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Abstract

Joint inversion of the electric and vertical magnetic field responses due to a
vertical magnetic dipole is performed by using the linearized theory of Backus
and Gilbert in order to estimate the conductivity profile of saline soil, which is
assumed to be a function of depth only. An initial apparent conductivity profile
can be obtained to start the iteration off. The iterative procedure is found to be
robust with respect to starting models. Within the confines of the linearity
assumption, broad convergence criteria are adopted to give an optimal solution,
which is necessarily non-unique. This optimal solution is perturbed so that the
solution obtained is just acceptable under the criteria used. The perturbed
solutions are used to obtain bounds within which the true solution may be
expected to lie.

1. Introduction

The frequency sounding controlled-source electromagnetic method

(CSEM) is a useful tool for exploring the subsurface of the earth. The
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electric and magnetic field responses obtained from a primary vertical
magnetic dipole (VMD) constitute a data set, which can be inverted to
provide some knowledge of the earth. Backus and Gilbert [1], [2]
presented a linearized theory for solving geophysical inverse problems.
The linearized theory of Backus and Gilbert has been used by Oldenburg
[9] to generate continuous resistivity profiles by inverting potential
differences measured from direct current resistivity sounding. Fullagar
and Oldenburg [5] performed automatic inversion of horizontal loop
electromagnetic (HLEM) frequency sounding measurements over a

layered earth.

The objective of this paper is to present a technique whereby the
electromagnetic observations obtained from a vertical magnetic dipole
above the ground surface can be inverted to determine the conductivity
model, which is a continuous function of depth. The linearized inverse
theory of Backus and Gilbert [1], [2] is used to develop an iterative
method for constructing the conductivity model, whose calculated
responses are close to the observed values. A conductivity profile
satisfying the data is constructed iteratively via successive perturbation
of a starting model. Joint inversion of the electric and vertical magnetic
field responses is used to estimate the conductivity profile. This resulting
model is necessarily non-unique, and the edgehog method due to Jackson
[6] is used to construct a band within which acceptable solutions may be

found. Detail results from a theoretical example is presented.

2. Derivation of Electromagnetic Field

In this paper, we consider the reflection of radiation from a vertical

t

magnetic dipole source of strength me'® at height A above the ground

surface. Cylindrical polar coordinates (r, 0, z) will be used with origin at
the source point and z is taken to be positive downwards. The
conductivity distribution below the ground is assumed to be continuous

and depends only on depth. The electric field E(r, z, ®) is then purely

azimuthal and depends on depth and horizontal distance from the dipole
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source, and ® is the angular frequency. The magnetic field radiate in the

radial and vertical directions, and are denoted by H, and H,,

respectively. The governing equations are [14]

. oE
iopgH, = = (2.1)
. 1 o(rE
iopoH, = -~ (gr ), (2.2)
oH, oH, .
el (ingg + 0)E + J 4. (2.3)

Here o 1is the conductivity, py, and g, are the permeability and
permittivity of free space, respectively, Jq is the source current density
given by I(w)ad(r — a)3(z)/r, and I(w) is the current in a coil of small

radius a. Eliminating H, and H, from the above equations, we obtain

*E 0*E 10E E . . .
2 + 3 +?E—r—2— iopg(iogg + 6)E = iopgdgg- (2.4)

Equation (2.4) may be simplified by introducing the Hankel transform of
the electric field E(), z, o) as

~

EQ(, z, 0) = J:E(r, z, o)rdy(Ar)dr. (2.5)

The transformed field E(%, z, o) satisfies the differential equation

o°E 9 ~ .
oz (v" + B)E = iopgal(w)J;(ra)d(2), (2.6)

where y2 = 2% — 0?ppgg, and B = ioppo(z). On neglecting displacement

currents, we may replace y by A.

In air, the electric field, Eair’ is composed of a primary and

secondary component, E” and E®, respectively, where
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B - BP+ B0

air
The primary electric field can be solved by using Equation (2.6) for ¢ = 0,
which gives [14]

_iopgal(e) J; (ha)e™??

