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Abstract

In the following, we consider the Klein-Gordon-Maxwell system with some positive

potentials in R3. We establish the existence of single spikes concentrating
around critical points of the potentials. Also necessary conditions for the
concentration are given.

1. Introduction and Main Results

Let us consider the nonlinear Klein-Gordon equation

%y m2p = 2plP! 1.1

—o ~AV+mGY = [v|P"" v, (1.1)
ot

where v = y(x, t) is a complex function defined on R® xR, p e (1, 5),

A > 0 is a parameter, and mg > 0 is the mass of a particle whose states

are described, at a given moment, by the wave function .
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In recent years, many papers have been devoted to find standing

waves of (1.1), i.e., solutions of the form
v(x, t) = u(x)e ™,  u(x), ® € R.
In this case, (1.1) becomes a semilinear equation.

In this paper, we want to study the interaction of y with its own
electromagnetic field (E, H), which is described, as usual, by the gauge
potential (¢, A)

0:R¥*xR >R, A:R3xR - R
Indeed, (¢, A) is linked with (E, H) through the Maxwell equations

E = —Vd)—%—A

o H:=VxA.

Following the ideas of [3], in order to study standing waves interacting

with a purely electrostatic field (this means A = 0 and ¢ = ¢(x)), one can

reduce to the study of the following system of equations

—Av+mv— (¢ - 0)v = X|v|pflv, x € R?,
1.2)

Ad = (¢ — op?, x e R3,

For such a system, existence and non-existence results have been
established (see [3], [4], [6] and references therein).

Let us consider the following generalized version of the system (1.2):
— Av + a(x)mdv - b(x) (¢ — 0)%v = AP tv,  x e R,
(1.3)
Ap = b(x) (¢ — 02, x e R3,
where a, b € COO(RS, R) are such that

(al) inng, a(x) > 0, a and its derivatives are bounded;

(b1) b(x) > 0, b # 0, b and its derivatives are bounded.
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As we will see in Section 3, the problem (1.3) can be reduced into a
single equation. In fact, the equation

Ad = b(x) (¢ - o)v? (1.4)

has a unique solution ¢, € D¥2(R?). If we substitute ¢, into the first

equation of (1.3), we have to study the equivalent problem

— Av + a(x)mdv - b(x) (§,(x) - ©)?v = MulP o, x e R3, (1.5)

Let us define ¢ = . Then the Equation (1.5) becomes

1
mg
—Av+$§)v—b(x)(¢v(x)—(o)2v = K|v|p_1v, x € R3, (1.6)

If we consider the problem (1.6) with a mass m( at a macroscopic scale,

the value of ¢ will be then very small. We will interested not only in the

existence of solutions for (1.6), but also in their behavior as ¢ — 0.

To the best of our knowledge no papers consider the concentration

phenomena for such a problem.
We first state the main results of the paper.
Theorem 1.1. Let (al), (b1) hold. Furthermore, we assume
(a2) alx) has a non-degenerate local minimum or maximum at
xo € R3, namely, Va(xg) =0 and D?%a(x,) is positive-or negative-definite.
Then for ¢ >0 small, the Equation (1.6) has a solution v., which

concentrates at xg.
If we assume
(a2) a(x) has a degenerate local minimum or maximum at xq € R3,

namely, there exists a positive integer m > 0 such that Dka(xo) =0, for

all k < m and D™a(x() is positive-or negative-definite and such that
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D™Ma(xg)[x] = ) ajx
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oM alxq) ;-

6xim

where a; = 1, 2, 3;

(2) b(xg) = 0 and b(x) has a (possibly) degenerate local minimum or
maximum at x, € R3, namely, there exists a positive integer n > 0 such

that D*b(xy) = 0, for all k£ <n and D"b(xy) is positive-or negative-
definite and such that

D"b(xq)[x] = Y bjxl

1

~.
Il Mw
—_

n
) g g5,

8xin

where b; =

then the following result holds.
Theorem 1.2. Let (al), (a2’), (b1), and (b2) hold. Let s=min{m,n+2}
and we assume s < +wo. If s=m<n+2 or s=n+2<m, then the

problem (1.6) has a solution v,., which concentrates at xq R3. Moreover,
if s =n+2 = m, the same holds provided

Cy,ia; — Cy b; = 0, (1.7)
where Cy ;, 62,1- are positive constants explicitly known.

Remark 1.2.1. We note that if x, is a local minimum (resp., local
maximum) for a, or for b, then a;, b; > 0 (resp., q;, b; < 0). Hence, the
assumption (1.7) is automatically satisfied, if x; is a local maximum for

a(x) and a local minimum for b(x) and vice versa.
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Remark 1.2.2. The results of Theorems 1.1 and 1.2 are not so
different to those of [6] for the Schrédinger-Poisson problem. We remark
that in Theorem 1.2, we require only that Cy ;a; — 62’ibi # 0 1in the case
s = n+ 2 = m. Nothing is assumed in other cases unlike in [6]. This can
be done because of the particular form of the problem in the case, in
which we couple the Klein-Gordon equation with the Maxwell equations.
Moreover, the real difficulty is that, in this case, we do not have an
expression for the solution of the second equation of problem (1.6).
Indeed, in [6], the second equation is a Poisson equation and it is known
the expression of such a solution.

The paper is organized as follows. Section 2 is devoted to some
notations and preliminaries. In Section 3, we study the existence and the

uniqueness of the solution of A¢ = b(x)(ow + ¢) and we derive some

properties of it. In Section 4, we study the variational setting of the
problem and in Section 5, we prove Theorems 1.1 and 1.2. In a final
section (see Section 6), a necessary condition to the concentration
phenomenon is discussed.

