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Abstract 

In the following, we consider the Klein-Gordon-Maxwell system with some positive 

potentials in .3R  We establish the existence of single spikes concentrating  
around critical points of the potentials. Also necessary conditions for the 
concentration are given. 

1. Introduction and Main Results 

Let us consider the nonlinear Klein-Gordon equation 

,12
02

2
vvvmv

t
v p //λ=/+/∆−

∂
/∂ −  (1.1) 

where ( )txvv ,/=/  is a complex function defined on ( ),5,1,3 ∈× pRR  

0>λ  is a parameter, and 00 >m  is the mass of a particle whose states 
are described, at a given moment, by the wave function .v/  
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In recent years, many papers have been devoted to find standing 
waves of (1.1), i.e., solutions of the form 

( ) ( ) ( ) .,,, R∈ω=/ ω− xuexutxv ti  

In this case, (1.1) becomes a semilinear equation. 

In this paper, we want to study the interaction of v/  with its own 
electromagnetic field ( ),, HE  which is described, as usual, by the gauge 

potential ( )A,φ  

.:,: 333 RRRRRR →×→×φ A  

Indeed, ( )A,φ  is linked with ( )HE,  through the Maxwell equations 

.:,: AHAE ×∇=
∂
∂−φ−∇= t  

Following the ideas of [3], in order to study standing waves interacting 
with a purely electrostatic field (this means 0=A  and ( )xφ=φ ), one can 
reduce to the study of the following system of equations 

( )

( )







∈ω−φ=φ∆

∈λ=ω−φ−+∆− −

.,

,,

32

3122
0

R

R

xv

xvvvvmv p

 (1.2) 

For such a system, existence and non-existence results have been 
established (see [3], [4], [5] and references therein). 

Let us consider the following generalized version of the system (1.2): 

( ) ( ) ( )

( ) ( )







∈ω−φ=φ∆

∈λ=ω−φ−+∆− −

,,

,,

32

3122
0

R

R

xvxb

xvvvxbvmxav p

 (1.3) 

where ( )RR ,, 3∞∈ Cba  are such that 

(a1) ( ) axa ,0inf 3 >R  and its derivatives are bounded; 

(b1) ( ) bbxb ,0,0 ≡/≥  and its derivatives are bounded. 
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As we will see in Section 3, the problem (1.3) can be reduced into a 
single equation. In fact, the equation 

( ) ( ) 2vxb ω−φ=φ∆   (1.4) 

has a unique solution ( ).32,1 RDv ∈φ  If we substitute vφ  into the first 

equation of (1.3), we have to study the equivalent problem 

( ) ( ) ( )( ) ., 3122
0 R∈λ=ω−φ−+∆− − xvvvxxbvmxav p

v   (1.5) 

Let us define .1: 2
0

2
m

=  Then the Equation (1.5) becomes 

( ) ( ) ( )( ) ., 312
2 R∈λ=ω−φ−+∆− − xvvvxxbvxav p

v


  (1.6) 

If we consider the problem (1.6) with a mass 0m  at a macroscopic scale, 

the value of   will be then very small. We will interested not only in the 
existence of solutions for (1.6), but also in their behavior as .0→  

To the best of our knowledge no papers consider the concentration 
phenomena for such a problem. 

We first state the main results of the paper. 

Theorem 1.1. Let (a1), (b1) hold. Furthermore, we assume 

(a2) ( )xa  has a non-degenerate local minimum or maximum at 

,3
0 R∈x  namely, ( ) 00 =∇ xa  and ( )0

2 xaD  is positive-or negative-definite. 

Then for 0>  small, the Equation (1.6) has a solution ,v  which 

concentrates at .0x  

If we assume 

(a2’) ( )xa  has a degenerate local minimum or maximum at ,3
0 R∈x  

namely, there exists a positive integer 0>m  such that ( ) ,00 =xaDk  for 

all mk <  and ( )0xaDm  is positive-or negative-definite and such that 
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( ) [ ] ,
3

1
0

m
ii

i

m xaxxaD ∑
=

=  

where ( ) ;3,2,1,0 =
∂

∂
= i

x
xaa m

i

m
i  

(b2) ( ) 00 =xb  and ( )xb  has a (possibly) degenerate local minimum or 

maximum at ,3
0 R∈x  namely, there exists a positive integer 0>n  such 

that ( ) ,00 =xbDk  for all nk <  and ( )0xbDn  is positive-or negative-

definite and such that 

( ) [ ] ,
3

1
0

n
ii

i

n xbxxbD ∑
=

=  

where ( ) ;3,2,1,0 =
∂

∂
= i

x
xbb n
i

n
i  

then the following result holds. 

Theorem 1.2. Let (a1), (a2’), (b1), and (b2) hold. Let { }2,min += nms  

and we assume .+∞<s  If 2+<= nms  or ,2 mns <+=  then the 

problem (1.6) has a solution ,v  which concentrates at .3
0 R∈x  Moreover, 

if ,2 mns =+=  the same holds provided 

,0~
,2,2 ≠− iiii bCaC   (1.7) 

where ii CC ,2,2
~,  are positive constants explicitly known. 

Remark 1.2.1. We note that if 0x  is a local minimum (resp., local 

maximum) for a, or for b, then 0, >ii ba  (resp., 0, <ii ba ). Hence, the 

assumption (1.7) is automatically satisfied, if 0x  is a local maximum for 

( )xa  and a local minimum for ( )xb  and vice versa. 
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Remark 1.2.2. The results of Theorems 1.1 and 1.2 are not so 
different to those of [6] for the Schrödinger-Poisson problem. We remark 

that in Theorem 1.2, we require only that 0~
,2,2 ≠− iiii bCaC  in the case 

+= ns .2 m=  Nothing is assumed in other cases unlike in [6]. This can 
be done because of the particular form of the problem in the case, in 
which we couple the Klein-Gordon equation with the Maxwell equations. 
Moreover, the real difficulty is that, in this case, we do not have an 
expression for the solution of the second equation of problem (1.6). 
Indeed, in [6], the second equation is a Poisson equation and it is known 
the expression of such a solution. 

The paper is organized as follows. Section 2 is devoted to some 
notations and preliminaries. In Section 3, we study the existence and the 
uniqueness of the solution of ( ) ( )φ+ω=φ∆ xb  and we derive some 
properties of it. In Section 4, we study the variational setting of the 
problem and in Section 5, we prove Theorems 1.1 and 1.2. In a final 
section (see Section 6), a necessary condition to the concentration 
phenomenon is discussed. 

2. Preliminaries 

Hereafter, we use the following notation: 

● ( )31 RH  is the usual Sobolev space endowed with the standard 

scalar product and norm 

( ) [ ] [ ] .;, 222
33 dxuuudxuvvuvu +∇=+∇∇= ∫∫ RR

 

● ( )32,1 RD  is the completion of ( )3
0 R∞C  with respect to the norm 

.22
32,1 dxuu

D
∇= ∫R  

● ( ) ,1,3 +∞≤≤ qLq R  denotes a Lebesgue space, the norm in qL  is 

denoted by .qu  
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● S  is the best constant in the Sobolev embedding ( )32,1 RD  

( ),36 RL  namely, 

( ) { }
.inf

60\

2,1

32,1 u
u

S D
Du R∈

=  

● qS  is the best Sobolev constant for the embedding of ( )31 RH  in 

( ) ( ),6,2,3 ∈qLq R  that is, 

( ) { }
.inf

0\31 qHu
q u

uS
R∈

=  

● iCCC ,, ′  are various positive constants. 