P _
EP(), z, 0) = o , O0<z<h. 2.7
Solving for the secondary electric field, the differential equation (2.6)
becomes
218 -
0 E; —32E% = 0. (2.8)
oz

The solution to Equation (2.8) is
E5(\, z, ©) = Cre™® + Cge ™%, (2.9

where C; and Cy are arbitrary constants. The condition for E5(), z, o)

to be bounded, leads to Cy = 0 and the electric field is given by

E*(A, 2z, ®) = Cre’?. (2.10)

In the ground, Equation (2.6) becomes
25 ~
TE _2ipE-0 z>h 2.11)
0z
The integral solution to E’(k, z, ®) can be determined by using the

method of variation of parameters, which gives

B, 2, 0) = Be* - 1 I “BEEM, & o)K(z, £)dE, (2.12)
20 J g

where K(z, &) = e_)“&_z‘, and B is an arbitrary constant, which can be

~

determined from the continuity of E and % at the air-ground interface.

For a dipole, it can be shown that B = —(iopgm)/(4n), where

m = na’I(w) is the dipole moment.
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The vertical magnetic field can be computed by applying Faraday’s
law to give

H(r, 2, 0) = COLHO j ) 32050 E(, 2, ©)dh. (2.13)

3. Fréchet Kernel Formulation

Following Backus and Gilbert [1], our procedure constructs a model
iteratively by linearized improvement of a starting model. Fundamental

to our construction scheme are the Fréchet kernels F,(r, z, ®) and
F,,.(r, z, ®), which relate changes in responses to a small change 8c in

the conductivity according to

S = ije(r, 2, ©)80(2)dz + 0| 56 |, (3.1)
0

5H - | " F,.(r, 2, ©)30(z)dz + 0] 3o |- (3.2)
0

Following the method of Fullagar and Oldenburg [5], the Fréchet kernels
for the tangential electric field and the vertical magnetic field are given,
respectively, by

F,(r, z, ®) = 22 ‘[ E2(n, z, o) eMdJ (Lr)da, (3.3
a“I(w)J0
F,.(r, 2 o) = (DLO I L Feln 2, P 2Jo(Ar)d. (3.4)

4. Apparent Conductivity Transformation

Since the tangential electric field, the vertical magnetic field and the
Fréchet kernels contain the conductivity as a function of depth, we need
the initial estimate of the corresponding conductivity profile from the
measured data. Das [4] gave a scheme whereby the apparent conductivity

as a function of distance r and frequency f (in hertz), where o = 2nf, can

be obtained from the measured values of E and H,. This is given by
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[ 7, ]
Salr, f) = —5—, (4.1)
Ugr

where

N N
Fir, f):gJ‘fHZ (r, x)-3E" (r, x)dx.

312

Because the apparent conductivity derived by Das is not a function of
depth, we need to find the relation between frequency and depth. The
apparent conductivity as a function of depth will be normalized by the
conductivity at the ground surface and used for the starting iterative
model. The transformation of the apparent conductivity from a function of

r and f to a function of r and z may be done using the sensitivity equation.
Following Smith et al. [11], if E 1, 1s the Hankel transform of the response
due to a dipole source above a homogeneous earth, then the change on the

surface 3E due to a small change, 8o(z) in the conductivity, is given by

= lopg J' © =9
6E = —— M0 [T B2, 2, 0)o(z)dz. (4.2)
9EP (L, h, ®) 0

Now, the solution to Equation (2.11) for a homogeneous half-space

with constant conductivity is given by
E,(\, z, ©) = Dje"* + Dye ™,z > h,

where u12 =22 +B, and D, and D, are arbitrary constants. The

condition for E’h (A, z, ®) to be bounded, leads to D; = 0 and the electric

field is therefore given by
E, (A, z, ©) = Dye 9. (4.3)

The constant Dy can be found from the boundary conditions at the air-

ground interface as before giving

_iopgal(w)J; (Ma) e Mrinh

DZ: k+u1
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Hence, the solution for the electric field is