2. Preliminaries

Hereafter, we use the following notation:

o H 1(JRS) is the usual Sobolev space endowed with the standard

scalar product and norm
(u, v) = J [VuVu + uv]dx; ||u||2 = J [|Vu|2 +u?]dx.
R3 R3

e DY2(R?) is the completion of C(R?) with respect to the norm

2 2
Jul?, o = [ gvelds.

° Lq(RB), 1 < q < 4, denotes a Lebesgue space, the norm in L? is

denoted by |u|q.
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e S is the best constant in the Sobolev embedding DV“?(R?®)<

L5(R?), namely,

S= e o2
ueDV2(R3 )\ {0} |ulg

e S, is the best Sobolev constant for the embedding of H LY(R?) in

LY(R?), ¢ € (2, 6), that is,

S, = inf M
weHY (B3 N0y |4l

e C, (', C; are various positive constants.
We consider a problem, which will be useful in the sequel:
—Au+u = |u|p_1u, x e R3,
(2.1)

u(x) > 0 as [x| —> +oo.

It is well known that (2.1) has a unique positive radial solution U in

H 1(R3 ). This solution satisfies the following decay property (see [7]):

lim U(r)re” =C >0, lim ue) __

= ]_ =
r—>-+o roio U(r) o =l
for some constant C.

The function U is also a critical point of the C? functional

Iy : HY(R®) > R defined as

D TR | p+l
To(w) = || p+1IR3|u| dx. 2.2)

Since (2.1) is translation invariant, it follows that any z:(x) := U(x - &),

€ e R?, is also a solution of (2.1). In other words, I, has a non-compact

critical manifold given by
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Z={zx):te R3}.
We know that Z is non-degenerate (see [2, Chapter 4, Subsection 4.2]).

Moreover, there exists a constant C > 0 such that

< [P <o forancer? 2.3
|ze] < C; 7| <G fora £ e R°. (2.3)
J

We also recall the following properties of the solution U.

Lemma 2.1. Define the operator @ : H'(R®) > R as

Q] = I5(U)v, v] = .[]R3 [|Vv|2 +v2 - pUP 1% ]dx.

We denote U, = % Then there hold:
k

1. QU] = (- p)|U|* <o.

oU .
2. — | = =1, 2, 3.
Q[axj] 0,j=123
3. Q] = Cv|? for alluJ_U,uJ_%,jzl, 2, 3.

J
For a proof, see, for instance [2, Lemma 8.6].

3. Study of the Equation (1.4)

Lemma 3.1. For any v e H'(R?), there exists a unique ¢, € D"?

(R®) of the Equation (1.4) such that 0 < ¢, < .
Proof. Let v € H'(R?) and we define the following bilinear form

L: (wy, wy) e DV2(R?)x DY2(R?) I 3[Vw1Vw2 + b(x W wiwy Jdx € R.
R
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It is easy to see that L is well defined. Moreover, since b(x) > 0,
L(wy, wg) = |w; ";1,2' Furthermore, since b(x) is bounded, by using the
Hélder inequality, we have

Liwy, w3) < w2 lwslpnz + CO2ls - fwr, woly

< Jwr | pr2fwslprz + CO)folzfwn|glwss
< (14 C®) - [of3) lwr | .2 ws | pr.2,

where C(b) = S72 - C(b).

Therefore, L defines an inner product, equivalent to the standard

inner product in D%2(R?). Moreover, H'(R?) = L'?/3(R?) and then

< C(b, 0)[plyy 5w |pr.2-

I . wb(x ) w,dx
R

Therefore, the linear map
w, e DY3(R%) > j 3mb(x)vzwldx eR
R

1s continuous. Hence, by the Lax-Milgram theorem, there exists a unique

¢, € DV2(R?) such that

IR3 [V, Vwy + b(x )¢ w; Jdx = JRS ob(xW?wdx, VYw; e DV3(R?),

namely, ¢, is the unique solution of — A + b(x)v2p = wb(x)v.

Arguing by contradiction, we assume that there exists an open subset

Q c R? such that

by > o (3.1)

Then, since ¢, solves (1.4), we have

~ A(§, — ©) + bx)v?(d, — 0) = ~Ad, + blx)v%, - wb(x)v? = 0.
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So ¢ = ¢, — o satisfies
—Ag + b(x)v29 =01in Q, ¢ = 0 on Q.
Then ¢ = 0 contradicting (3.1).

An analogous argument shows that ¢ >0 (by using also the

positivity of the function b(x)). 0

Remark 3.1.1. Let v € H'(R?). More in general one can consider,

forall h e (DI’Z(R:%))’, the equation

— Ad + b(x)v? = h. (3.2)

As done in Lemma 3.1, one can prove the existence and the uniqueness of

the solution in D“2(R?) of (3.2).

