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Abstract 

In this paper, a new system of generalized nonlinear relaxed cocoercive  
variational inequalities problems in the framework of Banach spaces is studied. 
Using the sunny nonexpansive retraction method, a new three-step iterative 
scheme for this system is proposed, under suitable conditions, some strong 
convergence theorems are proved. 

1. Introduction and Preliminaries 

In the recent years, based on the projection methods in Hilbert spaces 
and the generalized projection methods in Banach spaces, many iterative 
schemes have been proposed for finding the solutions of the system of 
generalized nonlinear variational inequality (SNVI) problems in Hilbert 
spaces [5, 6, 10, 11, 15-18] and in Banach spaces [1, 7, 8, 9, 12]. 
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In this paper, we introduce a new iterative scheme to approximate a 
solution of system of generalized nonlinear relaxed cocoercive variational 
inequality problems in the framework of Banach spaces by using the 
sunny nonexpansive retraction method. 

Throughout this paper, we assume that X is a real Banach space, K is 
a nonempty closed convex subset of X. 

Let XKKTTT →×:,, 321  be nonlinear mappings. We consider the 
following system of generalized nonlinear variational inequality (SNVI) 
problems. Find Kzyx ∈∗∗∗ ,,  such that 
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where J is the normalized duality mapping of X. 

Now, we consider some special cases of the SNVI problem (1.1) as 
follows: 

(I) If TTTT === 321  is a univariate mapping, then the SNVI 

problem (1.1) reduces to the following SNVI problem. Find ∗∗∗ zyx ,,  
K∈  such that 
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 (1.2) 

(II) If TTTT === 321  and HX =  is a Hilbert space, then the SNVI 

problem (1.1) reduces to the following SNVI problem. Find ∗∗∗ zyx ,,  
K∈  such that 
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 (1.3) 

which was basically due to He [10]. 
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(III) If ,0=σ  then the SNVI problem (1.3) reduces to the following 

SNVI problem. Find Kyx ∈∗∗,  such that 

( )
( )




>>ρ∈∀≥−−+
≥−−+ρ

∗∗∗∗∗

∗∗∗∗∗

,0,0,,0,,
,0,,

ττ KxyxxyyxT
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which was basically due to Chang et al. [5] and Verma [17]. 

(IV) If T is a univariate mapping, then the SNVI problem (1.4) 

reduces to the following SNVI problem. Find Kyx ∈∗∗,  such that 



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>>ρ∈∀≥−−+
≥−−+ρ

∗∗∗∗

∗∗∗∗

,0,0,,0,
,0,

ττ KxyxxyTx
xxyxTy  (1.5) 

which was basically due to Verma [15, 18]. 

(V) If ,0==σ τ  then the SNVI problem (1.5) reduces to the 
following standard nonlinear variational inequality (NVI) problem. Find 

Kx ∈∗  such that 

.,0, KxxxTx ∈∀≥− ∗∗  (1.6) 

For the sake of convenience, we first recall some notations and 
conclusions. A Banach space X is said to be smooth, if 

t
xtyx

t
−+

→0
lim  (1.7) 

exists for each { }.1:, =∈=∈ xExUyx  

A Banach space X is said to be uniformly smooth, if the limit (1.7) is 
attained uniformly for ( ) ., UUyx ×∈  

A Banach space X is said to be uniformly convex, if for each 
( ],2,0∈  there exists ( ) 0>δ   such that ,1,1 ≤≤ yx  and 

≥− yx  implies ( )( ),12 δ−≤+ yx  where [ ] [ ]1,02,0: →δ  is the 
modulus of convexity of X defined by 

( ) { }.,1,1:21inf  ≥−≤≤
+

−=δ yxyxyx  
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Proposition 1.1 [4]. (i) A Banach space X is uniformly smooth, if and 
only if the normalized duality mapping J is single-valued and norm-to-
norm uniformly continuous on each bounded subset of X. 

(ii) Every uniformly convex Banach space is reflexive. 

The modulus of smoothness of X is defined by 

( ) { ( ) },,1,,:12
1sup tyxXyxyxyxt ==∈−−−+=ϕ  

where [ ) [ )∞→∞ϕ ,0,0:  is a function. It is known that X is uniformly 

smooth, if and only if ( ) .0lim
0

=
ϕ

→ t
t

t
 Let q be a fixed real number with 

.21 ≤< q  A Banach space X is said to be q-uniformly smooth, if there 

exists a constant 0>k  such that ( ) ,qktt ≤ϕ  for all .0>t  For example, 

see [3, 14] for more details. It is well known that all Hilbert spaces are    
2-uniformly smooth. For each ,1>q  the generalized duality mapping 

∗
→ X

q XJ 2:  is defined by 

( ) { },,,: 1−∗ ==∈= qq
q xfxfxXfxJ  

for all .Xx ∈  In particular, 2JJ =  is called the normalized duality 

mapping. 