_iopgal(w)d; (ha)e Mriah-uz

E,(, z, ©) = T (4.4)
The sensitivity equation now reads
N 2 2 2uh-Ah o
5 = - Ko (‘”)Jlo‘“;e J e 2% 55(2) dz. (4.5)
(?\. + ul) 0

If there is a change of o(z) at z = z; only and the change is §c(z) =
g(zl )8(z — 21 ), then the corresponding change in E 5, due to this change

in ¢ may be written as

B 0)2u(2)a1(0))c]1 (xa)e2u1h—7»h—2ulzlg
(A +u )

SE(, 21, o) = , (4.6)
where d is a scale factor proportional to the depth. Replacing z; by z in
(4.6) and taking inverse Hankel transforms of (4.4) and (4.6) give

© J, (a)d; (hr)re MHiah-nz

o At dh, (4.7

E(r, z, o) = —impoal(m)j

*dJy (Xa)Jl (X?‘)ke_thrzulh—Zulz
0 O+ ug )2

SE(r, z, o) = —0)2M%GI(OJ)JJ. dr.  (4.8)

From now on, we will assume the dipole to be located on the surface of the
earth (h = 0). Normalizing 3E(r, z, ) by E(r, 0, ®), and allowing a to

tend to zero, we have

w0 2 2wz
J‘ Ji(Ar)\Ze i

0 (h+u )
© J; (Ar)2
0o M+u)

SEN(r, z, ®) = —imuog (4.9

di

The normalized sensitivity is plotted against depth (Figure 4.1) for a scale
factor proportional to the depth given by d = bz, where b 1s a constant

(Smith et al. [11]). In this case, 8 normalized curves from 8 frequencies
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will be used to find the relation between frequency and depth at the
maximum sensitivity. On each curve, there is a distinct peak at the
depth, where a perturbation in conductivity will have a significant
influence on the field response. This is the depth we choose to associate
with the apparent conductivity. For f less than about 106, the depth of
this peak decreases with increasing frequency. In Figure 4.2, the depth is
scaled by f_(l/ 2), Here, we see that the scaled depth of maximum
sensitivity increases as we increase the frequency and approaches a fixed
value for f greater than about 108, The scaled depth for maximum
sensitivity is plotted as a function of the frequency in Figure 4.3, which
can be used for determining the depth corresponding to a particular

frequency.

FOBE 8 & K 0 i M W i D
T

Figure 4.1. Curve of normalized sensitivity against depth.
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Nomalized senativity

¥ 10"

Figure 4.2. Curve of normalized sensitivity against zf (1/2)

8

10 0w’ w* "0 ' 10' '
Fraquercy

Figure 4.3. Curve of scaled depth of maximum sensitivity against

frequency.

5. Non-Dimensional Variables and
Iteration Process

The tangential electric field, the vertical magnetic field, the Fréchet
kernels, and the apparent conductivity will be scaled and non-
dimensionalized to avoid errors caused by the computation of small

values. Introducing ﬁ(x, z,0) = E(k, z, ®)/ B, Equation (2.12) can be

rewritten as
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T, 2 0) = 7~ :ﬁ@)ﬁ(x, &, 0)K (2, £)dE (5.1)

Using L as the length scale, Q as a reference angular frequency and

scaling E(r, z, ®) and H,(r, z, ®) by their corresponding free space

values, namely, E® = —iopgm /4nr? and H? = —m [ 4nr3, respectively,

the non-dimensional electric and vertical magnetic fields are given by

E*(r", 25, o) = (r*)2I WIS UGS, 2, o )i, (5.2)
0

© 2
H:(r", 2" o) =-(r" )SI AW U, 2%, o )d), (5.3)
0

where an asterisk denotes a non-dimensional quantity. The corresponding
expressions for the Fréchet kernels given by Equations (3.3) and (3.4)

become

i, 2% o) = —(o° )2j JL (U208, 2, o), (5.4)
0
Fi (", 2", o) = —iw*J W (I U0, 2%, o )di, (5.5)
0

