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Abstract

Our aim in this paper is to study the long time behavior of a class of doubly

nonlinear parabolic equations in RN, We prove the asymptotic compactness

of the solutions and then establish the existence of the global attractor in

I2(RM).
1. Introduction

We are interested in the long time behavior of doubly nonlinear
parabolic equations of the form
oou)

—5 " Au+t f(u)+ru = g(x) in RN x R*. (1.1)
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The existence of global attractor for Eq. (1.1) in a bounded domain was
studied in [7]. In bounded domains, the asymptotic compactness of the
solutions follows from the compactness of the Sobolev embedding. This
method cannot be applied to unbounded domain, since in this case the
compactness of Sobolev embedding are no longer hold. To overcome the
difficulty of the noncompact embedding, several typical methods have

been developed [5, 6, 10]. The existence of the global attractor in L2(RN )

for nondegenerate reaction diffusion with forcing term from L2(RN )

was, to our knowledge, first proved in [10]. In this paper, using the
similar idea, we will show that the solution of (1.1) are uniformly small at
infinity for large time. Combining priori estimate method, we obtain the
existence of global attractor for Eq. (1.1).

Throughout this paper, we will use (-) and ((-)) to denote the scalar

product in L*(RY) and HY(RY), |- |p and ||| to denote the norm of

LP(RY) and HY(RY), and | u| the modular (or absolute value) of u.

2. Preliminaries

In this section, we consider the following doubly nonlinear parabolic
equation of the form

8aa—(tu)—Au+f(u)+ku = g(x) in RN x R*, (2.1)
w0, x) = up(x) in RV. (2.2)

We assume that g(x), ug(x) e LZ(RY), A is a positive constant.

Furthermore, we make the following assumptions:
o e CYR), a(0) =0, ¢; < a/(s) < ¢y, 1,00 >0, s € R; (2.3)
2 2 4
agulP —kylul® < flw < ag|w|P + k| uwl?, fi(s) 2L, (2.4)
here a4, ag, k;, kg are positive constants and p >0, kg <A, l € R, F is

the primitive function of f : F(s) = f g f(r)dr.
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We set w = o(u), note that o’ > ¢; > 0, hence there exists o, the

inverse function of a. Eq. (2.1) can be transformed into the following

equation:

9 Ao @) + fla @) + a7 w) = glx) in BY xRT. (25)

Under the above assumptions, in a bounded domain Bp = {x : |x| < R, x
€ R"}, we can prove, by using Galerkin approximations method that
(2.5) is well-posed in LZ(BR) (see, e.g., [1, 8, 9]), that is, for any w( €
I*(Bp), there exists a unique solution w(t)e C(R*, L?(Bg))N L?

(R*, H}(Bg)). By Lemma 2.3, the solution of (2.1) in RN is almost
equal to the solution of (2.5) in a bounded domain Bi when R is large
enough. Therefore, wet get for any uy € L2(RN), Eq. (2.1) exists a
unique  solution ut)e C(R*, L2(RN )NL2(R*, HY(RY)). This
establishes the existence of a dynamical system {S(¢)},o, which maps
I2(RY) into L*(RY) such that S(t)uy = u(t), the solution of problem
(2.1)-(2.2); see [1-3, 8, 9].

L4

Hereafter, the same letters c(and, sometimes, ¢, ¢"orc¢") denotes

constants which may change from line to line and even in the same line.

Lemma 2.1. Assume that (2.3)-(2.4) hold, g € L>(RY). Then for any

bounded set D LZ(RN), there exist constants M > 0, T, > 0, for any
uy € D, the solution u(t) of (2.1)-(2.2) satisfies

t+1
u(®), < M, j | Vul)yds < M,
t+1
J. |u(s)|§ds < M, for all t > T,. (2.6)
t

Proof. Taking the inner product in L*(RY) of (2.1) with u, this

yields
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zj u)—|u| dic + Vi + (F(), u) + Mu, u) = (g, w).

. }\‘_kz
Since (g, u) <|glyu |, < 2

|u|2 +ﬂ and using (2.4), we

have

IN (u)—|u|dx+2|Vu|2+2a2|u|p (o= ko) uf? <,
R

2
|g|2

here ¢ = —>12
ere ¢ K—kz

By (2.3), we find

d* 2 2 9 20 A—Fk 2 ¢
E|u|2 +E|Vu|2 +—2|u|p+T2|u|2 SE, (27)
and
2 2 9 20 A—Fk 2 c
d 2 d, 2._d 2
Here_|u|2 .—a|u|2 20,E|u|2 ::E|u|2 <0.
Combining (2.7) and (2.8), and note that ¢; < ¢9, we obtain
d 2 2 2 2oy A —ky 2 _ ¢
E|u|2 +E|Vu|2 +c—|u|p+T|u|2 Sa (29)
Therefore, we get
d, 2 A-k 2 _ ¢
E|u|2+ cz2|u|2 Sa (210)