 We consider a problem, which will be useful in the sequel: 

( )





+∞→→

∈=+∆− −

.as0

,, 31

xxu

xuuuu p R
 (2.1) 

It is well known that (2.1) has a unique positive radial solution U in 

( ).31 RH  This solution satisfies the following decay property (see [7]): 

( ) ( )
( ) ,,1lim,0lim xrrU
rUCrerU

r
r

r
=−=

′
>=

+∞→+∞→
 

for some constant C. 

The function U is also a critical point of the 2C  functional 

( ) RR →31
0 : HI  defined as 

( ) .1
1

2
1 12

0 3 dxupuuI p+∫+
−=

R
 (2.2) 

Since (2.1) is translation invariant, it follows that any ( ) ( ),: ξ−=ξ xUxz  

,3R∈ξ  is also a solution of (2.1). In other words, 0I  has a non-compact 

critical manifold given by 
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{ ( ) }.: 3R∈ξ= ξ xzZ  

We know that Z  is non-degenerate (see [2, Chapter 4, Subsection 4.2]). 

Moreover, there exists a constant 0>C  such that 

.allfor,; 3R∈ξ≤
∂
∂

≤ ξ
ξ Cx

z
Cz

j
 (2.3) 

We also recall the following properties of the solution U. 

Lemma 2.1. Define the operator ( ) RR →31: HQ  as 

[ ] ( )[ ] [ ] .,: 2122
0 3 dxpUUIQ p νννννν −−+∇=′′= ∫R  

We denote .
k

k x
UU

∂
∂=  Then there hold: 

1. [ ] ( ) .01 2 <−= UpUQ  

2. [ ] .3,2,1,0 ==
∂
∂ jx
UQ

j
 

3. [ ] .3,2,1,,2 =
∂
∂⊥⊥≥ jx
UUallforCQ

j
νννν  

For a proof, see, for instance [2, Lemma 8.6]. 

3. Study of the Equation (1.4) 

Lemma 3.1. For any ( ),31 RHv ∈  there exists a unique 2,1Dv ∈φ  

( )3R  of the Equation (1.4) such that .0 ω≤φ≤ v  

Proof. Let ( )31 RHv ∈  and we define the following bilinear form 

( ) ( ) ( ) [ ( ) ] .,: 21
2

21
32,132,1

21 3 RRR
R

∈+∇∇×∈ ∫ dxwwvxbwwDDwwL  
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It is easy to see that L is well defined. Moreover, since ( ) ,0≥xb  

( ) ., 2
121 2,1D

wwwL ≥  Furthermore, since ( )xb  is bounded, by using the 

Hölder inequality, we have 

( ) ( ) 321
2

2121 ,,
2
32,12,1 wwvbCwwwwL DD ⋅+≤  

( ) 6261
2
321 2,12,1 wwvbCww DD +≤  

( ( ) ) ,~1 2,12,1 21
2
3 DD wwvbC ⋅+≤  

where ( ) ( ).~ 2 bCSbC ⋅= −  

Therefore, L defines an inner product, equivalent to the standard 

inner product in ( ).32,1 RD  Moreover, ( ) ( )35/1231 RR LH ⊂  and then 

( ) ( ) ., 2,13 1
2

5/121
2

DwvbCdxwvxb ω≤ω∫R  

Therefore, the linear map 

( ) ( ) RR
R

∈ω∈ ∫ dxwvxbDw 1
232,1

1 3  

is continuous. Hence, by the Lax-Milgram theorem, there exists a unique 

( )32,1 RDv ∈φ  such that 

[ ( ) ] ( ) ( ),, 32,1
11

2
1

2
1 33 R

RR
Dwdxwvxbdxwvxbw vv ∈∀ω=φ+∇φ∇ ∫∫  

namely, vφ  is the unique solution of ( ) ( ) .22 vxbvxb ω=φ+φ∆−  

Arguing by contradiction, we assume that there exists an open subset  
3R⊂Ω  such that 

.ω>φv   (3.1) 

Then, since vφ  solves (1.4), we have 

( ) ( ) ( ) ( ) ( ) .0222 =ω−φ+φ∆−=ω−φ+ω−φ∆− vxbvxbvxb vvvv  
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So ω−φ=ϕ v  satisfies 

( ) .on0,in02 Ω∂=ϕΩ=ϕ+ϕ∆− vxb  

Then 0=ϕ  contradicting (3.1). 

An analogous argument shows that 0≥φ  (by using also the 

positivity of the function ( )xb ).   

Remark 3.1.1. Let ( ).31 RHv ∈  More in general one can consider, 

for all ( ( )) ,32,1 ′∈ RDh  the equation 

( ) .2 hvxb =φ+φ∆−   (3.2) 

As done in Lemma 3.1, one can prove the existence and the uniqueness of 

the solution in ( )32,1 RD  of (3.2). 

Now, let ( )31 RHv ∈  and ( ( )) ., 32,1 ′∈ RDkh  We denote by ,hφ  the 

unique solution in ( )32,1 RD  of 

( ) ,2 hvxb hh =φ+φ∆−   (3.3) 

and by ,kφ  the unique solution in ( )32,1 RD  of 

( ) .2 kvxb kk =φ+φ∆−   (3.4) 

Then  

.33 dxkdxh hk φ=φ ∫∫ RR
 (3.5) 

Indeed, if we multiply by kφ  the Equation (3.3) and by hφ  the Equation 

(3.4) and we integrate on ,3R  we find 

[ ( ) ] .333
2 dxkdxvxbdxh hkhkhk φ=φφ+φ∇φ∇=φ ∫∫∫ RRR
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Now, we define the map 

( ) ( ),: 32,131 RR DHv v ∈φ∈Φ  

where vφ  is the unique solution of (1.4). From Lemma 3.1, it follows that 

Φ  is well defined. As done in [4], one can prove that Φ  is of class 1C  

and, for every ( )31, RHvu ∈  

( [ ]) [ ] ( ),2 21 φ−φ=Φ′ uv   (3.6) 

where 21, φφ  are, respectively, the solutions in ( )32,1 RD  of 

( ) ( ) ,1
2

1 uvxbvxb ω=φ+φ∆−   (3.7) 

( ) ( ) .2
2

2 uvxbvxb vφ=φ+φ∆−   (3.8) 

We remark that, since ( ) ( ) ( ) ( ( )) ,, 32,135/6 ′⊂∈φω RR DLuvxbuvxb v  
from Remark 3.1.1, it follows the existence and uniqueness of 1φ  and .2φ  