Now, let v € H'(R?) and &, k e (D"2(R?)). We denote by ¢", the

unique solution in DY2(R?) of

- A" + b(x)v%" = A, (3.3)
and by ¢k, the unique solution in Dl’z(R?’) of

— AQ® + b(x)v29F = k. (3.4)
Then

. hokdx = jRS ko' dx. (3.5)

Indeed, if we multiply by ¢k the Equation (3.3) and by ¢h the Equation

(3.4) and we integrate on ]R3, we find

J]RS hoFdx = '[ i [Vo Ve* + b(x)v2p " |dx = I iy koM dx.
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Now, we define the map
®:ve H(R?) > ¢, € DV2(R?),
where ¢, is the unique solution of (1.4). From Lemma 3.1, it follows that

@ is well defined. As done in [4], one can prove that @ is of class ct

and, for every u, v e H'(R?)
(@] [u] = 2(¢1 - ¢2), (3.6)
where ¢;, ¢o are, respectively, the solutions in DV2(R?) of

— Ady + b(x)v%9; = ob(x)uv, (3.7

— Adg + b(x 2y = b(x)dyuv. (3.8)

We remark that, since ob(x)uv, b(x)¢p,uv e L3'3(R?) = (DV2(R? ))l,

from Remark 3.1.1, it follows the existence and uniqueness of ¢; and ¢s.

Remark 3.1.2. Now, let B >0 and we set vg(x) = Bv(Bx). Then
¢ = ®[v](Bx) is the solution of

: BLZ 20+ b{px)o(Bx) = ob(Bx)? (Bx),
namely, ¢ solves
- A + b(Bx)vg(x)cl) = oab(Bx)vg(x). (3.9

We set such a ¢ as (I)E.

We also note that if the function b(x) is constant, then one can infer

that ®v](Bx) = @[vg ] (x).
4. Variational Setting

Let xy € R? be a critical point of a(x), namely, Va(xg) = 0. Without

any loss of generality, we assume x; = 0 and a(0) = 1.
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By suitably scaling, (1.6) can be reduced to the following equation:
— Au+ a(ex)u — €2b(ex) (o (ex) — ©)%u = [u|Pu, 4.1)
where ¢ = A>7? and u(x) = cv(ex).

From Remark 3.1.2, it follows that ¢,(ex) = ®[v](ex) = ¢;,, where ¢y,

is the solution of
— A, + blex)u?9;, = ob(ex)u?. (4.2)
Hence (4.1) becomes
— Au + alex)u — 2b(ex) (05, - 0)?u = |[ulPMu, x e R3. (4.3)
From (3.6), it follows that
(4,) o] = 2001 - 95). (4.9
where ¢7, ¢5 are, respectively, the solutions of
— AY] + blex)u?d] = oblex)uv, (4.5)
— ADG + blex)u20y = blex)dS,uv. (4.6)

The solutions of (4.3) are the critical points of the functional I, : H 1(]RS)

—>R,I€€CZ

2
I.(u) = %J‘R3 [|Vu|2 + alex)u?]dx - % IRS o?b(ex)u’dx

= ¢ 2 1 p+l
+?J.R3cob(ex)¢uu dx - FES J.R3|u| . (4.7)

Indeed, by using (3.6),

I(u)[v] = I ,[Vuvo + alex)uv - Zo2b(ex)uv — |ulP " uv] dx
R
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2 '
+ ezJ. , 0b(ex) o uvdx + E—J. wb(ex) (¢, ) [v]uldx
R 2 Jg3
= J [Vuvo + alex)uv - Zo2b(ex)uv - |ulP uv] dx
R

+ ezj ob(ex)d;uvdx + 62'[ wb(ex)u”¢;dx
R3 R®

(1)

- ng’ 5 wb(ex)u2p5dx.
R

(1D

By using (3.5) with A = wb(cx)u? and k = wb(cx)uv, then, since ¢* = ¢S,

we find
(I = JRS hoFdx = J.RS ob(ex) o uvdx.
Moreover, let be h as before and & = b(cx)dy,uv, then from (3.5), it follows
(I1) = j . ho'dx = I e Yuvds.
Hence
I(u)[v] = JR3 [Vuvu + aex)uv - 2o?b(ex)uv — |u|P uv] dx

+ GZJRS ob(ex)d;uvdx + GZJRS ob(ex)d;, uvdx

_ €2IR3 b(ex) (¢, )2 uv dx.

At the end, we find

I.(u)[v] = I o [Vuvo + afex)uv - ZoZb(ex)uv — |ulPuv] dx
R
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+ 2 JRS b(ex)(20 — ¢, )by uvdx. (4.8)

In a similar way one can compute the second derivative of the functional
1, finding

I'(u) v, w] = J. S [VoVw + aex)vw - o2b(ex)ow — plu|Pow]dx
R

w2 blen) (20 - g s + 4 [ b(ex)(o - 03)(F - 85 Juvd,
R R
4.9
where ¢; and ¢5 are, respectively, the solutions of

— AQ + b(ex)u?9; = wb(ex)uw, — AGS + blex)u?ds = ¢ bex)uw.
In the next lemma, some estimates that are useful later are done.

Lemma 4.1. Let u € HY(R?) and ¢ be the solution in D¥2(R?) of
- Ad + b(ex)zgd) = ob(ex)zzu. (4.10)

Then if (b1) holds, then
olpr2 < Cpwllze]l - ul- (4.11)

Instead, if (b1), (b2) hold and [¢| < &, then
o pre < Cyz - ™ - Jul. (4.12)

Proof. Since ¢ solves (4.10), we have

W2 = [ voPds < IV + blex)eZe® Lax

= J.RS ob(ex)zzuddx.

If (b1) holds, then

2
62 < - Coldls - ey, 5 < Co,wlléllpr2llze] - ul,
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and (4.11) follows. If (b1), (b2) hold, then
b(ex) < C - "|x|".

