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Abstract

In this paper, a new system of generalized nonlinear relaxed -cocoercive
variational inequalities problems in the framework of Banach spaces is studied.
Using the sunny nonexpansive retraction method, a new three-step iterative
scheme for this system is proposed, under suitable conditions, some strong
convergence theorems are proved.

1. Introduction and Preliminaries

In the recent years, based on the projection methods in Hilbert spaces
and the generalized projection methods in Banach spaces, many iterative
schemes have been proposed for finding the solutions of the system of
generalized nonlinear variational inequality (SNVI) problems in Hilbert
spaces [5, 6, 10, 11, 15-18] and in Banach spaces [1, 7, 8, 9, 12].

2010 Mathematics Subject Classification: 47TH05, 47TH109.

Keywords and phrases: relaxed cocoercive variational inequalities, g-uniformly smooth
space, sunny nonexpansive retraction, normalized duality mapping.

Supported by the Natural Science Foundation of Sichuan Province (No.08ZA008).
Received July 14, 2010
© 2010 Scientific Advances Publishers



2 ZHAO FU-HAI and YANG LI

In this paper, we introduce a new iterative scheme to approximate a
solution of system of generalized nonlinear relaxed cocoercive variational
inequality problems in the framework of Banach spaces by using the
sunny nonexpansive retraction method.

Throughout this paper, we assume that X is a real Banach space, K is
a nonempty closed convex subset of X.

Let 71, Ty, T3 : K x K — X be nonlinear mappings. We consider the
following system of generalized nonlinear variational inequality (SNVI)

problems. Find x*, y*, 2" € K such that

(pTi(y*, &™) +x" —y", J(x—x")) 20
(tTo(z", ¥y )+ y" 2", J(x-y")) 20, Vx e K,p>0,7>0,06 >0,
(cTs(x", 2" )+ 2" —x", J(x-2")) 2 0

i

1.1
where o/ is the normalized duality mapping of X.

Now, we consider some special cases of the SNVI problem (1.1) as
follows:

(I If T1 =Ty =T5 =T 1is a univariate mapping, then the SNVI

*

problem (1.1) reduces to the following SNVI problem. Find x*, y*, z
e K such that

(pTy* +x* —y*, J(x —x")) > 0,
(tTz" +y" - 2", J(x-y"))20, Vx e K,p>0,7>0,0>0. (12
(cTx™ +2" —x", J(x —2")) 2 0,

ADIf Ty =T, =T =T and X = H is a Hilbert space, then the SNVI

*

problem (1.1) reduces to the following SNVI problem. Find x*, y*, z
e K such that

(pT(y*, x")+x" —y", x —x") 20,
(tT(z", ")+ ¥y -2, x-y")20, Vx e K,p>0,7>0,0 >0, (1.3)
(oT(x", 2")+2" —x", x —2") 2 0,

which was basically due to He [10].
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(III) If ¢ = 0, then the SNVI problem (1.3) reduces to the following
SNVI problem. Find x*, y* € K such that
P I
ore S r T wemp oo 0
which was basically due to Chang et al. [5] and Verma [17].

(IV) If T is a univariate mapping, then the SNVI problem (1.4)
reduces to the following SNVI problem. Find x*, y* € K such that

(pTy* +x" —y", x —x") > 0, (1.5)
(tTx" +y* —x",x—y")20, VxeK,p>0,1>0,

which was basically due to Verma [15, 18].
V) If c=1=0, then the SNVI problem (1.5) reduces to the
following standard nonlinear variational inequality (NVI) problem. Find

x* e K such that
(Tx*, x —x") >0, VxeK. (1.6)

For the sake of convenience, we first recall some notations and

conclusions. A Banach space X is said to be smooth, if

o I+ 0] =[]

1.7
t—0 t (.7

exists foreach x, y e U = {x € E : |x| = 1}.

A Banach space X is said to be uniformly smooth, if the limit (1.7) is
attained uniformly for (x, y) € U x U.

A Banach space X is said to be uniformly convex, if for each
e e(0,2], there exists &()>0 such that |x|<1,|y|<1 and
[x - y| = ¢ implies |x + y|| < 2(1 - 8(¢)), where & : [0, 2] - [0, 1] is the
modulus of convexity of X defined by

. X +
8(¢) =inf{1 —w <1yl <1, x -y = )
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Proposition 1.1 [4]. (1) A Banach space X is uniformly smooth, if and
only if the normalized duality mapping J is single-valued and norm-to-

norm uniformly continuous on each bounded subset of X.
(1) Every uniformly convex Banach space is reflexive.

