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Abstract

This paper deals with the existence of solution for boundary value problem of

fractional differential equation with p-Laplacian operator

{D&(%(D&u(t») T (e, ult) = o, 0<t<1,
w0) = u(l) = ue) = 0, DY, ult)],_q = O,

where 0 <y<1,2<a<3, D&_ is the standard Riemann-Liouville derivative,

and f:[0,1]xR > R is given function, ¢,(s)= |s|p72s, p>1(¢p Yl = g

1,1

+ — = 1. We obtain the existence of solution by means of Schauder fixed-point

theorem and an example is given to illustrate the effectiveness of our work.
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1. Introduction

Fractional differential equations have been found to be effective to
describe many phenomena in various fields of science and engineering.
Indeed, we can find numerous applications in viscoelasticity,
electrochemistry, control, porous media, electromagnetic and so on (see,
for example, [4-8]). Recently, there are a large number of papers dealing
with the boundary value problems of nonlinear fractional differential
equations; see [1-3, 9] and the references therein. However, not much has
been done for boundary value problems of fractional differential

equations with p-Laplacian operator [10, 11]. In many literatures, the
order of the differential operator D, is 0 < a < 2, if a > 2, the Green’s

function for boundary value problem of fractional differential equation is
more complex and the properties of the Green’s function are relatively
weak. The discusses of the existence for the solution is more difficult and
complicated. The aim of this paper is to discuss the existence of solution
of the following boundary value problem of fractional differential

equation with p-Laplacian operator

{Dg+(¢p(ng+u(t))) + (¢, ut)) = 0, 0<t<1, W

u(0) = u(1) = u(g) = 0, D,u(®)],_y = O,

where 0<y<1,2<a<3, D, is the standard Riemann-Liouville

derivative, and f : [0, 1]x R — R is given function, ¢,(s)= |s|P%s, p > 1,

-1 1 1
=0¢,, —+—=1.
(0p) =g e
The organization of this paper is as follows: In Section 2, we introduce
some lemmas and definitions, which will be used later. In Section 3,
existence of solution to the boundary value problem (1.1) will be

discussed.
2. Basic Definitions and Preliminaries

In this section, we give some basic definitions and lemmas, which are

used further in the paper.
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Definition 2.1 [8]. The fractional integral of order o > 0 of a

function y : (0, ) — R is given by

130) = 15 | Ot(t ~ 6% y(s)ds,

provided that the integral exists.

Definition 2.2 [8]. The standard Riemann-Liouville fractional

derivative of order a > 0 of a continuous function y: (0, ©) > R is

given by

d

D50 = iy ' [ (e o7 s,

n-—o)

where n =[a]+1 and [a] denotes the integral part of number a,

provided that the right converges.

Lemma 2.1 [1]. Assume that u € C(0,1)( L(0, 1) with a fractional

derivative of order o > 0 that belongs to C(0, 1)\ L(0, 1). Then
I8, DS ult) = u(t) + et + egt® 2 + oo 4 oyt

where ¢;(i =1, 2, -+, N) are real numbers and N is the smallest integer

greater than or equal to o.

Lemma 2.2. Let y € C[0, 1] and 2 < o < 3. Then ul(t) is a solution of

the following equations:
D§,ut)+yt)=0, 0<t<l, 2.1)
u(0) = 0, u(l) = u(&) = 0, (2.2)

if and only if u(t) satisfies the integral equation

1
ul(t) = j G(t, s)y(s)ds, 2.3)
0

where
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[aa—Zta—l _ éa—ltm—Z ](1 _ S)a—l _ [E)a—Z _ éa—l ](t _ s)(x—l + [ta—2 _pe 1 ](é _ s)(x 1
CHESE
0<s<t<], s<§
[aa—Qta—l _ aa—lta—Q ](1 _ S):fl 4 [t;x—Z _ta—l ](};_ s)a—l ’ 0< t<s<&<1
G(t,s)= , F2(tx)(é°" —1&“’ ) , X
a-2,0-1 a-l,0— o— o— a-1 o—
[a t _E.: l ](1_3)2 _[EJI _E.: ](t—S) , OS&SSStSL
. X 1"2(&)(&“‘ Ié“‘ )
[ 7th a]qus) 0<t<s<l, &<s.
T(o) (%77 -£%7)

Proof. Suppose that u(¢) is a solution of BVP (2.1) ~ (2.2), by Lemma

2.1, we have

u(t) = —I$ () + eyt ™t + gt ® 2

-1

(t )a o-1 o—-2
J. o) y(s)ds + ct* ™ + cot?" + cg

By (2.2), there are

+ Cgta_s,

ta_3, C1, C9, C3 € R.