Remark 3.1.2. Now, let 0>β  and we set ( ) ( ).xvxv ββ=β  Then 

[ ] ( )xv βΦ=φ :  is the solution of 

( ) ( ) ( ) ( ),1 22
2 xvxbxvxb ββω=φββ+φ∆

β
−  

namely, φ  solves 

( ) ( ) ( ) ( ).22 xvxbxvxb ββ βω=φβ+φ∆−  (3.9) 

We set such a φ  as .βφv  

We also note that if the function ( )xb  is constant, then one can infer 
that [ ] ( ) [ ] ( ).xvxv βΦ=βΦ  

4. Variational Setting 

Let 3
0 R∈x  be a critical point of ( ),xa  namely, ( ) .00 =∇ xa  Without 

any loss of generality, we assume 00 =x  and ( ) .10 =a  
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By suitably scaling, (1.6) can be reduced to the following equation: 

( ) ( ) ( )( ) ,122 uuuxxbuxau p
v

−=ω−φ−+∆−    (4.1) 

where p−λ= 3  and ( ) ( ).xvxu =  

From Remark 3.1.2, it follows that ( ) [ ] ( ) , uv xvx φ=Φ=φ  where uφ  

is the solution of 

( ) ( ) .22 uxbuxb uu   ω=φ+φ∆−  (4.2) 

Hence (4.1) becomes 

( ) ( ) ( ) ., 3122 R∈=ω−φ−+∆− − xuuuxbuxau p
u
   (4.3) 

From (3.6), it follows that 

( ) [ ] ( ),2 21
 φ−φ=′φ vu  (4.4) 

where 
21, φφ  are, respectively, the solutions of 

( ) ( ) ,1
2

1 uvxbuxb   ω=φ+φ∆−   (4.5) 

( ) ( ) .2
2

2 uvxbuxb u
  φ=φ+φ∆−   (4.6) 

The solutions of (4.3) are the critical points of the functional ( )31: RHI  
2, CI ∈→ R  

( ) [ ( ) ] ( ) dxuxbdxuxauuI 22
2

22
33 22

1  ω−+∇= ∫∫ RR
 

( ) .1
1

2
12

2

33
+∫∫ +

−φω+ p
u updxuxb

RR
  (4.7) 

Indeed, by using (3.6), 

( ) [ ] [ ( ) ( ) ]dxuvuuvxbuvxavuvuI p 122
3

−−ω−+∇∇=′ ∫  R
 



GIUSI VAIRA 70

( ) ( ) ( ) [ ] dxuvxbdxuvxb uu
2

2
2

33 2
′φω+φω+ ∫∫  

RR
 

[ ( ) ( ) ]dxuvuuvxbuvxavu p 122
3

−−ω−+∇∇= ∫ 
R

 

( ) ( )

( )I

1
222

33 dxuxbdxuvxb u
  φω+φω+ ∫∫ RR

 

( )

( )

.

II

2
22

3 dxuxb  φω− ∫R  

By using (3.5) with ( ) 2uxbh ω=  and ( ) ,uvxbk ω=  then, since ,uh φ≡φ  

we find 

( ) ( ) .I 33 dxuvxbdxh u
k  φω=φ= ∫∫ RR

 

Moreover, let be h as before and ( ) ,uvxbk u
 φ=  then from (3.5), it follows 

( ) ( )( ) .II 2
33 dxuvxbdxh u

k  φ=φ= ∫∫ RR
 

Hence 

( ) [ ] [ ( ) ( ) ]dxuvuuvxbuvxavuvuI p 122
3

−−ω−+∇∇=′ ∫  R
 

( ) ( ) dxuvxbdxuvxb uu
  φω+φω+ ∫∫ 33

22
RR

 

( ) ( ) .22
3 dxuvxb u

 φ− ∫R  

At the end, we find 

( ) [ ] [ ( ) ( ) ]dxuvuuvxbuvxavuvuI p 122
3

−−ω−+∇∇=′ ∫  R
 



SEMICLASSICAL STATES FOR THE NONLINEAR … 71

( )( ) .23
2 dxuvxb uu

 φφ−ω+ ∫R  (4.8) 

In a similar way one can compute the second derivative of the functional 
I  finding 

( ) [ ] [ ( ) ( ) ]dxvwupvwxbvwxawvwvuI p 122
3, −−ω−+∇∇=′′ ∫  R

 

( )( ) ( )( )( ) ,42 21
22

33 dxuvxbdxvwxb uuu
  φ−φφ−ω+φφ−ω+ ∫∫ RR

 

 (4.9) 

where 1φ  and 2φ  are, respectively, the solutions of 

 ( ) ( ) ( ) ( ) ., 2
2

21
2

1 uwxbuxbuwxbuxb u   φ=φ+φ∆−ω=φ+φ∆−  

In the next lemma, some estimates that are useful later are done. 

Lemma 4.1. Let ( )31 RHu ∈  and φ  be the solution in ( )32,1 RD  of 

( ) ( ) .2 uzxbzxb ξξ ω=φ+φ∆−    (4.10) 

Then if (b1) holds, then 

.,2,1 uzCbD ⋅≤φ ξω   (4.11) 

Instead, if (b1), (b2) hold and ,ξ≤ξ  then 

.,2,1 uC n
D ⋅⋅≤φ ξω    (4.12) 

Proof. Since φ  solves (4.10), we have 

[ ( ) ]dxzxbdx
D

22222
332,1 φ+φ∇≤φ∇=φ ξ∫∫ 

RR
 

( ) .3 dxuzxb φω= ξ∫ 
R

 

If (b1) holds, then 

,2,12,1 ,5/66
2 uzCuzC DbbD

⋅φ≤⋅φ⋅ω≤φ ξωξ  
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and (4.11) follows. If (b1), (b2) hold, then 

( ) .nn xCxb  ⋅≤  

Hence 

( ) .
6/5

5/65/65/6
6

2
32,1 







φω≤φ ξ∫ dxuzxb
D


R

 

Now, ( ),36 RLz ∈ξ  hence ( ).355/6 RLz ∈ξ  Moreover, ( ),32/3 RLu ∈  

hence ( ).34/55/6 RLu ∈  By using Hölder inequality, we find 

( ) 2/3

6/1
662

32,12,1 udxzxbC DD







φ≤φ ξω ∫ 
R

 

( ) udxxUxC n
D

n
6/1

66
32,1 







 ξ+φ⋅≤ ∫ω R
  

,2,1, uC D
n φ⋅≤ ξω   

since ( ) ξ≤ξ+∫ CdxxUx n 66
3R

 provided .ξ≤ξ  Then (4.12) follows.   

Remark 4.1.1. We note that (4.11) holds also, if we substitute ξz  

with a function ( ).31 RHv ∈  Instead (4.12) holds only in that case, since 

we use the exponential decay of the function U solution of (2.1) to obtain 
the result. 

5. Proof of the Main Results 

The proofs of our main results use a Lyapunov-Schmidt reduction. 