Hence

5/6
[0l 5 < oldlg| |, blex)® P28 Pub Pdx |
D R

Now, z; € L5(R?), hence 2g/5 e I°(R?). Moreover, u e L*'%(R?),

hence u®/% e I?/4(R?). By using Hélder inequality, we find

1/6
2 6
12, < Clblpna [ jbtex)*s8ds |l

1/6
<C,- en||¢||D1,2( j ol a|6”U6(x)dx] ]

< Cy 2 - "0l pr2fu,
since J]RS |x + E_,|6nU6(x)dx < Cg provided |g| < & Then (4.12) follows. [

Remark 4.1.1. We note that (4.11) holds also, if we substitute 2g

with a function v € Hl(]R3 ). Instead (4.12) holds only in that case, since

we use the exponential decay of the function U solution of (2.1) to obtain
the result.

5. Proof of the Main Results

The proofs of our main results use a Lyapunov-Schmidt reduction.

Fix ¢ R?, and let us define

Zy = {2e € Z¢ 1 ]g| < 33



SEMICLASSICAL STATES FOR THE NONLINEAR ... 73

For every z; € Zz, we define W =W,, . = (TZgZE y- and P : HY(R?)
— W, the orthogonal projection onto W. Our approach is to find a pair
z; € Zg,w e W, Jw| = O(¢®) (s =2 in the assumptions of Theorem 1.1

and s = min {m, n + 2} in the assumptions of Theorem 1.2), such that

I(z; + w) = 0. Equivalently:

(a) PIL(z: +w) =0,
(5.1)
(b) (Z - P)I(z +w)=0.

The first equation above is called auxiliary equation, and the second one
receives the name of bifurcation equation.

5.1. The auxiliary equation

Our intention now is to find a solution w € W of the auxiliary

equation for any ze € Z z- We begin with some estimates:

Proposition 5.1. Let (al), (a2), and (b1) hold.

Then there exists C = C(b, o, ) > 0 such that for all ¢ > 0, we have

Il(z¢ )| < C2. (5.2)

If (al), (a2), (bl), and (b2) hold, then there exists C = C(o, £) > 0 such

that for all ¢ > 0 small, we have
[1:(z¢ )| < Cé®, (5.3)
with s = min {m, n + 2}.

Proof. Taking into account that Ze is a solution of (2.1), we have

122 ) o] < j lalex) - 1z o] dax + e%ZJRS b(ex )z o] dc

R3

L2 j b(e)]20 — 0| |65, =gl d
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1/2

1/2
< [JRS la(ex) - 1|22€de o]y + eQmZ[IRS b(ex)zzgdxj o],

2 j bewl20 — 0% |16, |zgluldx

5 o 1/2 5 9 9 1/2
R N R T
@M (ID)
L2 I D20 = 0, |- |65, =l
(I11)

If (al), (a2) hold, then

la(ex) = 1| < Ce2|xf?. (5.4)
Therefore

1/2
1) < Ce2U S+ é;|4U2(x)dx] < Gz (5.5)

R
provided [¢ < & If (al), (a2) hold, then

la(ex) — 1] < C™|x|™. (5.6)
Therefore

1/2
) < Cem( j' e+ e‘;|2mU2(x)dxj < Cge™ (5.7)

R

provided [¢ < &.
Moreover, if (b1) holds (by using (4.11) and (2.3)), we have
(II) < Cb|2i|2 < Cb’ (58)
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€ e 12
(1) <y [ 145, el + Gy [ 105, P2l

< Cp,0l0z, ll2evls 5 + Col (9%, )2|3|2E,U|3/2
< Ch,olb2, Ipr2llee]- 1ol + Coloz, I oz -l
< Cp,o - lzelPlvl + Co -1z I” - o]
< Cp, o] (5.9)
If (b1), (b2) hold, then
b(ex) < Ce™|x|”.

Hence
1/2
(D) < ® ( J' . e + &|2"U2(x)dxj < Cge" (5.10)
provided [ < &, and

(1) < Co [ be)lof, echld + [ blex)loc, [*2leld

5/6
€ / /
< Culit, g -URSb(ex)6 %Jzco]® 5de

2/3
o ([ b ol 2a)

1/6
< CollIppa ([ jbles)'sfax | ol

2

+
D1,2

) ) 1/2
A | I

1/6
< Colts e ([l + 470 @ | ol
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1/2

+ 4, 12 .enUR3|x+g|2"U2(x)dxj o]

pl.2
2 3 2
< Coz < lze] - vl + Cg - ™|z [7[lv])-
So, by using (2.3), we have, for ¢ small,
(IM) < C,, z<*"o]]- (5.11)

Putting together (5.5), (5.8), and (5.9), we obtain (5.2). Instead, putting
together (5.7), (5.10), and (5.11), we obtain, for ¢ small, (5.3). 0

Now, we are concerned with the invertibility of I{(zz) on W = (Tzé

(Zg ))*. First, we observe that T, Z¢ is spanned by the functions

i =

oUu .

- =1, 2, 3. 5.12
ox; (x-¢), i=12, (5.12)
Recall that P denotes the orthogonal projection onto W; we decompose:
W =A@ At, where A is the space spanned by Pz;.

A simple computation shows that

PZ& = Z{:. (513)

The following result holds:

Proposition 5.2. Let (al), (a2), and (b1l) hold. For ¢ small and any
g < &, PI/(z¢): W — W is invertible and |[PI{(z; Y < C.