Lemma 1.1 [19]. Let q be a given real number with 21 ≤< q  and let 

X be a q-uniformly smooth Banach space. Then 

( ) ,2, q
q

qq kyxjyqxyx ++≤+  

for all ,, Xyx ∈  where k is the q-uniformly smoothness constant of X. 

Recall that if K is a nonempty closed convex subset of X, and D is        
a subsets of K, then a mapping DKQ →:  is said to be sunny, 

provided ( )( )( ) ( )xQxQxtxQ =−+  for all Kx ∈  and ,0≥t  whenever 

( )( ) .KxQxtx ∈−+  A sunny nonexpansive retraction is a sunny and 
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nonexpansive retraction. Sunny nonexpansive retractions play an 
important role in our argument. They are characterized by the following 
lemma. 

Lemma 1.2 [13]. Let X be a smooth Banach space, then KXQK →:  
is a sunny nonexpansive retraction, if and only if the following inequality 
holds: 

( ) .,0, XyandKxxyQJyQy KK ∈∈∀≥−−  

It is well known that if X is a Hilbert space, then a sunny nonexpansive 
retraction KQ  is coincident with the metric projection from X onto K. Let 
K be a nonempty closed convex subset of a smooth Banach space X, let 

,Xy ∈  and let .Kz ∈  Then, we have from Lemma 1.2 that 

( ) ,,0, KxxzJzyyQz K ∈∀≥−−⇔=  

where KQ  is a sunny nonexpansive retraction from X onto K. See also 
[2]. 

2. Algorithms 

In this section, we introduce some algorithms, which can be applied to 
the convergence analysis in the context of the approximation solvability 
of the SNVI problem (1.1) and others. 

Algorithm 2.1. For initial points ,,, 000 Kzyx ∈  compute the 

sequences { } { },, nn yx  and { }nz  by the iterative process 

( ) [ ( )]
( ) [ ( )]
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τ  (2.1) 

where KQ  is the sunny nonexpansive retraction and { } { },, nn βα  and 

{ }nγ  are sequences in [ ].1,0  

(I) If TTTT === 321  is a univariate mapping, then the Algorithm 

(2.1) reduces to the following. 
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Algorithm 2.2. For initial points ,,, 000 Kzyx ∈  compute the 
sequences { } { },, nn yx  and { }nz  by the iterative process 
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( ) [ ( )]
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where KQ  is the sunny nonexpansive retraction and { } { },, nn βα  and 
{ }nγ  are sequences in [ ].1,0  

(II) If ,1,1 =γ=β nn  then the Algorithm (2.1) reduces to the 
following. 

Algorithm 2.3. For initial points ,,, 000 Kzyx ∈  compute the 
sequences { } { },, nn yx  and { }nz  by the iterative process 

( ) [ ( )]
[ ( )]
[ ( )]
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where KQ  is the sunny nonexpansive retraction and { }nα  is sequence in 
[ ].1,0  

3. Main Results 

We first give the following definitions. 

Definition 3.1. A two-variable mapping XKKT →×:  is said to 
be ( )-, ξη relaxed cocoercive, if there exist constants 0, ≥ξη  such that for 

all ,, Kyx ∈  

( ) ( ) ( ) ( ) ( ) 2,,,,, vyTuxTyxJvyTuxT −η−≥−−  

 .,,2 Kvuyx ∈∀−ξ+  

Definition 3.2. A mapping XKKT →×:  is said to be -µ Lipschitz 
continuous in the first variable, if there exist constant 0≥µ  such that 

for all ,, Kyx ∈  
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( ) ( ) .,,,, KvuyxvyTuxT ∈∀−µ≤−  

In order to prove our results, we need the following lemma: 

Lemma 3.1 [6]. Let { } { } { }nnn candba ,,  be three nonnegative real 

sequences satisfying the following conditions: 

( ) ,,1 01 nncbaa nnnnn ≥∀++λ−≤+  

where 0n  is some nonnegative integer, ( )1,0∈λn  with ,
1

∞=λ∑
∞

=
n

n
 

( ),nn ob λ=  and .
1

∞<∑
∞

=
n

n
c  Then ( ).0 ∞→→ nan  

Based on Algorithm 2.1, now, we study the approximation solvability 
of the SNVI problem (1.1). We have the following main result. 