 Fix ,3R∈ξ  and let us define 

{ }.:: ξ≤ξ∈= ξξξ ZZ z  
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For every ,ξξ ∈ Zz  we define ( )⊥ξξξ
== Zzz TWW ,  and ( )31: RHP  

,W→  the orthogonal projection onto W. Our approach is to find a pair 

( )sOwWwz =∈∈ ξξ ,,Z  ( 2=s  in the assumptions of Theorem 1.1 

and { }2,min += nms  in the assumptions of Theorem 1.2), such that 
( ) .0=+′ ξ wzI  Equivalently: 

( ) ( )

( ) ( ) ( )





=+′−

=+′

ξ

ξ

.0b

,0a

wzIP

wzIP





I
 (5.1) 

The first equation above is called auxiliary equation, and the second one 
receives the name of bifurcation equation. 

5.1. The auxiliary equation 

Our intention now is to find a solution Ww ∈  of the auxiliary 
equation for any .ξξ ∈ Zz  We begin with some estimates: 

Proposition 5.1. Let (a1), (a2), and (b1) hold. 

Then there exists ( ) 0,, >ξω= bCC  such that for all ,0>  we have 

( ) .2 CzI ≤′ ξ   (5.2) 

If (a1), (a2’), (b1), and (b2) hold, then there exists ( ) 0, >ξω= CC  such 

that for all 0>  small, we have 

( ) ,sCzI  ≤′ ξ   (5.3) 

with { }.2,min += nms  

Proof. Taking into account that ξz  is a solution of (2.1), we have 

( ) [ ] ( ) ( ) dxvzxbdxvzxavzI ξξξ ∫∫ ω+−≤′  33
221

RR
 

( ) dxvzxb zz ξξξ
φ⋅φ−ω+ ∫  23

2
R
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( ) ( ) 2

2/1
2222

2

2/1
22

33 1 vdxzxbvdxzxa 






ω+






 −≤ ξξ ∫∫ 
RR

 

( ) dxvzxb zz ξξξ
φ⋅φ−ω+ ∫  23

2
R

 

( )

( )

( )

( )

vdxzxbCvdxzxa

II

2/1
222

I

2/1
22

33 1 






+






 −≤ ξωξ ∫∫ 
RR

 

( )

( )

.2

III

2
3 dxvzxb zz ξξξ

φ⋅φ−ω+ ∫ 
R

 

If (a1), (a2) hold, then 

( ) .1 22 xCxa  ≤−   (5.4) 

Therefore 

( ) ( ) 2
2/1

242
3I  ξ≤







 ξ+≤ ∫ CdxxUxC
R

  (5.5) 

provided .ξ≤ξ  If (a1), (a2’) hold, then 

( ) .1 mm xCxa  ≤−   (5.6) 

Therefore 

( ) ( ) mmm CdxxUxC  ξ≤






 ξ+≤ ∫
2/1

22
3I

R
  (5.7) 

provided .ξ≤ξ  

Moreover, if (b1) holds (by using (4.11) and (2.3)), we have 

( ) ,II 2 bb CzC ≤≤ ξ   (5.8) 

and 
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( ) dxvzCdxvzC zbzb ξξω ξξ
φ+φ≤ ∫∫ 2

, 33III 

RR
 

( ) 2/33
2

5/66, vzCvzC zbzb ξξω ξξ
φ+φ≤   

vzCvzC
DzbDzb ⋅φ+⋅φ≤ ξξω ξξ
2

, 2,12,1   

vzCvzC bb ⋅⋅+⋅≤ ξξω
53

,  

., vCb ω≤  (5.9) 

If (b1), (b2) hold, then 

( ) .nn xCxb  ≤  

Hence 

( ) ( ) nnn CdxxUx  ξ≤






 ξ+⋅≤ ∫
2/1

22
3II

R
 (5.10) 

provided ,ξ≤ξ  and 

( ) ( ) ( ) dxvzxbdxvzxbC zz ξξω ξξ
φ+φ≤ ∫∫ 2

33III  
RR

 

( )
6/5

5/65/6
6 3 







⋅φ≤ ξω ∫ξ
dxvzxbC z 

R
 

( )
3/2

2/32/32
6 3 







⋅φ+ ξ∫ξ
dxvzxbz 

R
 

( ) vdxzxbC Dz

6/1
66

32,1 






⋅φ≤ ξω ∫ξ


R
 

( ) vdxvzxb
Dz

2/1
222

32,1 






⋅φ+ ξ∫ξ


R
 

( ) vdxxUxC nn
Dz

6/1
66

32,1 






 ξ+⋅φ≤ ∫ξω R
  
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( ) vdxxUx nn
Dz

2/1
222

32,1 






 ξ+⋅φ+ ∫ξ R
  

.232
, vzCvzC nn

ξξξξω ⋅+⋅⋅≤   

So, by using (2.3), we have, for   small, 

( ) .III 2
, vC nξω≤   (5.11) 

Putting together (5.5), (5.8), and (5.9), we obtain (5.2). Instead, putting 
together (5.7), (5.10), and (5.11), we obtain, for   small, (5.3).   

Now, we are concerned with the invertibility of ( )ξ′′ zI  on (
ξ

= zTW  

( )) .⊥ξZ  First, we observe that ξξ
ZzT  is spanned by the functions 

( ) .3,2,1,: =ξ−
∂
∂−= ixx
Uz

i
i  (5.12) 

Recall that P denotes the orthogonal projection onto W; we decompose: 

,⊥⊕= AAW  where A is the space spanned by .ξPz  

A simple computation shows that 

.ξξ ≡ zPz   (5.13) 

The following result holds: 

Proposition 5.2. Let (a1), (a2), and (b1) hold. For   small and any 

( ) WWzIP →′′ξ≤ξ ξ :,   is invertible and [ ( )] .1 CzIP ≤′′ −
ξ  

The above result follows directly from the following lemma (see [2]): 

Lemma 5.3. Let (a1), (a2), and (b1) hold. For all 0>  sufficiently 
small, there exist two positive constants 21, CC  such that 

(i) ( )[ ] ;,, 2
1 AuallforuCuuzI ∈−≤′′ ξ  

(ii) ( )[ ] .,, 2
2

⊥
ξ ∈≥′′ AuallforuCuuzI  
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Proof. Let be .Au ∈  Then by (5.13), ., R�∈αα= ξPzu  

To prove (i), we just need to show 

( )[ ] ., 2
1 ξξξξ −≤′′ zCzzzI  

From (4.9), it follows 

( )[ ] [ ( ) ( ) ]dxzpzxbzxazzzzI p 122222
3, +

ξξξξξξξ −ω−+∇=′′ ∫  R
 

( )( ) dxzxb zz
22 23 ξξξ

φφ−ω+ ∫ 
R

 

( )( )( ) ,~~4 2
21

2
3 dxzxb z ξφ−φφ−ω+

ξ∫ 
R

 

where 
1

~φ  solves ( ) ( ) 2
1

2
1

~~
ξξ ω=φ+φ∆− zxbzxb    and so, by uniqueness, 

,~
1


ξ

φ≡φ z  and 
2

~φ  solves ( ) ( ) .~~ 2
2

2
2 ξξ ξ

φ=φ+φ∆− zxbzxb z    Hence 

( )[ ] ( )[ ] ( )( )

( )

( )

( )B

222

A

2
330 1,, dxzxbdxzxazzzzzz II ξξξξξ′′ξξξ′′ ∫∫ ω−−+=  RR

 