Thanks to the Gronwall inequality, we find
()2 < e u(0))Z + ¢,

7& — kz " CCZ
c9 (A —ky)
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Obviously for any bounded set D c LQ(RN ) and every ug e D,
there exists Ty > 0, such that

u(t)5 < 2¢"  for all ¢ > Ty, (2.11)
Integrating (2.9) between ¢ and ¢ + 1, by (2.11) we get for ¢t > T

+1
2 [Vu(s) |2ds L 202

t+1
2 c m
5 ) o |u(s)|§ds < ult)|s + o <c" forallt>T,,

c . .
where ¢" = 2¢" + —, we immediately get
Sl

t+1 m
I |Vu(s)|§ds < szc , J |u(s)|pds < 2 for all t > T.
t t

CQC CQC
" 20

Taking M = max{(2c")2 } we conclude the proof of

Lemma 2.1.

In what follows, we denote by B the ball of radius M, i.e., B = {u(x)
e I*(RN) : lu(x)| < M}. Obviously B is a bounded absorbing set in
I*(RY). By the bounded of B and Lemma 2.1. We know that there
exists a constant 77(B) > 0 such that S(¢)B < B for all ¢t > Tj.

We now establish the estimates in the space H'(RY).

Lemma 2.2. Assume that (2.3)-(2.4) hold, g < L2(RN), ug € B. Then
there exist M; > 0 and Ty > 0, for any solution u(t) of problem (2.1)-
(2.2) satisfying

Jul? < My, [ < My for ¢ =Ty (2.12)
Proof. Taking the inner product of (2.1) with ; in LZ(RN ), we get

IRNon(u)|ut| dx+$J.RN(|Vu| + F()+ Sl )x = (g, ).
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2
. < (o2 J’ lg(x)] <J~ g 1
Since [(g, u, )| < IRNa(u)ut dx + oV doT) RNa(u)ut dx + i
|g|§, therefore, we have
d 2 A 2 1 2
a A < 1
di ) o Vel + F)+ S lu Plde < o lgly. 2.13)

In the light of (2.4), we can get
ablulP —kylul? < Fu) < af|ulP + k| ul?, of, ab, &, ky > 0. (2.14)

Using (2.6), we obtain

t+1 9 A 9
L IRN(|Vu| +F(u)+§| u|”)ds <c for somec >0, andt>1Tj.

In view of the Uniform Cronwall Lemma, we get

J. N(|Vu|2 +F(u)+%|u|2) < My, for some My >0 and ¢t > T} +1,
R

thus from (2.14), we have
ut2SM,utp£M,f0rsomeM >0,and ¢t 2Ty =Ty +1, (2.15)
1 » 1 1 2 1

so that (2.12) satisfied.

We are now in a position to derive the estimate on solution for large
time and space variables. The following lemma will be used when we

prove the asymptotic compactness of dynamical system S(t) and play a

crucial role in the proof of our result.

Lemma 2.3. Assume that (2.3)-(2.4) hold, g < LZ(RN), and ug € B,
the bounded absorbing set of S(t). Then for any € > 0, there exist T(c)
and K(g) depending on ¢ such that the following holds

j ‘ k|u(t)|2dx <& for 1>T(), k> K(). (2.16)
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Proof. Choose a smooth function 0 such that 0 < 0(s)<1 for
se R, and 0(s) =0 for 0 <s<1,0(s)=1 for s > 2, and there exists a

constant ¢ such that |0'(s)] < ¢ for s € R".

2
Multiplying (2.1) by 6( % Ju, and integrating in L2(RY), we find
k

le d, 2 J?
2JRN gl dx+IRNVuV(6(k—2)u)dx

+j f(u)e(ﬁ)udxmj ue(ﬁ)wﬁdx
RN k2 RN k2

2
[+

X
= .[RN g(x)0( ey Judx. (2.17)
We now majorization each term of (2.17)
2
[ vuv(e( 2 )y = [ o |"| J|Valida
RN 1% RN
2x | |2
+JRNk2 ub'( —= o Wudx.
We get
IXI
|J ng Vudx|
<c j Bl g |x| )| V| u |dx
k<|x|<2k k2

C,
< 5 Vuly| uly.

Using Lemma 2.1 and Lemma 2.2, for given ¢ > 0, there exists K(c)

>0, for k > Ky, t > Ty we have

JR VuV(G(l | Ju)dx > —¢. (2.18)
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We infer from (2.4) that

2 2 2
jRNf(u)e(% Yudx + ijNe(i_L ) w|2dx > (n - k2)IRNe(|:;_|2 Y |Pds.