Theorem 3.1. Let X be a uniformly convex, 2-uniformly smooth 
Banach space, and K be a nonempty closed and convex subset of X, let 

XKKTi →×:  be ( )-, ii ξη relaxed cocoercive and -iµ Lipschitz 

continuous mappings in the first variable for all .3,2,1=i  Suppose that 

( ) KKKzyx ××∈∗∗∗ ,,  is a solution to the SNVI problem (1.1) and that 

{ } { },, nn yx  and { }nz  are the sequences generated by Algorithm (2.1). If 

{ } { },, nn βα  and { }nγ  are sequences in [ ]1,0  satisfying the following 

condition: 

(C1) 1→βn  and ( );1 ∞→→γ nn  

(C2) ;
0

∞=α∑
∞

=
n

n
 

(C3) ,0,0,0 2
3

2

2
333

2
2

2

2
222

2
1

2

2
111

µ

µη−ξ
<σ<

µ

µη−ξ
<<

µ

µη−ξ
<ρ<

kkk
τ  

where k is the 2-uniformly smoothness constant of X. 
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Then, the sequences { } { },, nn yx  and { }nz  converge strongly to ,, ∗∗ yx  

and ,∗z  respectively. 

Proof. Since ( )∗∗∗ zyx ,,  is a solution to the SNVI problem (1.1), it 
follow that 

[ ( )]
[ ( )]
[ ( )]


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>ρρ−=
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1
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yzTzQy
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K

K

K
ττ  

Hence from Algorithm (2.1), we have that 

∗
+ − xxn 1  

( ) [ ( )] ( ) [ ( )]∗∗∗∗ ρ−α−α−−ρ−α+α−= xyTyQxxyTyQx knnnnnknnn ,1,1 11  

( ) [ ( ) ( )] .,,1 11
∗∗∗∗ −ρ−−α+−α−≤ xyTxyTyyxx nnnnnn  (3.1) 

Since 1T  is ( )-, ii ξη relaxed cocoercive and -iµ Lipschitz continuous in 
the first variable, by Lemma 1.1, we have 

[ ( ) ( )] 2
11 ,, ∗∗∗ −ρ−− xyTxyTyy nnn  

( ) ( ) ( )∗∗∗∗ −−ρ−−≤ yyJxyTxyTyy nnnn ,,,2 11
2  

( ) ( ) 2
11

22 ,,2 ∗∗−ρ+ xyTxyTk nn  

( ( ) ( ) )2
1

2
111

2 ,,2 ∗∗∗∗ −ξ+−η−ρ−−≤ yyxyTxyTyy nnnn  

22
1

222 ∗−µρ+ yyk n  

( ) .2221 22
1

22
1

2
11

∗−µρ+ρξ−µρη+≤ yyk n  (3.2) 

Substituting (3.2) into (3.1) and simplifying the resultant result, we 
obtain 

( ) ,1 11
∗∗∗

+ −θα+−α−≤− yyxxxx nnnnn  (3.3) 
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where ( ) 12221 2
12

1
22

1
2
111 <µρ+ρξ−µρη+=θ k  (by the condition (C3)). 

Next, we consider 

∗− yyn  

( ) [ ( )] ( ) [ ( )]∗∗∗∗ −β−β−−−β+β−= yzTzQyyzTzQx knnnnnknnn ,1,1 22 ττ  

( ) [ ( ) ( )] .,,1 22
∗∗∗∗ −−−β+−β−≤ yzTyzTzzyx nnnnnn τ  (3.4) 

Similarly, we can show that 

[ ( ) ( )] ,,, 222
∗∗∗∗ −θ≤−−− zzyzTyzTzz nnnn τ  (3.5) 

where ( ) 12221 2
12

2
22

2
2
222 <µ+ξ−µη+=θ τττ k  (by the condition (C3)). 

It follows from (3.4) and (3.5) that 

( ) .1 2
∗∗∗ −θβ+−β−≤− zzyxyy nnnnn  (3.6) 

Now, we make an estimation for ,∗− zzn  it follows from (2.1) that 

∗− zzn  

( ) [ ( )] ( ) [ ( )]∗∗∗∗ σ−γ−γ−−σ−γ+γ−= zxTxQzzxTxQx knnnnnknnn ,1,1 33   

( ) [ ( )] ( )] .,,1 33
∗∗∗∗ −σ−−γ+−γ−≤ zxTzxTxxzx nnnnnn  (3.7) 

Similarly, we can show that 

[ ( ) ( )] ,,, 333
∗∗∗∗ −θ≤−σ−− xxzxTzxTxx nnnn  (3.8) 

where ( ) 12221 2
12

3
22

3
2
333 <µσ+σξ−µση+=θ k  (by the condition (C3)). 