( )( )

( )

( )( )( )

( )

.~42

D

2
2

2

C

22
33 dxzxbdxzxb zzzz ξξ φ−φφ−ω+φφ−ω+

ξξξξ ∫∫  
RR

 

Reasoning as in the proof of Proposition 5.1, one can prove that   
( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )1D,1C,1B,1A oooo ====  as 0→  provided .ξ≤ξ  
Therefore 

( ) [ ] ( ) [ ] ( ).1,, 0 ozzzIzzzI +′′=′′ ξξξξξξ  

By using Lemma 2.1, we have, for  small 

( ) [ ] ( ) .01, 1
2 <−<−≤′′ ξξξξ CzpzzzI  

So, ( )ξ′′ zI  is negative definite on A. We now prove that ( )ξ′′ zI  is positive 

definite on .⊥A  
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First, we note that from (5.12) and (5.13), we have { } ,,span ⊥
ξ

⊥ = izzA  

so it suffices to prove (b) just for { }.,span izzu ξ⊥  

From (4.9), it follows 

( ) [ ] [ ( ) ]

( )

( )

( )B

222

A

2122
33,

′′

−
ξξ ∫∫ ω−−+∇=′′ dxuxbdxuzpuxauuuzI p  RR

  

( ) ( )

( )

( ) ( ) ( )

( )D

2
21

2

C

22 ˆˆ42 33

′

ξ

′

φ−φφ−ω+φφ−ω+
ξξξ ∫∫ dxzxbdxuxb zzz

 
RR

 

where 
1φ̂  solves ( ) ( ) uzxbzxb ξξ ω=φ+φ∆−  

1
2

1 ˆˆ  and 
2φ̂  solves +φ∆− 

2ˆ  

( ) ( ) .ˆ 2
2 uzxbzxb z ξξ ξ

φ=φ    

Since b and ξz  are bounded, we have ( ) ( ) ( ) ( ) ( ) ( )1D1C,1B ooo =′=′=′  

as .0→  Moreover, one can prove that there exists a positive constant 

2C  such that 

( )[ ] ,2
2

2122
3 uCdxupzuxau p ≥−+∇ −

ξ∫ 
R

 

(see [2, Lemma 8.9], where the last point of Lemma 2.1 was used too) and 
we conclude. � 

With this estimates in hand, we can now solve the auxiliary equation. 
Consider ξξ ∈ Zz  fixed, and define 

{ ( ) },2: ξ′≤∈= zICuWuB   

where C  is the positive constant given by Proposition 5.2. So, the 
solutions of the auxiliary equations are fixed points of the map 

WWS →:  

( ) [ ( )] [ ( )].1 wzIPzIPwwS +′′′−= ξ
−

ξ   
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It is easy to check that ( ) ( ) .0 ξ′≤ zICS   We now compute the 

derivative of :S  

( )[ ] [ ( )] ( )[ ]vwzIPzIPvvwS +′′′′−=′ ξ
−

ξ 
1  

[ ( )] ( ( ) ( ))[ ].1 vwzIPzIPzIP +′′−′′′′= ξξ
−

ξ   

Now observe that I ′′  is uniformly continuous in bounded sets, so 

( ) ( ) ( )00 →→′′−+′′ ξξ  zIPwzIP  

uniformly in ξξ ∈ Zz  and Bw ∈  (recall Proposition 5.1). 

This implies that ( ) ( )1owS =′  for any .Bw ∈  Therefore, S  is a 

contraction and, by using the mean value theorem, ( ) . BBS ⊂  We 

make use of the Banach contraction theorem to find a unique fixed point 

 Bww z ∈=
ξ,  of .S  Moreover, it follows that 

( ) .2, ξ′≤
ξ

zICw z    (5.14) 

Hence, by (5.2), we find 

,2
,,,  ξω≤

ξ bz Cw   (5.15) 

and by (5.3), 

,,,
s

z Cw  ⋅≤ ξωξ
  (5.16) 

with { }.2,min += nms  

5.2. The reduced functional 

In this subsection, we will find a solution for the bifurcation equation 
among the set of solutions of the auxiliary equation, which is: 

{
ξξ ξξξξ ∈+= zz wzwz ,, ,:  ZZ  solves (5.1)(a), and satisfies (5.15) or 

( )}.16.5  
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We remark that 
ξzw ,  satisfies (5.15) if the assumptions of Theorem 1.1 

hold and satisfies (5.16) if the assumptions of Theorem 1.2 hold. 

By the implicit function theorem, it is easy to check that ξZ  is a 1C  

manifold. Moreover, it is well-known (see [2], for example) that ξZ  is a 

natural constraint for I  for   small. In other words, critical points of 

ξZ
I  are solutions of the bifurcation equation (5.1) (b), and hence 

solutions of (4.3). 

So, let us define the reduced functional as the restriction of the 
functional I  to the natural constraint ,ξZ  namely, ( ) ,,0: R→ξΓ B  

( ) ( ( )),, ξξ +=ξΓ zwzI   and we look for critical points of .Γ  Using the 

information on ( ) ,, ξzw   we will be able to find an expansion of ( ).ξΓ  

First of all, since I ′′  maps bounded sets onto bounded sets, we have 

( ) ( ) ( )[ ( )] ( ( ) ).,, 2
ξξξξ +′+=ξΓ zwOzwzIzI    (5.17) 

5.2.1. Expansion of Γ  in the assumptions of Theorem 1.1 

If (a1), (a2), and (b1) hold, then ( )ξzw ,  is a solution of the auxiliary 

equation, which satisfies (5.15). Hence, from (5.17), 

( ) ( ) ( ).4 OzI +=ξΓ ξ   (5.18) 

So, we have to find an expansion of ( ).ξzI  

Lemma 5.4. For any ξ≤ξ  and   sufficiently small, we have 

( ) ( ) ( ),2
1

2
0  oFCzI +ξ+=ξ   (5.19) 

where 

  ( ) ( ) ,,0 2
2

11 CaDCF +ξξ=ξ  

and 
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 ( ) ( ) ,4
1, 2

100 3 dxxUCUIC ∫==
R

 

( ) ( ) ( ) ( )dxxUbdxxUxxaDC 2
2

22
2 33 2

0,04
1 ∫∫ ω−=

RR
 

( ) ( ) ( )dxxUb b
U

20
32

0 φω+ ∫R  

with ( )0b
Uφ  the solution of ( ) ( ) ( ) ( ) .00 2020 UbUb b

U
b
U ω=φ+φ∆−  

Proof. A simple computation shows that 

( ) ( ) ( )[ ]

( )

( )

( )B

2
22

A

2
0 33 212

1 dxzxbdxzxaUIzI ξξξ ∫∫ ω−−+=  RR
 

( )

( )

.2
C

2
2

3 dxzxb z ξξ
φω+ ∫ 

R
 

We compute separately the various terms. Since (a1), (a2) hold and 
( ) ,10 =a  we have 