The modulus of smoothness of X is defined by
1
0(t) = supi 5 (Jx + ¥ - v = y[) =12 % 5 € X x| = 1, [y] = ¢,

where ¢ : [0, ®) = [0, ©) is a function. It is known that X is uniformly

o(t)

smooth, if and only if tlin(l) - = 0. Let g be a fixed real number with
9

1 < g < 2. A Banach space X is said to be g-uniformly smooth, if there

exists a constant k& > 0 such that ¢(¢) < kt9, for all ¢ > 0. For example,

see [3, 14] for more details. It is well known that all Hilbert spaces are

2-uniformly smooth. For each ¢ > 1, the generalized duality mapping

J, : X - 2% is defined by

Jg(x) = {f € X*: (x, f) = |x|% | = =77,
for all x € X. In particular, J = Jy is called the normalized duality
mapping.

Lemma 1.1 [19]. Let q be a given real number with 1 < g < 2 and let

X be a q-uniformly smooth Banach space. Then
I+ 2T < ¥ + gy, Jg () + 2[Ry |7,
forall x, y € X, where k is the q-uniformly smoothness constant of X.

Recall that if K is a nonempty closed convex subset of X, and D is

a subsets of K, then a mapping @ : K —» D is said to be sunny,
provided Q(x + (x — Q(x))) = Q(x) for all x € K and ¢ > 0, whenever

x + t(x — Q(x)) € K. A sunny nonexpansive retraction is a sunny and
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nonexpansive retraction. Sunny nonexpansive retractions play an
important role in our argument. They are characterized by the following
lemma.

Lemma 1.2 [13]. Let X be a smooth Banach space, then Qg : X —> K

s a sunny nonexpansive retraction, if and only if the following inequality
holds:

(y - Qgy, J(Qgy—x)) 20, Vxe K andyeX.

It is well known that if X is a Hilbert space, then a sunny nonexpansive
retraction @k is coincident with the metric projection from X onto K. Let
K be a nonempty closed convex subset of a smooth Banach space X, let
y € X, and let z € K. Then, we have from Lemma 1.2 that

z=Qgy o (y-2 Jz-x))>20, Vxelk,

where Qg 1is a sunny nonexpansive retraction from X onto K. See also

(2].
2. Algorithms

In this section, we introduce some algorithms, which can be applied to
the convergence analysis in the context of the approximation solvability
of the SNVI problem (1.1) and others.

Algorithm 2.1. For initial points xg, y9, 29 € K, compute the

sequences {x,}, {¥,}, and {z,} by the iterative process

Xp1 = (1=, ), + a,Q@klyy — pT1(yns %,)],
In = (1 - Bn )xn + BnQK[zn - TTQ(Zn’ In )]’ vn 20, (2.1)
Zn = (1 ~Vn )xn + YnQK[xn - GT3(xn’ Zn )]’
where Qg is the sunny nonexpansive retraction and {a,}, {B,}, and

{v,} are sequences in [0, 1].

(D If ;7 =Ty =T3 =T is a univariate mapping, then the Algorithm
(2.1) reduces to the following.
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Algorithm 2.2. For initial points xg, y9, 29 € K, compute the

sequences {x,}, {¥,}, and {z,} by the iterative process

Xn+l = (1 —Op )xn + anQK[yn - pT(yn )]’
Yn = (1 -Bn )xn + BnQK [zn - TT(Zn )]’ Vn 2 0, (2.2)
Zn = (1 ~Tn )xn + YnQK[xn - GT(xn )]’

where Qg is the sunny nonexpansive retraction and {a,}, {B,}, and
{v,} are sequences in [0, 1].

am It B, =1,y, =1, then the Algorithm (2.1) reduces to the
following.

Algorithm 2.3. For initial points xg, yg, 29 € K, compute the

sequences {x,}, {¥,}, and {z,} by the iterative process

Xn+l = (1 —Op )xn + oLnQK[‘yn - pTl(yn’ Xn )]’
v, = Qrlz, — 7T9(z,, ¥n)l, Vvn 2 0, (2.3)
Rp = QK[xn - GTS(xn’ Zn )]’

where @k 1is the sunny nonexpansive retraction and {a, } is sequence in
[0, 1].

3. Main Results

We first give the following definitions.

