set and attracts every 
bounded set in X. 

We now prove the asymptotic compactness for the dynamical system 
( ){ } 0≥ttS  generated by problem (2.1)-(2.2). 

Theorem 3.2. Assume that (2.3)-(2.4) hold and ( ).2 NRLg ∈  Then 

the semigroup ( )tS  is asymptotically compact, that is, if { }nu  is bounded 
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in ( )NRL2  and +∞→nt  as ,∞→n  then { ( ) }nn utS  is precompact in 

( ).2 NRL  

Proof. For every ,0>k  we denote by { }kxRx N
k ≤∈=Ω :  and 

for a function w  defined on ,NR  we denote by kΩω  the restriction of ω  

to .kΩ  

Since { }nu  is bounded in ( ),2 NRL  we can assume that there exists 

0M  such that .02 Mun ≤  By Lemma 2.1, we see that there exists a 

constant T depending on 0M  such that { ( ) } ButS nn ⊂  for .Ttn ≥  By 
Lemma 2.1 and Lemma 2.2, we know that there exist constants 0>M  
and 01 >T  such that 

( ) ( ) .for, 12 TtMutSMutS nnnnn ≥≤≤  (3.1) 

For any ,0>ε  by Lemma 2.3, we know that there exist ,0,02 >> KT  
we have 

( ) ( ) .,for 2\2 KkTtutS nRLnn k
N ≥≥ε<Ω  (3.2) 

Since ( ) ( ) ( ) ( ) ,22 N
K RLnnLnn utSutS ≤Ω  hence 

( ) ( ) ( ) ( ) .for, 112 TtMutSMutS nHnnLnn KK
≥≤≤ ΩΩ  (3.3) 

The embedding ( ) ( )kk LH Ω⊂Ω 21  is compact, it is clear { ( ) }
knn utS Ω  

lies in a compact set in ( ).2
kL Ω  For given ,,,0 1 KkTt ≥≥>ε  there 

exist finite elements ,,,, 21 mzzz …  and { ( ) } ( ),,1 ε⊂ =Ω i
m
inn zButS

k
∪  

( ).2
ki Lz Ω∈  For { ( ) },nn utSz ∈  there exists ,iz  and 

( ) ( ) ( ) .3\222 ε≤−+−≤− ΩΩ k
N

k
N RLiLiRLi zzzzzz  

That is, { ( ) }nn utS  has a finite covering in ( ),2 NRL  which imply 

{ ( ) }nn utS  is precompact in ( ).2 NRL  Then the proof is complete. 

We are now in a position to state our main result. 
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Theorem 3.3. Assume that (2.3)-(2.4) hold and ( ).2 NRLg ∈  The 

problem (2.1)-(2.2) has a global attractor which is a compact invariant set 

and attracts every bounded set in ( ).2 NRL   

Proof. We note that we have established the existence of a bounded 
absorbing set for ( )tS  in Lemma 2.1 and the asymptotic compactness in 
Theorem 3.2, so the existence of the global attractor follows from 
Theorem 3.1. 
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