( ) ( ) ( ) ( )222
2

,04A 3  odxxUxxaD +ξ−= ∫R  

( ) ( ) ( ) ( ) ( )222
2

,04 3  odxxUxxaD +ξ+ξ+= ∫R  

( )[ ] ( ),~,0 2
2

2
1

2  oCaDC ++ξξ⋅=  (5.20) 

where we have set 

( ) ( ) ( ) .,04
1~,4

1 22
2

2
1 33 dxxUxxaDCdxxUC ∫∫ ==

RR
 

Moreover, since (b1) holds, we find 

( ) [ ( ) ( ) ] ( )dxxUxbb ξ−η∇⋅+ω= ∫ 2
1

22
,02B 3 

R
 



GIUSI VAIRA 82

( ) ( ) ( ) ( )dxxUxbdxxUb 2
1

23
2

2
2 ,22

0
33 ξ+η∇ω+ω= ∫∫ RR

  

with ( ).,01 xB ∈η  Since b∇  is bounded, we have 

( ) ( ) ( ) ξ≤ξ+≤ξ+η∇ ∫∫ CdxxUxCdxxUxb 22
1 33 ,

RR
 

provided .ξ≤ξ  Hence 

( ) ( ) ( ).,2
22

1
23

3  odxxUxb =ξ+η∇ω ∫R  

At the end, we find 

( ) ( ),B 2
3

2  oC +=   (5.21) 

where we have set 

( ) ( ) .02
2

2
3 3 dxxUbC ∫ω=

R
 

It remains to compute (C). 

( ) [ ( ) ( ) ] ( ) ( )dxxUxxbb z ξ−φη∇⋅+ω=
ξ∫ 2

2
2

,02C 3


R
 

 ( ) ( ) ( )dxxUxb z ξ−φω=
ξ∫ 2

2

302


R
 

( ) ( ) ( )dxxUxxb z ξ−φη∇ω+
ξ∫ 2

2
3

,2 3


R
 

( ) ( ) ( )dxxUxb z
2

2

302 ξ+φω=
ξ∫ 

R
 

( ) ( ) ( )dxxUxxb z
2

2
3

,2 3 ξ+φξ+η∇ω+
ξ∫ 

R
 

with ( ).,02 xB ∈η  
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We observe that ( )ξ+φ
ξ

xz
  solves 

( ) ( )( ) ( ) ( ) ( )( ) ( ).22 xUxbxxUxbx zz ξ+ω=ξ+φξ++ξ+φ∆−
ξξ

   

We set ( ).:, ξ+φ=φ
ξ

ξ xzU
  So ξφ ,

U  is the solution of 

( )( ) ( ) ( )( ) .2,2, UxbxUxb UU ξ+ω=φξ++φ∆− ξξ     (5.22) 

Now, since b∇  is bounded, by using (4.11), 

( ) ( )dxxUxb U
2,

2 ,3
ξφξ+η∇∫ 

R
 

( )dxxUxC U
2,

3
ξφ⋅ξ+≤ ∫ 

R
 

( )
6/5

5/125/6
6

,
3 







 ξ+⋅φ≤ ∫ξ dxxUxC U R
  

UbDU CC ,,,
,

2,1 ξω
ξ

ξ ≤φ≤   

provided .ξ≤ξ  Hence 

( ) ( ) ( ) ( ).,2
22

2
3

3   odxxUxxb z =ξ+φξ+η∇ω
ξ∫R  

Let ( )0b
Uφ  the solution of 

( ) ( ) ( ) ( ) ,00 2020 UbUb b
U

b
U ω=φ+φ∆−  (5.23) 

and we set ( ).: 0, b
UUH φ−φ= ξ  

 We remark that ( )0b
Uφ  exists and it is unique. 

 Claim:  

( ) ( ).12
3 odxxHU =∫R  
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If the claim holds, then 

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )2202
22,2

33 0202C   odxxUbodxxUb b
UU +φω=+φω= ∫∫ ξ

RR
 

( ),2
4

2  oC +=  (5.24) 

where 

( ) ( ) ( ) .02
20

4 3 dxxUbC b
Uφ

ω= ∫R  

Now, we have to prove the claim. 

 Since ξφ ,
U  solves (5.22) and ( )0b

Uφ  solves (5.23), then H solves 

( ) ( )( ) ( )( ) ( )( ) ( )( ) .000 ,222 ξφ−ξ+−−ξ+ω=+∆−  UUbxbUbxbHUbH  

(5.25) 

Now multiplying (5.23) by H and integrating on ,3R  we find 

( ) ( ) ( ) ( ) ( )( ) ,00 0202
33 dxHUbHdxxHUb b

U
b
U φ+∇φ∇=ω ∫∫ RR

  (5.26) 

and since H is the solution of (5.25), if we multiply by ( )0b
Uφ  the Equation 

(5.25) and we integrate over ,3R  we find 

( ) ( ) ( )( )dxHUbH b
U

b
U

020 03 φ+∇φ∇∫R  

( )( ) ( )( ) ( ) ( )( ) ( )( ) ( )dxUbxbdxUbxb b
UU

b
U

0,202 00 33 φφ−ξ+−φ−ξ+ω= ξ∫∫ 
RR

 

( ) ( )

( )

( ) ( )

( )II

0,2
4

I

02
3 ,, 33 dxUxbdxUxb b

UU
b
U φφξ+η∇⋅−φξ+η∇ω⋅+= ξ∫∫ 

RR
 

with ( ).,0, 43 xB ∈ηη  Since b∇  is bounded (by using also (4.11)) 

( ) ( ) dxUxC b
U

20
3I φ⋅ξ+≤ ∫R  
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( )
6/5

5/125/60
32,1 







 ξ+φ≤ ∫ dxUxC D
b
U R

 

  ( ) ξω≤ ,0,, bUC  

provided .ξ≤ξ  Moreover, 

( ) ( ) dxUxC U
b
U

2,0
3II ξφφ⋅ξ+≤ ∫ 

R
 

( )
3/2

32/3,0
32,12,1 







 ξ+φφ≤ ∫ξ dxUxC DUD
b
U R

  

( ) .,,0,, ξω≤ bbUC  

Hence 

( ) ( )dxUxb b
U

02
3 ,3 φξ+η∇ω⋅ ∫R  

( ) ( ) ( ).1, 0,2
43 odxUxb b

UU =φφξ+η∇⋅= ξ∫ 
R

 

At the end, recalling (5.26), the claim holds. 

Putting together (5.20), (5.21), (5.24) and setting ( )UIC 00 =  and 

4322
~ CCCC +−=  (5.19) follows.   

From (5.18) and (5.19), the reduced functional Γ  has the following 

expansion 

( ) ( ) ( )2
1

2
0  oFC +ξ+=ξΓ   (5.27) 

with ( )ξ1F  defined in Lemma 5.4 (5.19). 