2 e g (BT
j T ey jr Sy 1)
€
- (é_s)a_l s)ds
!r(@(a‘”—aa-l)y() |
U N
Cy = - s)ds s)ds,
S Ty -!r(a)(g“‘Q o)V
Cy = 0.

Therefore, we have

B et < )
“ l Mgty Y
[éa 2 oa-1 _ a 1 a—Z](l _S)ot—l

J

F(oc)(a“ 2 -

o) y(s)ds
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g
[ta—2 _ ta—l ](a _ S)ot—l
' ! M@ - "0

1
= J.G(t, s)y(s)ds. (2.4)
0

Conversely, if u(t) is a solution of integral equation (2.3), from (2.4)

and Remark 2.1 in [1] (D*t*™ =0, m =1, 2, ---, N, where N is the

smallest integer greater than or equal to o), we obtain

y(s)ds]

L _(g0—-2 _go-1 -3 o-1
Dg u(t) = D&—[I (al—‘((x)(§§2 —)(éal))
0

1
§a72(1_3)a_1 s)ds1D% t(x—l
+[-([r(a)(é;“‘2—é;°“1)y() D,

1 a-1 a-1
[ (asiog, e
lr(a)(a 2_ge ) ’

D(a)(5* 2 -g*)

—[i e swasIDg e,
ACICE )

& a-1
+[f E-3) ¥(s)dsIDg. 1%~
0

= =Dg.I%y(t) = = »().

That is, D§, u(t)+ y(¢) = 0. A simple computation shows u(0) = u(1) =
u(&) = 0. The proof is completed.

3. Main Result

In this section, we shall argument the existence of solution of
boundary value problem (1.1).
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Let E = C[0, 1] be endowed with the norm |« ||; = max |u(t)|, then
0<t<1
(E, | u|g) is a Banach space.

Lemma 3.1. Suppose that f : [0,1]x R - R is continuous, then BVP

(1.1) is equivalent to the following integral equation:
1 s
u(t) = JG(t, $)0q % j (s = 1) L f(r, ulr))dr |ds. (3.1)
0 ! 0
Proof. Using Lemma 2.1 and note that Dg,u(t),_, = 0, we obtain
dp(D§ult)) = I3, f(t, ul(t) + Cot"™"
t
-~y [ €= 7w,
r(y)
0
Then,
) t
D.u(t) = —bg| 1 [ € =77 £, u(r)ar |,
rend
therefore, BVP (1.1) is equivalent to the following problem:
t
D8 ) + bg| 15 [ €= 7 fx, u(mar | = o,
i)

O<t<lL 2<ac<3,

u(0) = u(1) = u() = 0.

By Lemma 2.2, BVP (1.1) is equivalent to the integral equation (3.1).

Let T : E — E be the operator defined as

1 s
Tult) = [ Gl 5)4, ﬁ [ =07 fr, uryar fas. (3.2)
0 0
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Then by Lemma 3.1, the fixed point of operator 7' coincides with the

solution of boundary value problem (1.1).

Theorem 3.1. Let f :[0,1]x R —» R is continuous and there exist

two non-negative constants C > 0, B = 1 such that

(2, w)| <6, (Clu)®).

Then problem (1.1) has at least one solution.

2
Proof. Let A= . ,P={uluecE,|u|<r tel0,1]}.
[+ DI (e +1)

Clearly, P is the ball in the Banach space E.