Definition 3.1. A two-variable mapping 7 : K x K — X 1is said to

be (n, &) relaxed cocoercive, if there exist constants 1, & > 0 such that for

all x, y e K,
(T(x, u) - T(y, v), I(x - y)) = —n|T(x, u) - T(y, v)|>

+gx-yf?, Vu,vek.

Definition 3.2. A mapping 7 : K x K — X is said to be p- Lipschitz
continuous in the first variable, if there exist constant p > 0 such that

forall x, y € K,
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IT(x, w) - T(y, v)| < p|x-y|, Vu,vekK.
In order to prove our results, we need the following lemma:

Lemma 3.1 [6]. Let {a,}, {b,}, and {c,} be three nonnegative real

sequences satisfying the following conditions:

ape1 <(1-1y,)a, +b, +c,, VYn>ng,

o0
where ny is some nonnegative integer, i, €(0,1) with » i, =,
n=1

b, =0(,), and Y ¢, < ». Then a, — 0(n — ©).

n=1

Based on Algorithm 2.1, now, we study the approximation solvability
of the SNVI problem (1.1). We have the following main result.

Theorem 3.1. Let X be a uniformly convex, 2-uniformly smooth
Banach space, and K be a nonempty closed and convex subset of X, let

T.: KxK > X be (n;,¢&;)relaxed cocoercive and ;- Lipschitz
continuous mappings in the first variable for all i =1, 2, 3. Suppose that
(x*, ", 2") e K x K x K is a solution to the SNVI problem (1.1) and that
{x,}, {y,}, and {z, } are the sequences generated by Algorithm (2.1). If
{a, }, B}, and {y,} are sequences in [0, 1] satisfying the following

condition:

(C1) B, »1andy, - 1(n > x);

(C2) Y 0, =
n=0

_ 2 _ 2 _ 2
(€3) 0 <p<L 2“;“1,0<T<§2 2n§uz,0<0<§3 zngus
kuy k73 k~u3

’

where k is the 2-uniformly smoothness constant of X.
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Then, the sequences {x, }, {7, }, and {z,,} converge stronglyto x*, y*,

and z", respectively.

Proof. Since (x*, y*, 2*) is a solution to the SNVI problem (1.1), it
follow that

x" = Quly" - pTi(y", )], p > O,
y* = QK[Z* - TT2(2*9 y*)]’ T>0,
2" = Qglx" - oTy(x", 2")], o > 0.
Hence from Algorithm (2.1), we have that
1 - |
= (1 = ot Jxn + @, @plyn = PTL (s %)= (1= 0 2™ — 0, @i [y* —pTy(y", 27|
= (1 — Uy )"xn - x*" + O(n”yn - y* - p[Tl(yn’ xn)_ Tl(y*’ x’ )]” (3-1)

Since Ty is (mn;, &; )-relaxed cocoercive and ;- Lipschitz continuous in

the first variable, by Lemma 1.1, we have
lyn = 5" = PlTL(3ns %) = T (5", )]
< yn = 517 = 20T (3s %) = T (3%, %), (3 = 5°))
+ 2k2p2"T1(yn’ Xn ) - Tl(y*’ X* )"2
%12 * )12 *12
<on = 3°1° = 20(—= Ml Ty (3ns %) = T (7, &) + Eallyn — 7 7)
+ 2k%0%uE ]y, - [
< (1+2pmud - 2p8; + 26270y, - "% (3.2)

Substituting (3.2) into (3.1) and simplifying the resultant result, we
obtain

[0 — x| < (1= ay,)|x, — x| + 01y, — 57, (3.3)
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where 0; = (1 + 2pmu? — 208, + 2k%p2u2)z < 1 (by the condition (C3)).
Next, we consider
lyn = 57|
= (1 =B )xn + Bn@rlzn — TTo(2ns yu)] = (1= Bp )y = Bu@ulz" — 7Ta(2%, ¥")]|
<@ =Bo)lxn = ¥+ Ballzn = 2" = 1[To(20, 30 ) = Ta(2", y7)]|- (3.4)
Similarly, we can show that