The above result follows directly from the following lemma (see [2]):

Lemma 5.3. Let (al), (a2), and (b1l) hold. For all ¢ > 0 sufficiently

small, there exist two positive constants C;, Cy such that
@ I/(ze ), u] < ~Cy|ul?, for all u € A;

(i) I!(ze)[u, u] > C2||u||2, for all u e A*.
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Proof. Let be u € A. Then by (5.13), u = (XPZ{;, o € R.
To prove (i), we just need to show

Ii(ze)leg, 2] < ~Cilee
From (4.9), it follows

I;'(z§)[z§, zg] = .[R3 [|Vz§|2 +a(€x)zg —e2m2b(ex)z§ —p|2g|p+1]dx
[ b (2o - b5, )0, 22 d
R3 2 /¥2e "8
e[ blex)(o - 2, (B - 8522 di
R

where ¢ solves — Ad; + b(ex)zg%e = u)b(ex)zg and so, by uniqueness,

o = ¢;§’ and 5 solves — Ads + b(ex)zg b5 = (])ezéb(ex)zg. Hence

Il(zg )z, 22 ] = Th(2e )[2e, 22 ]+ IRg (a(ex) - 1)zZdx — eZmQIRSb(Ex)zgdx
(A) (B)

+ GZJ.RS blex ) (20 — ¢;¢. )d)ezézg dx + 452IR3 bex) (o — ¢;a )(d);a _ 55 )22 dx.

(©) (D)

Reasoning as in the proof of Proposition 5.1, one can prove that
(A) = o(1), (B) = o(1), (C) = o(1), (D) = o(1) as ¢ — 0 provided |&|< E.

Therefore
I(ze ) [2z, 2: ] = I6(2e) 2z, 22 ]+ o(1).
By using Lemma 2.1, we have, for « small
IN(z:)[2e. 221 < (- )2z | < -Gy <0,
So, I!(2z) is negative definite on A. We now prove that I!(z¢) is positive

definite on AT,
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First, we note that from (5.12) and (5.13), we have At = span{zé, Z; }L,

so it suffices to prove (b) just for u | span{z;, ; }.

From (4.9), it follows

IN(ze ) [u, u] = j‘ 3[|Vu|2 + aex)u? - p|z§|p_1u2]dx - 62(02“‘ 3l)(~€x)Lt2dx
R R

(A7) (B)

+ 62JR3 b(ex) (20 — <|);§ )¢€Z§u2dx + 452J'R3 b(ex) (o — ¢€z¢ )(J)i _ 4)62 )ngx

(€) (D)

where ¢ solves — A + b(ex)z%&)i = ob(ex)zzu and 05 solves — Ady +
b(ex)z(%d;; = (I);ab(ex)zéu.

Since b and z; are bounded, we have (B')=0(1),(C") = o(1) (D') = o(1)
as € - 0. Moreover, one can prove that there exists a positive constant
C, such that

2 - 2

.[R3 [|Vu| + alex)u? - pzf 1uQ]dx > Colul”,
(see [2, Lemma 8.9], where the last point of Lemma 2.1 was used too) and
we conclude. O

With this estimates in hand, we can now solve the auxiliary equation.

Consider zg € ZE fixed, and define

B, ={ueW:|u|<2C

where C is the positive constant given by Proposition 5.2. So, the

solutions of the auxiliary equations are fixed points of the map
S.:W->Ww

S.w) = w - [PI(z )| ' [PLi(=¢ + w)].
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It is easy to check that [S.(0)] < C|I/(z;)|. We now compute the

derivative of S.:
S!(w)[v] = v - [PI/(z )] " PIN(z¢ +w)[v]

= [PII(2) " (PL!(2¢) ~ PII(2¢ +w))lo].
Now observe that I is uniformly continuous in bounded sets, so
|PI!(2¢ +w) - PI{(z: )] > 0 (¢ > 0)
uniformly in zg € ZE and w e B, (recall Proposition 5.1).

This implies that |S!(w)| = o(1) for any w e B,. Therefore, S, is a
contraction and, by using the mean value theorem, S.(B.)c B.. We

make use of the Banach contraction theorem to find a unique fixed point

W =Wz € B, of S.. Moreover, it follows that
|we’2g | < 2C Iz ). (5.14)
Hence, by (5.2), we find
|we 2 I < Cp 0,2 (5.15)
and by (5.3),
lwe,z. | < Co 2 - <°, (5.16)

with s = min {m, n + 2}.
5.2. The reduced functional

In this subsection, we will find a solution for the bifurcation equation

among the set of solutions of the auxiliary equation, which is:

?E = {Zé T Wzt 2 € ZE’ We, 2, solves (5.1)(a), and satisfies (5.15) or

(5.16)}.
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We remark that w satisfies (5.15) if the assumptions of Theorem 1.1

6’2&

hold and satisfies (5.16) if the assumptions of Theorem 1.2 hold.

By the implicit function theorem, it is easy to check that EE isa C!

manifold. Moreover, it is well-known (see [2], for example) that EE 1s a
natural constraint for I, for ¢ small. In other words, critical points of

I, are solutions of the bifurcation equation (5.1) (b), and hence

Zg
solutions of (4.3).