The non-dimensional apparent conductivity oy, (z*) can be obtained by

scalling the apparent conductivity, c,(z), with the apparent conductivity

at the ground surface o,(0). 56"(z*) may be written as a linear

combination of the Fréchet kernels (see, Backus and Gilbert [1]) to give

N
Z oc?Fe*j (z%), for electric field,
56" (") = {73} (5.6)
Z alen*wj (z"), for vertical magnetic field,
i

where a; and a}q are constants determined from



MATHEMATICAL INVERSE PROBLEM OF ELECTRIC ... 267

N o0
HESY a;jo F}(2)F;, (2")de", (.7)
k=1
N 0
% _ H * * * * *
SH = ; of IO B (2 sy ()2 (5.8)

8177; and 5H ; are the differences of the non-dimensional observation and
calculation fields, and subscripts j indicate the field value at frequency
0);-. Eliminating ocj and ocfl in Equations (5.6), (5.7), and (5.8), we have,
1n matrix from,

(BsAg!)dc" = SE*, (5.9)

(BgAq )éc* = 6H*, (5.10)
where B, By, Ag, and Ay are matrices and the jk-th entry are defined
2,

by | o Foi(2)F;, (27)dz", | o Fmej ("), (2)d2", Fyy (257), and F,

(z j*), respectively. From now on, matrices and vectors are denoted by

bold letters, while their entries are referred to by the corresponding

subscripted variables. Combining (5.9) to (5.10), we get

Béc® = C, (5.11)

p_[BeAd| (. 6E*j_
ByAgh SH*

The elements of matrices B and C are complex quantities, while the

where

density profile is real. We will use the simple expedience of separating
the real and imaginary parts of B and C and replacing Equation (5.11) by

another matrix equation

Adc" =1y, (6.12)
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where all quantities are real and the number of rows of the matrix A is
twice that of B. For convenience, we will now assume A to be an mxn

matrix (m > n), and the y vector contains the real and imaginary parts
of the deviations from the observed fields. The matrix A changes with

each iteration since the entries are functions of ¢*®) and this adds to the
length of time required for the process to converge. In practice, each
observed datum is the realization of a random variable, whose real and
imaginary parts have variances, which are not necessarily equal. The
values at the surface is in fact the only observable quantities. Because of
the inherent non-uniqueness of the inverse problem, there will always be
a certain amount of misfit in the solution. This measure of misfit may be
characterized by the measure

m
2 _ Yi
Y2 (.19
1=

where siz is the corresponding variance of the observed quantity. The

linearity assumption implicit in the derivation of the Fréchet kernel

assumes that terms of order ||8c5"‘||2 are small. To ensure that this

. . . . . . . . . . . . %
linearity assumption is satisfied, we will limit the variation in 8c; to
within +7;, once the process is close to convergence. This also serves to

limit the variance on the conductivity corrections. At the (k +1)-th step,

T; may be choosen to be %c:(k) for each i. This leads to the following

measure for the smoothness of the solution (see, Jackson [6]):
s2 - Zx—i, (5.14)

where x; = 8] /T; and S?% is normally taken to be small. Using the
standardized variables x;,i=1,2,..., n and Y; =y /sj, j=12, ...,

m, Equation (5.12) is replaced by

Ax = Y, (5.15)
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where the ij-th entry of the matrix A is obtained by multiplying the

corresponding entry in A by T j / s;. As stated above, a new matrix A is
computed at each iteration and the algorithm used is equivalent to

(k+1)

solving iteratively for the vector x given v, Typically, the trial

solution satisfies x&*) = VS*UTY®) where A = USVT is the singular
value decomposition of A, S is the matrix containing the singular values

of A and S* is the pseudo inverse of S. U and V are, respectively, the

orthogonal matrices containing the eigenvectors of AAT and ATA
(Daniel and Nobel [3]). In the iteration process, we will adopt as the
stopping criteria of the following:

XQ <m+A2m, (5.16)

S? < 1. (5.17)

The first condition states that the converged solution should be within
one standard deviation of the mean of the random variable, while the
second is a measure of the smoothness we are prepared to accept. When
both criteria (5.16) and (5.17) are satisfied, we would have an optimal

vector x* corresponding to the final vector Y*. At the end of the k-th

iteration, the optimal values of 8] = 86"(z; ) = x;7; are used to give an

improved estimate of the conductivity profile,

G:(kﬂ) = G:(k) + 807 (5.18)