"'Zn - 2* - T[TZ(Zn’ yn)_ T2(2*’ y* )]" < e2"2n - Z*”’ (3-5)

where 0y = (1 + 2mngud — 27&y + 2k%r2u2)2 <1 (by the condition (C3)).
It follows from (3.4) and (3.5) that

lyn = 571 < = Bp)lxn = ¥7[| + BnOallzn —27]- (3.6)
Now, we make an estimation for ||z, — z*|, it follows from (2.1) that
lzn - 27|
= (0= v 0y + ¥ @rlxn — 0T3(xn, 2,)]= (1= 15 )" = v @plx” - oT3(x7, 27)]|
< (= 1)t — 2"+ allon — %" — 0Ty, 2]~ T, N )
Similarly, we can show that
[x, —x* = o[T3(xy, 2, ) — T5(x", 2")]| < 03, — x|, (3.8)
where 05 = (1 + 2omgu? — 20&5 + 2k262u2)2 < 1 (by the condition (C3)).
Substituting (3.8) into (3.7) and simplifying, we have
lzn = 2" < (0= v)lon = 27 + 705 ]2, — =7

< (U=yp)ln ="+ @ =vp)lle™ = 27 + vallen - 27|
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= |x, — x|+ (1 —v,)|x" =27 (3.9
Substituting (3.9) into (3.6) and simplifying, we obtain
yn = 9" < = Ba)ln = 3"+ BBl — ™[ + BrO2(1 = v, )|x™ — 27|
< (L=Bp)lxn =27+ (=B )x" =57
+ Ballx, — "+ (1= vp)a” = 27|
=l =51+ @ =Bl = "+ (=)l -
< ="+ 11 =Bp) + (1= v,)IM, (3.10)
where M = max {|x* - 5", =" - 2"[|}.
Finally, it follows from (3.3) and (3.10) that
benen =27 < (= op on = 7] + 0Oyl — a7 + 0,0, M[(1 = B ) + (1= 7, )]
= (1= (1= 0y Jouy ) = %7 + 0O MI(1 = B ) + (1= v )] (3:3)
We take a, = [ty = x|, &y = (1= 01 Jotn, by = 0,0 (1 = B ) + (L= 1,)]
and ¢, =0, in Lemma 3.1, by conditions (C1) and (C2), we know that

Z Ap =0,b, =0(r,), and Z ¢, = 0. Therefore, all condition in Lemma
n=1

n=1

3.1 are satisfied, and so ||x, —x*| = 0(n — ), ie., x, = x"(n > »).

Moreover, it follows from (3.9) and (3.10) that z, — 2%, y, - y"
(n — o). This completes the proof.

Remark 3.1. Theorem 3.1 extends the main results in Chang et al.
[5], Verma [18], and He [10] from Hilbert spaces to Banach spaces.

From Theorem 3.1, we obtain the following results immediately.

Theorem 3.2. Let X be a uniformly convex, 2-uniformly smooth
Banach space, and K be a nonempty closed and convex subset of X, let
T :K — X be univariate (n, &) relaxed cocoercive and p- Lipschitz
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continuous mapping. Suppose that (x*, y",z")e KxKxK form a
solution set for the SNVI problem (1.2) and that {x, },{y,}, and {z, } are
the sequences generated by Algorithm (2.2). If {a, },{B,}, and {y,} are

sequences in [0, 1] satisfying the following condition:

(C) B, »>1land y, »>1(n > o)
€2) Y a, ==
n=0

2
(C3) 0<p,T,0%< %, where k is the 2-uniformly smoothness
kou
constant of X.
Then, the sequences {x,},{v, }, and {z, } converge strongly to x*, y",
and z", respectively.

Remark 3.2. Theorem 3.2 extends the main results of Verma [18]
from Hilbert spaces to Banach spaces.

Theorem 3.3. Let X be a uniformly convex, 2-uniformly smooth
Banach space, and K be a nonempty closed and convex subset of X, let
T.: KxK > X be (n;,¢&;)relaxed cocoercive and ;- Lipschitz

continuous mappings in the first variable for all i =1, 2, 3. Suppose that
(x*, ", 2") e Kx K x K form a solution set for the SNVI problem (1.1)
and that {x,}, {y,}, and {z,} are the sequences generated by Algorithm
(2.3). If {a,,} is sequence in [0, 1] satisfying the following condition:

(C1) Zan - w;
n=0

9 9 9
(CZ)O<p<al Znéu1,0<T<§2 2n§uz’0<c<§3 anu?)
k7uy k7n3 k=u3

>

where k is the 2-uniformly smoothness constant of X.
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Then, the sequences {x,},{v, }, and {z, } converge strongly to x*, y",

and z", respectively.
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