So, let us define the reduced functional as the restriction of the

functional I, to the natural constraint gg, namely, T. : B(0, £) > R,
[.(&) = I.(z¢ +w(e, 2z¢)), and we look for critical points of T.. Using the

information on |w(e, z; )|, we will be able to find an expansion of I'.(§).
First of all, since I maps bounded sets onto bounded sets, we have
' 2
Te(8) = I(2e) + Il(2e )[wl(e, 2¢)]+ O(Jw(e, 2¢)[7). (5.17)

5.2.1. Expansion of I, in the assumptions of Theorem 1.1

If (al), (a2), and (b1) hold, then w(e, 2¢ ) is a solution of the auxiliary

equation, which satisfies (5.15). Hence, from (5.17),
I.(8) = I(z¢) + O(<*). (5.18)
So, we have to find an expansion of I.(z;).
Lemma 5.4. For any [§| < & and < sufficiently small, we have
I.(z¢) = Cy + Fy (&) + o<?), (5.19)
where

F(8) = C1(D?a(0), &) + Cy,

and
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1
Co = L), € =7 ,U@ax,

2
Cy = %JR3<D2‘1(O)x’ x)U* (x)da - %(O)J‘Rs U (x)dx

+ (,Obz(o) J.RB ¢?](0)U2(x)dx

with ¢l£](0) the solution of — Ad)lg](o) + b(O)UZd)?](O) = 0b(0)U2.
Proof. A simple computation shows that

~ 1 9 E2(1)2 9
I(z¢) = IH(U) + EJR?’ [a(ex) - 1]zzdx — TJRS b(ex)zz dx

(A) (B)

2
€O € 2
+ T RS b(ex)d)zézidx

(©)

We compute separately the various terms. Since (al), (a2) hold and
a(0) = 1, we have

2
(A) = €ZJ.RS(Dza(O)x, x)U?(x — €)dx + o(<?)

B §JR3<D2G(O) (x +8), (x +&)U%(x)dx + oc?)

= 2oy - (D%a(0), &) + Gy + of2), (5.20)
where we have set
Y R R

Moreover, since (b1) holds, we find
620)2
2

(B) = Lo[60) + - (Vb(m ), )]U% (x - &)
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2 3 2
i UGS S LUDEESTEOT

with n; € B(0, x|). Since Vb is bounded, we have

‘ j (Vb)) x + U ()

provided [¢| < & Hence

3

(1)2
2 J.R?)(Vb(‘r]l), X+ Zj,)UQ(x)dx — 0(52).

At the end, we find
(B) = 2C3 + o(<?),

where we have set
o’ 2
Cs = 2 p(0) j U2(x)dx.
2 R3
It remains to compute (C).

2
€)= 7‘” . [6(0) + < - (Vb(ngz), x)]z, (x)U?(x - &)dx

2o c 2
= S5200)[ 65, (U - )

&3
+ Tw RS(Vb(nz ) x)6z, (@)U (x - &)dx

620) € 2
= 5200 05, (6 + U ()

3
2| (Vblng), x + ), (6 + D0 ()

+

with ny € B(0, €x|).

< CI e + gU?(x)dx < Ce
R3

(5.21)
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We observe that ¢EZE, (x + &) solves
— Ad, (% + &) + blelx + U ()45, (x + &) = wble(x + ENU(x).
We set d);ft’ = d)ezé (x +&). So d)Z’]& is the solution of

— AGGE + blelx + &)U (x)dp° = wb(c(x + E)UZ. (5.22)

Now, since Vb is bounded, by using (4.11),

\ [ o{¥b(n2), = + £ )

<C j ol 055U (x)dc

< (

5/6
5 s ,(IR3|x+§|G/5U12/5(x)dxj

< CE"d’;}zi Ipr2 < Cp v
provided [¢| < & Hence

3
EQ(D IR3<Vb(n2)’ x + E.>>¢,€2§ (x + §)U2(x)dx = 0(62 )

Let (I)%](O) the solution of
- 202 1+ 5(0)U%pY?) = wb(0)U2, (5.23)
and we set H := d);f - (I)bU(O).

We remark that ¢’;](0) exists and it is unique.

Claim:

J JHU?(x)dx = of1).
R
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If the claim holds, then

2 2
(©) = S200)[ 657U wdx + ol?) = G20O)] 00 ()dx + o)

=20y + o(é2), (5.24)

where
- b(0)rr2
Cy =4 b(o)j U @),
Now, we have to prove the claim.
Since ¢Z’]§ solves (5.22) and ¢[Z](O) solves (5.23), then H solves

~ AH + b(0)U2H = o(b(e(x + &) - bO)UZ — (b(c(x + &) - bO)U 25"

(5.25)
Now multiplying (5.23) by H and integrating on R?, we find
b(0)o J HU?(x)dx = J (VolOVH + b)U2E O H )dx,  (5.26)
R3 R3

and since H is the solution of (5.25), if we multiply by ¢2*) the Equation

(5.25) and we integrate over R3, we find

[, wallOva + bw2e} O Jax
R

= o bl +8) - BO)U0dx - [ (bl + ) - BO)U o 0p)

= +c-0f_(Vb(ng). x + YUY dx — - [ (Vb(ny), x + YU g

@ (I

with ng, ng € B(0, ¢x|). Since Vb is bounded (by using also (4.11))

) < CIRS e + 8 - o202
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IA

5/6

Cco, U,b(0),&

provided [¢| < & Moreover,

IA

] < 0f_Je+ g o0

2/3

IA

b(0 €, 3/2 3
U 0 e+ 8720 |

< CoU,0(0),6,

Hence

. j L {Vb(ng). x + £ %2 Vdx

= e [ (vbng). x+ &)U %0 Vdx = of1).

At the end, recalling (5.26), the claim holds.

85

Putting together (5.20), (5.21), (5.24) and setting Cy = I5(U) and

Cy = Co — C3 + C, (5.19) follows.

U

From (5.18) and (5.19), the reduced functional I, has the following

expansion
T(8) = Co + Fy (&) + o(*)

with Fj(§) defined in Lemma 5.4 (5.19).