The small change 8c; can be large and of opposite sign at adjacent depth

points. To keep the oscillations under control, we smooth 8c; with a

three-point averaging filter (weights: 0.25, 0.50, 0.25) when it is greater
than 0.5. The filter is usually applied one or more times. When large

#(k+1)

perturbations of o; occurs, the new model is also smoothed by

applying the filter one or more times. This gives a new conductivity model
as defined by (5.18). Using this, new Fréchet kernels are obtained and the
whole process is repeated.
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6. Appraisal

Because of the non-uniqueness of the inverse problem, there is an
infinite number of conductivity functions close to ¢*(z), which will fit the

data. Backus and Gilbert [2] provided an excellence tool for characterizing
non-uniqueness by use of an averaging kernel A(z, z,). However, there
are some limitations on that method, for instance, it has no meaning
when the averaging function does not give a sufficiently narrow peak and
the process is computation intensive. An alternative approach was
considered by Jackson [6], in his edgehog method, where by the solution
obtained is perturbed until it barely satisfies the convergence criteria,

thus giving a band within which acceptable solutions may be found.

Returning to Equation (5.15), if the non-zero singular values of A are

His Mg, -5 Hps P S 1, the error vector is given by
c=Y - Ax" = (I-P)Y", (6.1)

where P = ululT + u2u2T +..+ upupT is an idempotent symmetric
matrix and u; is the i-th column of the matrix U. By convention, we

assume the singular values have been arranged in decreasing order of

magnitude, so that p; > py > ... > p,. The root mean square error r

satisfies

mr? T YTa-py”
vTy* yTy* YTy

The right hand side of this equation is Rayleigh’s quotient, and since

I - P is also idempotent, we have that
mr? < Y'TY*, (6.2)
Using (5.16), we now have that

1
Jom

r<l+

(6.3)
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Thus, reducing the bound for xz would reduce the root mean square

error in the solution. The bound on the residue in terms of the original
field vector y bears a very simple relation to the above. In fact, if X is the

diagonal matrix with entries [s;, s, ..., s, ], then
YY=y and AT =A.
The residue <@ for the field quantity is given by
(0) - y —ASc = Z(Y - Ax),
giving
{00 _ TyTy (6.4)

If +© denotes the root mean square error in terms of the field vectors,
then use of Rayleigh’s quotient on (6.4) now yields

70 < (m?x si)r. (6.5)

Returning to (6.1), we see that the error vector becomes zero, if P equals

the m x m identity. This is achieved when p = m = n, in which case the

optimal solution is the unique solution to the system. When p = n < m,
the column of A are independent and the optimal solution is the least

A oA V=1 A
square solution given by (ATA) ATY. For p < n, the solution is not
unique. A well known theorem (see, Daniel and Nobel [3], p. 348) states

that if | ¢ [, is minimized by %, any other vector of the form
x=x+v0, (6.6)

where v(© is an arbitrary linear combination of the last n — p columns
of V will give the same minimum. In our procedure, our optimal set of
vectors x* and Y* are obtained based on criteria (5.16) and (5.17) rather
than on the minimization of |¢|,. Since x* is spanned by the first p
columns of V, what we ended up with is a vector different from that given

by (6.6). In what follows, we will assume the final matrix A to be the
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linear map used to approximate the non-linear relation between x* and