5.2.2. Expansion of Γ  in the assumptions of Theorem 1.2 

If (a1), (a2’), (b1), and (b2) hold, then ( )ξzw ,  is a solution of the 

auxiliary equation, which satisfies (5.16). Hence from (5.17), 
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( ) ( ) ( ),sOzI  +=ξΓ ξ   (5.28) 

where { }.2,min += nms  So, we have to find an expansion of ( ).ξzI  

Lemma 5.5. For any ξ≤ξ  and   sufficiently small, we have 

( ) ( ) ( ) { },2,min,20 +=+ξ+=ξ nmsoFCzI ss    (5.29) 

where ( ),00 UIC =  

( )
( )
( )

( ) ( )





+==ξ−ξ
<+=ξ−
+<=ξ

=ξ
;2
;2
;2

2
nmsifgf

mnsifg
nmsiff

F  

with 

     ( ) ( ) ,!2
1, 2

,,
0

3

1
3 dxxUxmCaCf ii

m
iii

m

i

α
α

α−
α

=α=
∫∑∑ =ξ⋅=ξ
R

 

and 

( ) ( ) .!2
~,~ 2

2
,,

0

3

1
3 dxxUxnCbCg ii

n
iii

n

i

β
β

β−
β

=β=
∫∑∑ ω=ξ⋅=ξ
R

 

Proof. As in the proof of Lemma 5.4 (5.19), we have to evaluate 
separately (A), (B), (C) taking account that now (a1), (a2’), (b1), and (b2) 
hold. Here, { } .2,min ∞<+= nms  If ,+∞=m  then 

( ) ( ) .1 ss xoxa  =−  

Therefore 

( ) ( ) ( ) ( ) ( ) ( )sssss odxxUxodxxUxo  =ξ+=ξ−= ∫∫ 22
33A

RR
 (5.30) 

provided .ξ≤ξ  

If ,+∞<m  then 

( ) ( )[ ] ( ) ( ) ,!0!1
3

1

mmm
ii

i

mmmm
m

xoxamxoxaDmxa  +=+=− ∑
=
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and hence (since ξ≤ξ ) 

( ) ( ) ( ) ( )dxxUxodxxUxam
mmm

ii
i

m
ξ−+ξ−= ∫∫∑

=

22
3

1
33!2A

RR
  

( ) ( ) ( ) ( )dxxUxodxxUxam
mmm

iii
i

m
22

3

1
33!2 ξ++ξ+= ∫∫∑

= RR
  

( ) ( )m
i

m
ii

m

i

m
odxxUxam  +ξ= αα−

=α=
∫∑∑ 2

0

3

1
3!2 R

 

( ) ( ),mm of  +ξ=  (5.31) 

where 

( ) ( ) .!2
1, 2

,,
0

3

1
3 dxxUxmCaCf ii

m
iii

m

i

α
α

α−
α

=α=
∫∑∑ =ξ=ξ
R

 

If ,+∞=n  then 

( ) ( ) .22 −−= ss xoxb   

Hence 

( ) ( ) ( ) ( ) ( ) ( ),22B 222
222

33
sssss odxxUxodxxUxo  =ξ+ω=ξ−ω= −− ∫∫ RR

 

(5.32) 

and 

( ) ( ) ( ) ( )dxxUxxo z
ss ξ−φω=

ξ
−∫ 22

32C 
R

 

( ) ( ) ( )dxxUxxo z
ss 22

32 ξ+φξ+ω=
ξ

−∫ 
R

 

( ) ( ) ( ) ( )s
U

ss odxxUxxo   =φξ+ω= ξ−∫ 2,2
32 R

 (5.33) 
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provided ,ξ≤ξ  where we set ( )ξ+φ=φ
ξ

ξ xzU
 :,  as done in the proof of 

Lemma 5.4 (5.19). 

If ,+∞<n  then 

( ) ( )[ ] ( ) ( ) ,!0!

3

1

nnn
ii

i

nnnn
n

xoxbnxoxbDnxb  +=+= ∑
=

 (5.34) 

and hence (since ξ≤ξ ) 

( ) ( ) ( ) ( )dxxUxodxxUxbn
nnn

ii
i

n
ξ−+ξ−ω= ∫∫∑ +

=

+
222

3

1

2
2

33!2B
RR

  

( ) ( ) ( ) ( )dxxUxodxxUxbn
nnn

iii
i

n
222

3

1

2
2

33!2 ξ++ξ+ω= ∫∫∑ +

=

+

RR
  

( ) ( )22

0

3

1

2
2

3!2
+ββ−

=β=

+
+ξω= ∫∑∑ n

i
n
ii

n

i

n
odxxUxbn 

R
 

( ) ( ),22 ++ +ξ= nn og   (5.35) 

where 

( ) ( ) .!2
~,~ 2

2
,,

0

3

1
3 dxxUxnCbCg ii

n
iii

n

i

β
β

β−
β

=β=
∫∑∑ ω=ξ=ξ
R

 

Claim: ( ) ( ),C 2+= no   namely, 

( ) ( ) ( )

( )

( ).

C

2
3

n
z odxxUxxb   =ξ−φ

′

ξ∫R  

Indeed: 

( ) ( )( ) ( )dxxUxb U
2,

3C ξφξ+=′ ∫ 
R
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( ) ( )dxxUxb U
n

iii
i

n 2,
3

1
3

ξ

=

φ⋅ξ+= ∫∑ 
R

 

( ) ( )dxxUxo U
nn 2,

3
ξφ⋅ξ++ ∫ 

R
 

( ) ( ) ( ).2,
3

1
3

n
U

n
iii

i

n odxxUxb   +φ⋅ξ+= ξ

=
∫∑ R

 

Since 

( ) ξ
ξ ≤φ⋅ξ+∫ CdxxUx U

n 2,
3



R
 

provided .ξ≤ξ  Let now φ  be the solution in ( )32,1 RD  of 

( )( ) ( ) ,2
3

1

2 UxbUxb n
iii

i
ξ+ω=φξ++φ∆− ∑

=

   (5.36) 

and we set .: , φ−φ= ξ n
UH   The function H solves 

( )( ) ( )( ) ( ) .2
3

1

2 UxbxbHUxbH n
iii

i

n













ξ+−ξ+ω=ξ++∆− ∑

=

   (5.37) 

If we multiply (5.36) by H and we integrate over ,3R  we have 

[ ( )( ) ] ( ) .2
3

1

2
33 HdxUxbdxHUxbH n

iii
i

ξ+ω=φξ++∇φ∇ ∫∑∫
= RR

  

Instead, if we multiply (5.37) by φ  and we integrate over ,3R  we find (by 
using (5.34)) 

[ ( )( ) ]dxHUxbH φξ++∇φ∇∫ 2
3 

R
 

( )( ) ( ) dxUxbxb n
iii

i

n φ












ξ+−ξ+ω= ∑∫

=

2
3

1
3 

R
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( ) ( )nnn odxUxo  =φξ+ω= ∫ 2
3R

 

provided .ξ≤ξ  Hence 

( ) ( ),2
3

1
3

nn
iii

i
oHdxUxb =ξ+ω ∫∑

= R
 

namely, 

( ) ( ) ( ).2
3

1

,2
3

1
33

nn
iii

i

n
U

n
iii

i
odxUxbdxUxb  +φξ+=φξ+ ∫∑∫∑

=

ξ

= RR
 

Hence 

( ) ( ) ( ),C 2
3

1

2
3

nn
iii

i

n odxUxb  +φξ+=′ ∫∑
= R

 

and since for ,ξ≤ξ  

( ) ,2
3

1

2
3

1
33 ξ

==

≤φξ+≤φξ+ ∫∑∫∑ CdxUxbdxUxb n
i

i

n
iii

i RR
 

we find 

( ) ( ),C no =′  

and the claim holds. 