Substituting (3.8) into (3.7) and simplifying, we have 

( ) ∗∗∗ −θγ+−γ−≤− xxzxzz nnnnn 31  

( ) ( ) ∗∗∗∗ −γ+−γ−+−γ−≤ xxzxxx nnnnn 11  
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( ) .1 ∗∗∗ −γ−+−= zxxx nn  (3.9) 

Substituting (3.9) into (3.6) and simplifying, we obtain 

( ) ( ) ∗∗∗∗∗ −γ−θβ+−θβ+−β−≤− zxxxyxyy nnnnnnn 11 22  

( ) ( ) ∗∗∗ −β−+−β−≤ yxxx nnn 11  

( ) ∗∗∗ −γ−+−β+ zxxx nnn 1  

( ) ( ) ∗∗∗∗∗ −γ−+−β−+−= zxyxxx nnn 11  

[( ) ( )] ,11 Mxx nnn γ−+β−+−≤ ∗  (3.10) 

where { }.,max ∗∗∗∗ −−= zxyxM  

Finally, it follows from (3.3) and (3.10) that 

( ) [( ) ( )]nnnnnnnn Mxxxxxx γ−+β−θα+−θα+−α−≤− ∗∗∗
+ 111 111  

 ( ( ) ) [( ) ( )].1111 11 nnnnn Mxx γ−+β−θα+−αθ−−= ∗  (3.3) 

We take ( ) [( ) ( )],11,1, 11 nnnnnnnn Mbxxa γ−+β−θα=αθ−=λ−= ∗  
and ,0=nc  in Lemma 3.1, by conditions (C1) and (C2), we know that 

( ),,
1

nnn
n

ob λ=∞=λ∑
∞

=
 and .0

1
=∑

∞

=
n

n
c  Therefore, all condition in Lemma 

3.1 are satisfied, and so ( ),0 ∞→→− ∗ nxxn  i.e., ( ).∞→→ ∗ nxxn  

Moreover, it follows from (3.9) and (3.10) that ∗∗ →→ yyzz nn ,  
( ).∞→n  This completes the proof. 

Remark 3.1. Theorem 3.1 extends the main results in Chang et al. 
[5], Verma [18], and He [10] from Hilbert spaces to Banach spaces. 

From Theorem 3.1, we obtain the following results immediately. 

Theorem 3.2. Let X be a uniformly convex, 2-uniformly smooth 
Banach space, and K be a nonempty closed and convex subset of X, let 

XKT →:  be univariate ( )-, ξη relaxed cocoercive and -µ Lipschitz 
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continuous mapping. Suppose that ( ) KKKzyx ××∈∗∗∗ ,,  form a 

solution set for the SNVI problem (1.2) and that { } { },, nn yx  and { }nz  are 

the sequences generated by Algorithm (2.2). If { } { },, nn βα  and { }nγ  are 

sequences in [ ]1,0  satisfying the following condition: 

(C1) 1→βn  and ( );1 ∞→→γ nn  

(C2) ;
0

∞=α∑
∞

=
n

n
 

(C3) ,,,0 22

2

µ

ηµ−ξ<σρ<
k

τ  where k is the 2-uniformly smoothness 

constant of X. 

Then, the sequences { } { },, nn yx  and { }nz  converge strongly to ,, ∗∗ yx  

and ,∗z  respectively. 

Remark 3.2. Theorem 3.2 extends the main results of Verma [18] 
from Hilbert spaces to Banach spaces. 

Theorem 3.3. Let X be a uniformly convex, 2-uniformly smooth 
Banach space, and K be a nonempty closed and convex subset of X, let 

XKKTi →×:  be ( )-, ii ξη relaxed cocoercive and -iµ Lipschitz 

continuous mappings in the first variable for all .3,2,1=i  Suppose that 

( ) KKKzyx ××∈∗∗∗ ,,  form a solution set for the SNVI problem (1.1) 

and that { } { },, nn yx  and { }nz  are the sequences generated by Algorithm 

(2.3). If { }nα  is sequence in [ ]1,0  satisfying the following condition: 

(C1) ;
0

∞=α∑
∞

=
n

n
 

(C2) ,0,0,0 2
3

2

2
333

2
2

2

2
222

2
1

2

2
111

µ

µη−ξ
<σ<

µ

µη−ξ
<<

µ

µη−ξ
<ρ<

kkk
τ  

 where k is the 2-uniformly smoothness constant of X. 
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Then, the sequences { } { },, nn yx  and { }nz  converge strongly to ,, ∗∗ yx  

and ,∗z  respectively. 
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