Y". Since the orthonormal columns of U span R™, let
Y =Up* or UTY" =p" (6.7)

represent the coordinatization of Y* in the column space of U. The

optimal vector is given by

x* = VSTUTY* = VS*p*. (6.8)
If

x=Va or VIx=g (6.9)

is the coordinatization of x in the column space of V, we see from (6.8)
that

x* = Va, (6.10)

where &; =B; /p;, i <p and &; =0 for i > p. Writing B* = p + @),

where

l

B, = B:, for i < p,
0, for i > p.
We see that B(O) does not contribute to the derivation of x*. It can be

shown also that
I 15 =[] +[ss- B[,

so that B(O) does contribute to the magnitude of the residue error. We
have assumed that the data values are statistically independent, so that

in term of the standardized variables, the variance in x* is given by

m

vartaf) - 3a5)° - 33|

j=1 j=1
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where A* = VSTUT is the pseudoinverse of A and subscripts ij denote
the appropriate entry of the matrix. This variance can be large if some of

the u;’s are small, which in turn makes the uncertainty in the solution

vector large. As remarked by Wiggin [13], the characteristic values of A in
most inverse problems decrease exponentially, but there is not easy
means of deciding when p; is too small. This also means that there may

be huge uncertainties in the optimal vector x*. One solution is to limit

the variance in x; by adopting a threshold value Ly defined by

2
S0y, (6.11)
N

and treating u; as zero for j > g. This effectively changes S* and x".
To understand the significance of this, consider the solution to (5.15)
given by

x* = A'Y = A*Ax,
where A*A = VS*SVT = v;0,7 + vgve? +... + vpva, and v; is the i-th

eigenvector in V. When p = n, AA is the nxn identity and the

solution vector is well resolved. (6.8) shows that the optimal solution is
spanned by the columns of V. When p < n, then only the first p columns

of V are required to produce the solution, which is now less well resolved.
By reducing the number of columns of V used to produce x*, we are in

fact sacrificing resolution for less uncertainty in the solution vector. On
the other hand, we have

Ax* = AA'Y = USS'UTY = PY,

which is equal to Y, if p = m(= n) giving perfect fit to the data. When
p < m, the fitted data uses only the first p columns of U. Reducing the
number of columns of U, that is used to form the matrix P, will affect the
residue. Now, by construction, x; = 8o; /T; means that x; cannot vary

by more than 1 unit, so that it would be meaningless, if the variance is



274 PAGAMAS PAWONG and SUABSAGUN YOOYUANYONG

much greater than 0.1 say. This is then taken to be ¢, and g is found, so
that (6.11) is satisfied for all x;. Given that the solution is not unique, a

relevant question is whether we can vary x* without violating criteria
(5.16) and (5.17). Since x" is in the subspace spanned by the first g

columns of V, perturbing x" is equivalent to changing the linear
combination of these g columns. This is the method used by Jackson [6] to
obtain marginal models in his “edgehog method”. The difference in the

present approach is that the link between & and [3 1s maintained. Let
YUY =My <m+v2m = M, xTx* =ng <n.

Suppose x* is now perturbed by perturbing & in (6.10). Let

a = Da,
where D = diag(d;, dy, ..., dy, 1,1,...,1) is an nxn diagonal matrix,
then the perturbed solution is
x = VDa = Va.

Bi is now replaced by

B; = w0y = pd;a;, i<gq,

while B(O) remains unchanged, and Y = B+ [3(0). We consider as our

marginal model, when either

Y'Y - M, 'z <n,
hold, or

Y'Y < M, x'x=n
This means

aTsTsa < M - pOTgO,  §Tq < p, (6.12)



MATHEMATICAL INVERSE PROBLEM OF ELECTRIC ... 275

with equality holding in one case only. Both relations represent regions
inside some ellipsoid centred at the origin, and hence there are always
vectors lying on one surface and inside the other. The principal axes of
the ellipsoids are the q leading orthonormal eigenvectors in V. Following
Jackson, we will consider perturbing one component of & at a time. This
would give the maximum amount that particular component can be
perturbed, while keeping the other components fixed. The resulting
bounds on X will contain information regarding the range of x-values
that can be reliable resolved. The amount of any component of & may be

perturbed can be obtained easily. Consider the case, where d; =1 for all

Jj # k, and d,% > 1. From (6.12), we have
ur63(di -1)< M - My, and &3(df —1) < n - nyg, (6.13)

which means either

M-M M- M
—20<n—n0 or —20>n—n0, (6.14)
Hr KE
depending whether the first or the second relation in (6.13) is an equality.
If the first relation holds, then

M-M
di -1 = 2A20, (6.15)
TySeps
otherwise,
df -1="-10 (6.16)
Op

7. Example Inversion

In our example, we simulate reflection of radiation data at distance
100 meters from a vertical magnetic dipole source, which is located on the
ground surface. The conductivity distribution of saline soil below the
ground is assumed to be continuous and depends only on depth. In this

paper, the continuous conductivity model is used and given by
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o(z) = 0.02 + _900_ e_(%)z.