Putting together (A), (B), (C), we find (5.29).   

Remark 5.5.1. Repeating the same arguments of Lemma 3.1 one can 

prove, since ,ξ≤ξ  the existence and uniqueness of the solution of (5.36). 

From (5.28) and (5.29), the reduced functional Γ  has the following 

expansion 

( ) ( ) ( ),2
2

2
0  oFC +ξ+=ξΓ   (5.38) 

with ( )ξ2F  defined in Lemma 5.5. 
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5.3. Proof of Theorems 1.1 and 1.2 

The following lemma is nothing but Lemma 4.3 of [1] and provides a 
sufficient condition to have a non-degenerate minimum (or maximum) for 
the reduced functional. 

Lemma 5.6. Assume that the reduced functional Γ  has the following 

expansion 

( ) ( ) ( ) ,,0 ξ≤ξ+ξ+=ξΓ ββ  oFC   (5.39) 

and that 0=ξ  is a non-degenerate minimum (or maximum) for F. Then 

Γ  has a minimum (or maximum) in some ξ  such that 0→ξ  as 

.0→  

We are now ready to prove our main results. 

Proof [Theorems 1.1 and 1.2]. From the previous subsection, it 
follows easily that 0=ξ  is a critical point for 1F  and .2F  Moreover, 

0=ξ  is a local minimum (or maximum) for 1F  and .2F  In fact, 

( ) ( ),00 2
11

2 aDCFD ⋅=  

and since 00 =x  is a minimum (or maximum) non-degenerate for the 

function ( ),xa  then ( )01
2FD  is positive- (or negative-) definite. 

Instead, if ,2+<= nms  then 

( ) ,
00

00
00

0
33,2

22,2

11,2

2
2
















=

aC
aC

aC
FD  

and since 0,2 >iC  and ( ),0or0 <> ii aa  then ( )02
2FD  is positive- (or 

negative-) definite. 

If ,2 mns <+=  then 
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( ) ,
~00

0~0
00~

0

33,2

22,2

11,2

2
2



















−

−

−

=

bC
bC

bC
FD  

and, as before, we conclude that ( )02
2FD  is positive- (or negative-) 

definite.  

Finally, if ,2+== nms  then 

( ) ,
~00

0~0
00~

0

33,233,2

22,222,2

11,211,2

2
2



















−

−

−

=

bCaC
bCaC

bCaC
FD  

and, by the assumption (1.7), ( )02
2FD  is positive- (or negative-) definite. 

So, from Lemma 5.6, with 1FF =  and 2=β  for Theorem 1.1 and 

2FF =  and s=β  for Theorem 1.2, it follows that Γ  has a minimum (or 

maximum) at ξ  such that 0→ξ  as .0→  

Hence ( ) 


ξ+= ξ ,wzu  is a critical point of ,I  hence a solution of 

(4.3).  

Recalling the change of variable, we have 

( ) ( ) ,1~,11





 ξ−ξ+





 ξ−=  




xUwxUxv  

since ( ) ξ− ,1w  is small for   small (this means that ( ) 0,1 →ξ−
 w  

as 0→  and this follows from (5.15) or (5.16)). 

Since ( )
ξ−xU  has an exponential decay for 

ξ−x  large (and 

this means for   small), then ( )
 ξ−− xU1  decays exponentially for   

small. Hence v  is a solution of (1.6), which concentrates near .00 =x    
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Remark 5.6.1. If ,2=n  then we can assume less on the function 

( ).xb  

Indeed 

( ) ( ) ( ) ,,02
222

2
xoxxbDxb  +=  

and so, in Lemma 5.5, the term (B) becomes (since ξ≤ξ ) 

( ) ( ) ( ) ( ) ( ) ( )dxxUxodxxUxxbD 22422
24

33 ,04B ξ++ξ+ξ+ω= ∫∫ RR
  

( ) ( ) ( )422
24

3,04  odxxUbD +ξξω= ∫R  

[ ( ) ] ( ),,0 4
2

2
1

4  oCbDC ++ξξ=  

where 

( ) ( ) ( ) .,04:;4: 22
2

2
2

2
1 33 dxxUxxbDCdxxUC ∫∫ ω=ω=

RR
 

Moreover, as done in Lemma 5.5, one can prove that ( ) ( ).C 4o=  Hence, 

the function ( )ξg  becomes 

( ) [ ( ) ],,0 2
2

1 CbDCg +ξξ=ξ  

 and the Theorem 1.2 follows assuming only that b has a local minimum 
or maximum (non-degenerate) at .00 =x  

6. Necessary Condition 

In this section, we show that concentration necessarily occurs at 
stationary points of the function a. 

Let ξξ ∈= Zzz  and ( )ξ= ,ww  be the corresponding solution of the 

auxiliary equation. 



GIUSI VAIRA 94

Setting 

( ) ( ),, uIuT  ′=  

we obtain ( ) ( ) 0,0 0 =′= zIzT  for all ,ξ∈ Zz  and we can consider 

ξ∈ Zz  as a bifurcation parameter. We say that ξ∈ Zz  is a bifurcation 

point for T, if there exists ( ) ( )31, RR Hunn ×∈  such that 

( ) ,0, =nn uT   ,0,0 →≠ nn   and .zun →  It is well known (see [1, 
Section 7]) that a necessary condition for z to be a bifurcation point for T 

is that for all R∈η  there exists ( )31 RHv ∈  such that 

( )[ ][ ] ( )[ ] ( ).,, 31
00 RHhvhzIhzID ∈∀′′=η′  (6.1) 

Theorem 6.1. Let (a1), (a2), (b1) hold and ∈p  (1, 5). Suppose that v  

is a solution of (1.6) such that the limit profile of v  is ( )


 01 xxU −
α

−  

with ( ).0
2 xa=α  Then ( ) .00 =∇ xa  

Proof. As before, assume 00 =x  and ( ) .10
2 ==α xa  First, we 

make the change ( ) ( )xvxu  =  and so the hypothesis on the limit profile 

of v  implies that ( ) ( ).xUxu →  Define ( ),xUz =  then z is a bifurcation 
parameter and so we can use (6.1). By a direct calculation, we find for all 

( )31 RHh ∈  

( )[ ][ ] ( ) ;,030 zhdxxahzID ∇η=η′ ∫R  

( )[ ] [ ] ., 1
0 3 dxhvzphvvhvhzI p−−+∇∇=′′ ∫R  

Let ,ξ∈ ZzTh  since such an h is a solution of the linearized equation in 

z, one has that 

( )[ ] [ ] .0, 1
0 3 =−+∇∇=′′ −∫ dxhvzphvvhvhzI p

R
 

So, from (6.1) and (5.12), we deduce that 
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( ) ( ) ( ) .3,2,1,0,03 =∀=
∂
∂∇− ∫ kdxx

xUxUxa
kR

 

Therefore, we conclude that ( ) .00 =∇a   
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