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Abstract

In this paper, we define the set of all compactly generated extensions in the
category of locally compact Abelian groups and prove that under the Baire sum, it
forms an Abelian group. Also, we show that if G has only one open compact
subgroup, say H, then the group of all compactly generated extensions of locally
compact groups imbeds in the group of all continuous homomorphisms of G into

H.
1. Introduction

Let £ be the category of all locally compact Abelian groups with

continuous homomorphisms as morphisms. An extension of G by A is a

short exact sequence 0 —» A i E * 3G — 0, whereiis a
homeomorphism of A onto a closed subgroup of E and n is open. The set

of equivalence classes of extensions of A by G is denoted by Ext(G, A). A

continuous section of an extension 0 —> A i E T G > 0ofA

by G is a continuous map s such that s : G - E and ns(x) = x for each
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x € G. For example, if G is a connected locally compact group, then any
extension of G by a connected simply connected Lie group has a

continuous section [6].

It is known that [4], the class Ext(G, A) of all congruence classes of

extensions of A by G in £ is an Abelian group with respect to the

operation defined by
[E1]+[E2] = [VaA(EL @ E3)Ag],

where E; and E, are extensions of A by G and Ag and V4 are the

diagonal and codiagonal morphisms, respectively, that is,
VA:A®A 5 A, Vala, ay)=aq +ay;
Ag:G>G®G,  Aglg) = (s, 9)

A homomorphism is called proper, if it is open onto its image. If A and

G are in £, then an extensions of A by G is a proper short exact sequence

E:0>A—t 5Q " 5G 0, where i and ¢ are morphisms in

L. We will denote it by (E, =).

In [5], we introduced the compactly generated short exact sequences
in £. Let C be the category of all groups in £ that are compactly

generated. The extension (E, n) in £, is called compactly generated, if

there exists an extension

0 A L L u: H 0,
where L, H in C, and there is a continuous homomorphism ¢ : @ —» L

making the following diagram commutative:

-1 ’

0 A LN L H >0
It
0 A L Q : G 0.
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For example, if G is locally compact, - compact and A is a compact closed

subgroup of G, then the short exact sequence 0 — A Q

G — 0 in £ is a compactly generated sequence [5].

Two compactly generated extensions, 0 - A it Q wl

G->0and 0 >A—2 Q™ G 0 are equivalent in L, if
and only if there exists a continuous homomorphism y : @ —» @ making

the following diagram commutes:

0 A—1 Q™ LG 0
[ Ly I
0 A—2 @ @G 0,

where by [2, Corollary 2.2], v is an isomorphism in L.

The set of all congruence classes of compactly generated extensions of
Aby G is denoted by Ext.(G, A).

In this paper, we will prove that Ext.(G, A) is an Abelian subgroup
of Ext(G, A) with respect to the Baire sum. Furthermore, let G be in £

and A be a compactly generated G-module. We show that if G has only
one open compact subgroup, say H, then Euxt.(G, A) imbeds in

Hom(G, H), where the Hom(G, H) is an Abelian topological group with
respect to the compact-open topology under point-wise addition [4].
We recall that an Abelian group G is divisible, if G = mG for every

integers m. An Abelian group G is reduced, if the only divisible subgroup

of GG 1s the trivial one.

2. Some Results on Ext.(G, A)

In this section, we show that Ext.(G, A) is an Abelian subgroup of
Ext(G, A). Also, we prove that Ext.(G, A) can be embedded in
Hom(G, H).
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Lemma 2.1. Let G be in L and A be a compactly generated

G-module. Then, the extension 0 — A L Q L G—>0in L is

a compactly generated extension.

Proof. Since G is a locally compact group, it is of the form R”" x K,

where K contains an open compact subgroup, say H [3]. Also A x H 1is

compactly generated. Then, we have the following commutative diagram:

-1

0 A - AxH P H 0
" ‘ Td) TTEl
0 A L Q " G 0,

where p: AxH — H is the projection and n; : R" x H » H with
ni(x, h) = x, forall x e R", h € H, and i’ is injection.

Let g: H > AxH with g(h)=(e, h) for all he H and e is

identity element in A, then we define continuous homomorphism ¢ =
g(my (m)).

We recall that for any two continuous homomorphisms ¢; : 4; —> B;

and ¢9 : Ay — By, there is a continuous homomorphism
(I)1®¢2 : A1®A2 —)Bl®Bg,

with the usual properties (¢; @ ¢3)(¢] @ d5) = ¢101 © dg¢5 and 14 @

1 =14¢pB- So, this homomorphism may be defined by

(01 @ ¢2) (a1, ag) = (d101, hgaz).

Given two compactly generated extensions:

E,:0>A4 —1 5@ —™ G >0 and Ey:0—> Ay —2

Q, —2 Gy —» 0, we show that their direct sum is a compactly

generated extension. We have two commutative diagrams:
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-y '

0 A—4 51— S H, 0
I e o,
0 AA—1 50— G 0,
and
0 Ay —% 51, ™ LH, 0
I _ Tog Tvy
0 Ay —2— @, —2—Gy 0,

where H; and H, are open compact subgroups of G; and G,

respectively. Then, we have the following diagram:

00— A ®A4)— B L ®L,— ™ SH @Hy— 0
I T 65 T vg

0 A @4 — B8 Q0@ — G, ®Gy——0,

where ¢3 = ¢; @ ¢g, ¥3 =¥ O Vg, i3 =1 Dig, 3 =1 D7y, 13 =11 D iy,

and ny = 1] @ 5. The above diagram is commutative, because
vamg = (v, ®v2)(m @ my)

=y © Ygng = Moy © nodg

(m @ 75) (61 @ ¢2)

T303.

Also, H; ® Hy and L; ® Ly are compactly generated, then E; + Eg

1s a compactly generated extension.

The class of the split extension in C is the zero element of this group,
while the inverse of any compactly generated extension E is the extension
(-14 )E, where (-14 )E is obtained from E just by changing the sign of
the map i : A — @ and hence by changing the signs of the factor system
f,g:GxG — A
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In fact, we have proved the following:

Theorem 2.2. Let G be in L and A be a G-module. The set
Ext.(G, A) of all congruence classes of compactly generated extensions of
A by G is an Abelian group under the congruence classes of extensions E;

and E, the congruence class of the extension
Ey + Ey = [V4(E; @ Ex)Ag]

The class of the split extension 0 > A > A®@G > G > 0 in C is the

zero element of this group, while the inverse of any E is the extension
(-14)E.

Now, we can characterize the compactly generated extension groups.
Let G be in £ and A be a compactly generated G-module. Then G

contains an open compact subgroup, say H [3].

Theorem 2.3. Let G be in L and A be a compactly generated G-

module. If G has only one non trivial open compact subgroup, say H, then
Ext.(G, A) imbeds in Hom(G, H).

Proof. G contains an open compact subgroup, say H [3]. Let (E, n) be

in Ext.(G, A), by definition, we have the following commutative

diagram:
0 AV s Qg 0
e
0 A L Q L G 0,

consequently, for any element (E, n) in Ext.(G, A), there is an element

of Hom(G, H), say j, then we have
¢ : Ext.(G, A) -> Hom(G, H)
C(E’ TC) = ]

Corollary 2.4. Let G be in L, A be a compactly generated G-module,

and G has only one open compact subgroup, say H. If G is divisible and H
is reduced, then Ext.(G, A) = 0.
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Proof. By [1], Hom(G, H) vanishes. So by Theorem 2.3,
Ext.(G, A) = 0.
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