150+/2n

The tangential electric field and vertical magnetic field are generated by
the forward problem and, to simulate real data, the theoretical values are
perturbed by superimposing a Gaussian relative error to the three
percent level. The associated errors can be regarded as realizations of
normal random variables with zero means and variances

2

sf,1=1,2, ..., m. The apparent conductivity as a function of frequency

1s obtained using 101 different frequencies and is shown in Figure 7.1,
where a spline has been passed over the data points.The transformed
data, which give the conductivity as a function of depth is shown in
Figure 7.2, together with the true conductivity profile. We note that the
starting model shows a much shallower peak. The inversion process
described earlier is now used, and 8 iterations are required to obtain the

optimal solution.

Apparent corductivity
=] &

Figure 7.1. Curve of apparent conductivity against frequency.
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Figure 7.2. Curves of true and apparent conductivity against depth.

Figure 7.3 shows the conductivity profile obtained at the end of each
iteration. The measure of misfit, X2 and the value of S are also given in

Figure 7.3(h). Figure 7.4 shows the accepted model when only the
tangential electric field data is used. In this case, 13 iterations are
required. Similarly, Figure 7.5 shows that 11 iterations are required, if
only the vertical magnetic field data are used. These illustrate the
advantage in using joint inversion as commented by some other authors
(for example, Jupp and Vozoff [7], Vozoff and Jupp [12], Raiche et al. [10],
and Meju [8]). Figure 7.2 shows that the starting model is very different
from the true conductivity profile. If the iterative process is robust, it
should converge for a wide range of starting models. To show the
robustness of the iterative process, a constant conductivity profile,

o(z) = 0,(0) is also used as a starting model and after 8 iterations, we

again arrive at an acceptable model as shown in Figure 7.6. The
conductivity profiles are shown up to a depth of 600 meters only because
at this depth, the magnitude of the Fréchet kernel has decayed to a

very small fraction, 10_9, of their peak value. Figure 7.3(h) and Figure 7.6
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Figure 7.3. Improvement of iteration process from the model.
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show the acceptable models starting with two different conductivity
profiles and they are obtained after 8 iterations. Thus, the speed of
convergence does not depend on the starting model. Backus and Gilbert
[2] showed that there exists infinitely many conductivity structures,
which are linearly close to o(z), whose calculated responses agree with
the observations and that these models differ from each other in their
fine scale features. In our examples, we will apply the edgehog method to
assess the resolution and the uncertainty in the optimal solutions. In our
models, Equation (6.11) is used to determine the parameter g that

satisfies a threshold value of ty = 0.1

"| Chi-square=421.0621 §=.04102 iter.=13 l
B

|

Optimal model ‘

\

|

4 rue model

Figure 7.4. Curve of acceptable solution for our model using tangential

electric field.
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Figure 7.5. Curve of acceptable solution for our model using vertical

magnetic field.

=3

* Chi-square=402.7214 $=.0324 iter.~8

Optimal model

Figure 7.6. Curve of acceptable solution for our model using joint

inversion.

Table 7.1 shows the number of columns required for Var(x;) to

remain below the threshold value for each i for our model. Here, we need
g = 13. Therefore, thirteen principal axes are used for considering the

resolution and uncertainty. More axes may be used, if the limit on the

variances in x; are allowed to be greater than 0.1.
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Table 7.1. Numbers of column used (g) in matrix V and variance in x*
limited by threshold value ¢,