5.2.2. Expansion of I, in the assumptions of Theorem 1.2

(5.27)

If (al), (a2), (b1), and (b2) hold, then w(e, z;) is a solution of the

auxiliary equation, which satisfies (5.16). Hence from (5.17),
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L(€) = I.(z) + O(¢), (5.28)
where s = min {m, n + 2}. So, we have to find an expansion of I.(z; ).
Lemma 5.5. For any [§| < & and ¢ sufficiently small, we have
I(2¢) = Cp + *Fy(&) + o(<?), s = min{m, n + 2}, (5.29)

where Cy = I(U),

f(&) if s=m<n+2;
Fy(8) = 1- 2(&) if s=n+2<m;
&) -g) ifs=m=n+2
with
3 m
f8) = ZZ it &% Cai = #J. 3x;"U2(x)dx,
=1 a=0 IR
and

o
{Ii
Moo

N o 2
Cpibi &7, Cp; = %J.H@ xf’Uz(x)dx.
i1 p=0

Proof. As in the proof of Lemma 5.4 (5.19), we have to evaluate
separately (A), (B), (C) taking account that now (al), (a2, (b1), and (b2)
hold. Here, s = min {m, n + 2} < . If m = +w, then

a(ex) =1 = o(<®)|x|*.
Therefore

(&) = o) BT - D)dx = o) e+ &U@)dx = o) (5.50)

provided [¢| < &

If m < +o, then

3
_ < m m m _ ™ m m m
a(ex) =1 =~ D"a(0)[x] + o™ al™ =~ " + o™ ]
) Ti=1
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and hence (since [¢ < &)

m 3
(8) = g 2 U~ of )"0 2
m 3
i ;_m!;IRS a;(x; + & )" U?(x)dx + o™ ).[R?’ b+ &™U%(x)dx

m 3. m
— > Y @ j 5 @)+ o)

i=1a=0

= f(E) + o(<™), (5.31)

where

3 m
&) =33 Coiag™™, Cui =5 [ 202 (x)dx.

om!
i=1 a=0 2m! Jg?
If n = +o0, then
blex) = o(e572)|uf* 2.

Hence

2

2
(B) = G- o)l 0%~ 2)dx = S0l )| ke + 50 () = o),

and
(©) = G o) Rl 45, (U (x - £)dx

_ o

= o)+ 8, e+ U )

= %O(ES)JRS lx + 5205 (0)U 2 (x)dx = of¥) (5.33)
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provided [¢| < &, where we set ¢z’]{5 = 4);& (x + &) as done in the proof of
Lemma 5.4 (5.19).

If n < 4+, then
" n n n " > n n n
b(ex) = = D"b(0)[x] + o(" =7!Zbixi +o(e™)a",  (5.34)
i=1

and hence (since [¢ < &)

(B) - b U =8+ o™ )| " U (x - E)d
=t Zj (s + ) U (x )dx+o(en+2)j x + U (x)dx
n+2
— o ZZbgn Bj PU2(x)dx + o("*2)
n =1 p=0
_ en+2g(§)+ O(En+2)’ (5.35)
where

3 n - - 2
8(&) = chp,ibﬁ;?_ . Cpi= %L}@ xPU? (x)dx.
Claim: (C) = o(¢"*?), namely,

[ bleks, UG - )dx = o).
R

(€)

Indeed:

(©) = [, blex + 0)4 U )
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3 g

_.n . . A\ 466772

= izl bLIRs (x; +&)" - 0p°U”(x)dx

+ o(e" )IR3 lx +¢" - ¢;}E*’U2(x)dx

3 g

_n . . A\ 46 2 N

. ;I:blsz(xl 28 ) 055U (@) dx + o).

Since

U lx + ¢ - §U2 xSCg

provided [¢| < & Let now ¢ be the solution in DY2(R?) of
. _ 3
~ A+ ble(x + WU = 0 bix; + &)U, (5.36)
=1
and we set H := (I)i’]a — ¢"¢. The function H solves
3
~ AH + b(e(x + §))U?H = w[b(e(x +E) =Y byl + & )”JUZ. (5.37)
=1
If we multiply (5.36) by H and we integrate over R3, we have
. B 3
J' [VOVH + b(c(x + £))UZSH |dx = waiJ (x; + & )"U2 Hdx.
R3 o s

Instead, if we multiply (5.37) by ¢ and we integrate over R3, we find (by
using (5.34))

j [VOVH + b(ex + ) U3H ]d

3
-, [b(e(x +E) =" bilxi + & )”JU%dx
i=1
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= O(en )(DJ. |x + &anZde _ o(en)
R3
provided [¢| < & Hence
3
nyr2 _ N
m;biJRS(xi +&;)'U“Hdx = o("),

namely,

3 3 )
ZbiJ.RS (xz + al )nU2¢Z’]§dx — EnzbiIR3 (xl + gl )nUZd)dx " O(En)'
i=1 i1

Hence
3 pa—
(€)= €2nzbiIR3 (x; +&; )nU2¢dx +o(c),
i=1
and since for |¢| < E,

3
Zblj. (xi + E.ai )nU2$d.’XJ < < Cg,
=

3
Zbij S+ g"U%pdx
n R
i=1
we find

(C) = o(<"),
and the claim holds.

Putting together (A), (B), (C), we find (5.29).

Remark 5.5.1. Repeating the same arguments of Lemma 3.1 one can

prove, since |§| < €, the existence and uniqueness of the solution of (5.36).

From (5.28) and (5.29), the reduced functional I'. has the following

expansion

T.(8) = Co + 2 Fy(8) + o(<?), (5.38)

with Fy(E) defined in Lemma 5.5.
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5.3. Proof of Theorems 1.1 and 1.2

The following lemma is nothing but Lemma 4.3 of [1] and provides a
sufficient condition to have a non-degenerate minimum (or maximum) for

the reduced functional.