Firstly, we prove that T(P) < P. For convenience, the proof is

divided into two cases:

1

Case 1. If B < 1, choose > A'®. For any u(t) € P, we obtain

|6g ﬁ _([ (s =)' f(r, U(T))dT}l

< 4y %_([(s - T)Y‘ltbp(clu(t)IB)dTJ

N

s % ! (s =) Yo, (CrP )dTJ

B s? < crP
¢ %[m + 1>J Sy +ppt

By (2.4) and (3.2), we have

1 S
| Tu(t)| = | j G(t, 5)d, [ﬁ J' (s - 7Y £, u(T))dTst|
0 0
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4 a-2 a-1 a-1 s
| %[rzy) [6-o1e u(T))dTqu
0 0

M(o)(E*72 - g*1)

Lra-2,0-1 _ga-l,0-2 g a-1 g B
+ |J [& t a t ](1 ) (I)q[l—%y) '([(S _ T)Y 1f(T, u(T))dT]dsl

. M(a)(&*% —&*™)

D(a)(E*2 —g*)
< (t )a—l . L toc—l(l _ S)a—l s
[F(y + 1) {J I(a) ¢ l (o) ¢

J‘(t A ()
o) (g*? - g*)

CrB { 1 o1 (ta72 _ ol )éa }
a 1)

Sro+f T@+ D) o) ' rg 1) 2 - e

5 a-2 a-1 o—1 s
| et i Ul %[ra) [6-mre u(T))dTqu
0 0

2
Cr(2+ ¢ )

<r.

[F(Y + D (o + 1)

Therefore, | Tu|<r.

1
Case 2. If B > 1, choose 0 < rs(% )6-1. For any u(t) € P, repeating

arguments similar to the above, we also obtain | Tu |<r. Consequently,

we have T(P) c P.

Now, we prove that T is completely continuous. In view of the
continuity of functions f(¢, u) and G(t, s), it is easy to see that the

operator T is continuous.

Set L = max | f(t, u)|. Forany u(t) e P and let ty, t; € [0, 1] be
tel0,1],ueP

such that ¢y < ¢;, then we have
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|Tu(ty) — Tult, )|

1 s
<[ 162, )= Gy, 9o | g5 [ (6 =7 1wt s
0 0

1
L )qilj. |G(t2, S)_ G(t17 S)lds
0

<(rp 51

t t
L g Pl -8t = (g —9)* 1], 1t —s)*
<(F(y+1))q1 1 F(a)2 ds+tJ.1FTds

0

L o-2/,0-1 ,o-1 a-1 L a-1/,0-2 ,a-2 a-1
+J'<§ (' -t )1 -5 ds+J~§ = -tS*)1 - 9) ds

SEOICET SR
i (572 - %) -9 de (-5 -9,
OIS EE S )
L - 1
<(rqop) 1 (o +1)

I (At 0 1 it B T (S A 1 té“)}
x<(t —¢ .
{( I ey

Clearly, using the fact that the functions t%, t*', and t* 2 are
uniformly continuous on the interval [0, 1], we conclude that T(P) is an
equicontinuous set. Obviously, it is uniformly bounded since T(P) c P.
Thus, T is completely continuous. The Schauder fixed-point theorem
implies the existence of solution in P for boundary value problem (1.1).
We complete the proof.

Remark 3.1. If B =1 in Theorem 3.1, then boundary value problem
(1.1) has a solution, if and only if A <1.
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Corollary 3.1. Suppose that f(t, u) is bounded and continuous on

[0, 1] x R, then there exists a solution for problem (1.1).

Example. Consider the boundary value problem of nonlinear

fractional differential equation with p-Laplacian operator

1 5
D¢, (0, (DE,ult))) + %|u(t)|ﬁ -0, 0<t<1, .

w(0) = u(l) = u(% ) = 0, D&.u(0) = 0.

Let p=q=2 we have [f(t, u)|<¢2(%|u(t)|ﬁ)=%|u(t)|ﬁ. By simple

computation, we obtain that A = Si By Theorem 3.1, the existence of
T

solution is obvious for B > 1 or B <1. If B =1, Remark 3.1 implies that

system (3.3) has a solution.
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