On the right-hand side of (2.17), we have

2
0 2
= ﬁ udx
=100 e
s(jxk(" e[, e('x' ) u s

1 |x| 1
<(I R _[ Cal 2dx)z 2.19)

A—ky J' |x| 1 J' 2
) dx +——1 d
2 \X\>k ulax 2(% — kg) \x\Zklgl *

ok

2
3 |g|” dx.

|x| 2 1 I
0 ulfdx + ————
J ( Nul 2(% — kg ) J|xfzk

Since g € L2(RY), for given & > 0, there exists K;(¢) > 0 such that

1
00— k)

Therefore, from (2.19) and (2.20) we find

J. ‘>k|g|2dx <g¢ for k=K. (2.20)
X|2

2 2
|.[RN 6(';:—'2 Jugdx| < %J‘RNO(% )| u |2dx +e for k> K. (2.21)

Taking K = max{K,, K;}, by (2.3) and (2.18)-(2.20), we get for t > T,

and k£ > K, we have
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d o e Rk W e de
then it follows from Gronwall inequality that
2 A—kg 2
& - d

|E o2 tJ‘ %" 2 4coe
IRNG( T huldx < L

n 4028
< olo k—kzh

Obviously there exists 7' > 0, forany ¢t > T, k > K we have

2
2 || 2 8coe
ul®dx < I O — )| ul|dx < —2—.
[ lul o0 u P < 722

Which conclude the proof of Lemma 2.3.
3. Global Attractors

In this section, we present our main result, that is, the existence of
the global attractor for S(t) in L?(RY). We need to establish the
asymptotic compactness for the dynamical system S(¢). Once this kind of

compactness is obtained, the existence of the global attractor follows from
a standard result which can be stated as follows [2, 4, 8, 9].

Theorem 3.1. Assume that X is a metric space and {S(t)},so is a
semigroup of continuous operators in X. If {S(t)};so has a bounded
absorbing set and is asymptotically compact, then {S(t)};s, possesses a

global attractor which is a compact invariant set and attracts every
bounded set in X.

We now prove the asymptotic compactness for the dynamical system

{S(t)};>¢ generated by problem (2.1)-(2.2).

Theorem 3.2. Assume that (2.3)-(2.4) hold and g < L2(RN ). Then
the semigroup S(t) is asymptotically compact, that is, if {u, } is bounded
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in L>(RY) and t, — +o as n — o, then {S(t,)u,} is precompact in
L2(RN).

Proof. For every k > 0, we denote by Qj, = {x ¢ RY :|x| < k} and
for a function w defined on R™, we denote by wq, the restriction of o

to Qk'

Since {u,} is bounded in L?(RY ), we can assume that there exists
My such that |u,|, < M;. By Lemma 2.1, we see that there exists a
constant 7T depending on M, such that {S(¢,)u,} c B for t, > T. By

Lemma 2.1 and Lemma 2.2, we know that there exist constants M > 0
and 77 > 0 such that

ISty Juply < M, |S(t,)u,| <M for t, >T. (3.1)

For any ¢ > 0, by Lemma 2.3, we know that there exist 75 > 0, K > 0,

we have

|S(¢, )”nlLZ(RN\Qk) <g for t, 2Ty, k> K. (3.2)
Since |S(t,, )unlLZ(QK) <|S(¢, )un|L2(RN), hence
1S(tn unl 20y ) < Mo 18 Jun g, ) < M for ¢, 2 1. (3.3)

The embedding H'(Q,) = L2(Qy,) is compact, it is clear {S(t, u, Yo,

lies in a compact set in LZ(Qk ). For given ¢ >0,t>T,, k> K, there

exist finite elements zj, zg, ..., 2,,, and {S(¢, )u, }Qk c UL, B(z, ),
z; € I3(Qy,). For z € {S(t, Ju, }, there exists z;, and

2 = zil 2 gy < |2 = 2il 200, ) * |2 — il 2RV, < 3
That is, {S(t,)u,} has a finite covering in L?(R"), which imply
{S(t, Ju,, } is precompact in L2(RY ). Then the proof is complete.

We are now in a position to state our main result.
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Theorem 3.3. Assume that (2.3)-(2.4) hold and g € L2(RN). The

problem (2.1)-(2.2) has a global attractor which is a compact invariant set

and attracts every bounded set in L2(RN ).

Proof. We note that we have established the existence of a bounded

absorbing set for S(¢) in Lemma 2.1 and the asymptotic compactness in

Theorem 3.2, so the existence of the global attractor follows from
Theorem 3.1.
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