Lemma 5.6. Assume that the reduced functional T, has the following

expansion

L.(g) = Co + PF(E)+o(P), |g <E, (5.39)

and that & = 0 is a non-degenerate minimum (or maximum) for F. Then
I. has a minimum (or maximum) in some &, such that & — 0 as

e > 0.
We are now ready to prove our main results.

Proof [Theorems 1.1 and 1.2]. From the previous subsection, it

follows easily that & = 0 is a critical point for F; and Fy. Moreover,

& = 0 is a local minimum (or maximum) for F; and Fy. In fact,
D?F,(0) = C; - D%a(0),

and since x5 = 0 is a minimum (or maximum) non-degenerate for the

function a(x), then D?F,(0) is positive- (or negative-) definite.

Instead, if s = m < n + 2, then

C2’1al 0 0
D2F,(0)=| 0 Cy, 205 0 |,
0 0 C2,3a3

and since Cy; > 0 and a; > 0 (or g; < 0), then D?F,(0) is positive- (or
negative-) definite.

If s=n+2 < m, then
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~Cy by 0 0
D?F,(0) = 0 — Cy,9by 0 ,

and, as before, we conclude that DZFZ(O) is positive- (or negative-)

definite.

Finally, if s = m = n + 2, then

Cy 101 — Cg 16y 0 0
D2F2(0) = 0 C272a2 - 02’21)2 0 ,
0 0 Cg,3a3 — Cy 3b3

and, by the assumption (1.7), D?F,(0) is positive- (or negative-) definite.

So, from Lemma 5.6, with F = F; and B = 2 for Theorem 1.1 and
F = F; and B = s for Theorem 1.2, it follows that I, has a minimum (or

maximum) at &, such that &, — 0 as ¢ — 0.

Hence u, = z¢, +w(c, &) is a critical point of I., hence a solution of
(4.3).

Recalling the change of variable, we have
0.(x) = 1U(£ - aej + 2wl &) ~ 1U(£ - ae),

since ¢ 'w(e, €,) is small for ¢ small (this means that [¢ 'w(e, & )| — 0

as ¢ — 0 and this follows from (5.15) or (5.16)).

Since U(ZX -¢,) has an exponential decay for |£ - &,
€ €

large (and

this means for ¢ small), then eilU(l —&.) decays exponentially for e
€

small. Hence v, is a solution of (1.6), which concentrates near xg = 0. [



SEMICLASSICAL STATES FOR THE NONLINEAR ... 93
Remark 5.6.1. If n = 2, then we can assume less on the function
b(x).
Indeed

2
b(ex) = 5 (D*6(0)x, x) + of* .

and so, in Lemma 5.5, the term (B) becomes (since [¢| < &)

640)2
(B) = 1 R3<D2b(0) (x +&), x + E)U%(x)dx + ofc* )IRB |x + §|2U2(x)dx

640)2 9 9 4
= T(D b(0)z, g)JRSU (x)dx + o(c™ )
= A[CL(D?B(0)z, £) + Cy ]+ o(c*),

where

_ 2 — 2
Cr =2 [ UPWdss G =5 [ (D00, )0 ()

Moreover, as done in Lemma 5.5, one can prove that (C) = o(<?). Hence,

the function g(§) becomes

g(8) = [C1{D?b(0), &) + Cy ],

and the Theorem 1.2 follows assuming only that b has a local minimum

or maximum (non-degenerate) at x, = O.

6. Necessary Condition
In this section, we show that concentration necessarily occurs at
stationary points of the function a.

Let z = z; € Zz and w = w(e, &) be the corresponding solution of the

auxiliary equation.



94 GIUSI VAIRA
Setting
T(e, u) = I(u),
we obtain 7'(0, z) = I5(2) =0 for all z e Z¢, and we can consider
ze Zg as a bifurcation parameter. We say that z € Zg is a bifurcation

point for 7, if there exists (e,, u,)e Rx HY(R?) such that
T(e,,uy,)=0, ¢, #0,¢, -0, and u,, — z. It is well known (see [1,
Section 7]) that a necessary condition for z to be a bifurcation point for 7'

is that for all n € R there exists v € H'(R?) such that
D.Iy()[hln] = I§(2)lh, v],  Vh e HY(R?). (6.1)

Theorem 6.1. Let (al), (a2), (b1) hold and p € (1, 5). Suppose that v,

is a solution of (1.6) such that the limit profile of v, is ¢ ‘U, Y~ %o )

€

with o = a(xg). Then Va(xy) = 0.

Proof. As before, assume xy, =0 and a® = a(xg) =1. First, we
make the change u.(x) = ev(ex) and so the hypothesis on the limit profile
of v, implies that u.(x) — U(x). Define z = U(x), then z is a bifurcation
parameter and so we can use (6.1). By a direct calculation, we find for all

h e HI(RS)
D.Iy(E)[k]ln] = | (Va(0). x)zhd:
I (z)[h, v] = IR3 [VAVV + hv — ple|? ' ho]dx.

Let h e T, Zg, since such an A is a solution of the linearized equation in

z, one has that

Iy (2)[h, v] = I G [VAVU + hv - plz/P T holdx = 0.
R

So, from (6.1) and (5.12), we deduce that
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- IRS(Va(O), x)U(x)%(:) dx =0, Vk=1,23.

Therefore, we conclude that Va(0) = 0. 0

(2]

(3

(4]

(5]

(6]

(7]
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