= 0.1 for model 1

X ;k No. of ¢ Variance X ;k No. of ¢ | Variance X l* No. of ¢ | Variance
1 30 .0199 35 23 .0862 69 18 .0309
2 27 .0070 36 19 .0965 70 37 .0503
3 26 .0047 37 17 .0405 71 36 .0787
4 27 .0123 38 15 .0472 72 34 .0801
5 45 0774 39 20 .0889 73 36 .0912
6 26 .0010 40 18 .0961 74 32 .0888
7 42 .0629 41 18 .0735 75 37 .0860
8 24 .0799 42 16 .0885 76 37 .0759
9 33 .0706 43 18 .0548 77 38 .0857
10 15 .0984 44 19 .0978 78 36 .0968
11 19 .0508 45 16 .0674 79 38 .0835
12 15 .0169 46 16 .0813 80 37 .0534
13 14 .0742 47 20 .0796 81 36 .0637
14 14 .0899 48 19 .0901 82 40 .0745
15 18 .0952 49 22 .0746 83 37 .0707
16 17 .0360 50 20 .0801 84 38 .0311
17 15 .0959 51 18 .0755 85 37 .0373
18 15 0717 52 14 .0749 86 40 .0710
19 19 .0946 53 16 .0910 87 40 .0736

20 17 .0711 54 17 .0495 88 37 .0529

21 16 .0796 55 21 .0992 89 40 .0978

22 16 .0425 56 15 .0572 90 40 .0917

23 18 .0347 57 18 .0834 91 39 .0329

24 17 .0841 58 13 .0201 92 40 .0966

25 16 .0499 59 19 .0367 93 39 .0825

26 18 .0951 60 20 .0947 94 38 .0142

27 21 .0980 61 21 .0345 95 38 .0337

28 18 .0999 62 36 .0896 96 41 .0595

29 17 .0564 63 31 .0937 97 39 .0912
30 20 .0989 64 21 .0534 98 40 .0738
31 17 .0808 65 22 .0908 99 49 .0665
32 19 .0828 66 20 .0945 100 42 .0508
33 18 .0973 67 33 .0967 101 49 .0884
34 19 .0968 68 20 .0398
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Figure 7.7(a) shows the optimal profile lying between the edge models
corresponding to a perturbation of the principal axis. Very little
difference is observed when the second to the eighth principal axes were
perturbed. The variations start to become significant when the ninth
principal axes is perturbed. Figure 7.7(b) to Figure 7.7(d) gives the
bounds in the edge models corresponding to perturbing the 9th, 11th, and
13th principal axes. The optimal solution lies about halfway between the
two curves in each case. An envelope of the conductivity profile obtained
by choosing the maximum and minimum values at each depth for the
thirteen principal axes is shown in Figure 7.8. Acceptable models may be
expected to lie within the confines of the envelope. Figure 7.8 shows that
the envelope is very narrow at the shallow depth, z =0 to z =100
meters. This can be interpreted as saying that our solution is a good
representation of the true solution in that interval. In other words, the
uncertainty is small. We note from Figure 7.8 that, except for the first 100
meters or so, the fluctuations in the perturbed values increase with
changes in the conductivity gradient.

it
Cww 2

=

7
I
= :?,_r
3

= m
Dot Do

d

—
[z}

-

o)

Figure 7.7. Edge model in physical coordinate system transformed from
(a) 1st, (b) 9th, (c) 11th, and (d) 13th principal axes.
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True conductivity model
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Figure 7.8. Envelope of conductivity profiles for our model in Figure
7.3(h).

8. Conclusion

The inversion of geophysical data is mainly composed of two parts.
First, an optimal model must be constructed, which reproduces the
observations. Second, the optimal solution so obtained must be appraised
to determine how good the resolution is within the range considered. The
linearized inverse theory of Backus and Gilbert has been used to
construct the matrix, which is used to iteratively obtain the conductivity
profile from the starting model. The iterative scheme employs a
smoothing filter, which aims to reduce high frequency oscillations and to
keep the conductivity structure realistic. Joint inversion has been used
and shown to give a faster speed of convergence. In our example, the
number of iterations required does not depend on the choice of a starting
model. To investigate the resolution in the solution, the edgehog method
has been employed to construct the envelope within which possible
solutions can lie. The cross section of the envelope describes how good the

solution is as a representation of the true model.
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