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Abstract 

In this paper, we study the uniqueness theorem of meromorphic functions that 
share one small function with their derivatives, and obtain two theorems, which 
answer the question posed by Zhang and Lü, and improve and generalize the 
related results of Yu, Zhang et al.. 

1. Introduction and Main Results 

In this paper, we use the standard notations and terms in the value 
distribution theory (see [5]). For convenience, we give the following 
notations and definitions. For any constant a, we denote by 

)( )afrNk −
1,  the counting function for zeros of ( ) azf −  with 

multiplicity no more than k, and by )( ),1, afrNk −
 the corresponding 
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one for which multiplicity is not counted. Let ( ( )afrN k −
1,  be the 

counting function for zeros of ( ) azf −  with multiplicity at least k and 

( ( )afrN k −
1,  be the corresponding one for which multiplicity is not 

counted. Set ( ) ( ) ( ( ) ( ( ).1,1,1,1, 2 afrNafrNafrNafrN kk −
++

−
+

−
=

−
"  

We define 

( )
( )

( ) .,

1,
lim1, frT

afrN
fa

k

rk
−−=δ

∞→
 

Obviously, ( ) ( ) ( ) .0,,,1 ≥δ≥δ≥Θ≥ fafafa k  

In additional, we shall also use the following notations: 

Let ( )zf  and ( )zg  be two nonconstant meromorphic functions such 

that ( )zf  and ( )zg  share 1 IM. We denote by ( )1
1,
−frNL  the counting 

function for 1-point of both ( )zf  and ( )zg  about which ( )zf  has larger 

multiplicity than ( ),zg  with multiplicity being not counted, and denote by 

( )1
1,11 −frN  the counting function for common simple 1-point of both 

( )zf  and ( ),zg  and denote by ( ( )1
1,22 −frN  the counting function of 

those same multiplicity 1-point of both ( )zf  and ( )zg  and the multiplicity 

is .2≥  In the same way, we can define ( ),1
1,
−grNL   ( ),1

1,11 −grN  

and ( ( ).1
1,22 −grN  Especially, if ( )zf  and ( )zg  share 1 CM, then 

( ) .01
1, =
−grNL  

Bruck considered the uniqueness problem of an entire function 
sharing one value with its derivative and proved the following theorem: 
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Theorem A ([1]). Let ( )zf  be a non-constant entire function. If f and 

f ′  share the value 1 CM and if ( ) ( ).,1, frSfrN =
′

 Then cf
f ≡
−
−′

1
1  for 

some constant { }.0\Cc ∈  

Yang [6] and Zhang [8] extended Theorem A and obtained many 
excellent theorems. 

Theorem B ([6]). Let ( )zf  be a non-constant meromorphic function 

and k be a positive integer. Suppose that f and ( )kf  share 1 CM and 

( ) ( ) ( ( ) ) ( )( ) ( ( ) ),,11,1,,2 k
k frTo

f
rNfrNfrN +λ<+

′
+  

for ,Ir ∈  where I is a set of infinite linear measure and λ  satisfies 

,10 <λ<  then 
( )

cf
f k

≡
−
−
1

1  for some constant { }.0\Cc ∈  

Yu considered the problem of a meromorphic functions sharing one 
small function with its derivative and proved the following theorem: 

Theorem C ([7]). Let f be a non-constant meromorphic function and 
( ) ( )∞≡/ ,0za  be a small function with respect to f. If 

(1) f and a have no common poles, 

(2) af −  and ( ) af k −  share the value 0 CM, 

(3) ( ) ( ) ( ) ,219,82,04 kfkf +>∞Θ++δ  

then ( ),kff ≡  where k is a positive integer. 

In the same paper, Yu posed four open questions. Lahiri [2], Liu and 
Gu [3], and Zhang [9] studied this questions and obtained a series results, 
which answered the open questions. Recently, Zhang and Lü [10] 

considered the problem of nf  and ( )kf  sharing a small function and 

obtained the following results, which are the improvements and 
complements of above theorems. 
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Theorem D ([10]). Let ( ) ( )1,1 ≥≥ nk  be integers and f be a non-
constant meromorphic function. Also, let ( ) ( )∞≡/= ,0zaa  be a small 

function such that ( ) ( ),,, frSarT =  as .∞→r  Suppose that nf  and 
( )kf  share a IM and 

( ) (
( )

) ( ( ) ) ( ( ) ) ( )( ) ( ( ) ),,11,21,1,2,4 2
k

kkn
frTo

f
rN

f
rN

af
rNfrN +λ<++′+  

or nf  and ( )kf  share a CM and 

( ) (
( )

) ( ( ) ) ( )( ) ( ( ) ),,11,1,,2 2
k

kn
frTo

f
rN

af
rNfrN +λ<+′+  

for ,Ir ∈  where I is a set of infinite linear measure and λ  satisfies 

,10 <λ<  then 
( )

c
af
af

n

k
≡

−

−  for some constant { }.0\Cc ∈  

Theorem E ([10]). Let ( ) ( )1,1 ≥≥ nk  be integers and f be a non-
constant meromorphic function. Also, let ( ) ( )∞≡/= ,0zaa  be a small 

function with respect to f. If nf  and ( )kf  share a IM and 

( ) ( ) ( ) ( ) ,122,02,04,62 2 nkfffk k −+>δ+Θ+∞Θ+ +  

or nf  and ( )kf  share a CM and 

( ) ( ) ( ) ( ) ,6,0,02,3 2 nkfffk k −+>δ+Θ+∞Θ+ +  

then ( ).kn ff =  

In the same paper, Zhang and Lü posed the following question: What 

will happen if nf  and ( ( ) ) ( )2≥mf mk  share a small function? In this 
paper, we consider this problem and obtain the following results, which 
answered the question. 

Theorem 1. Let ( ) ( ) ( )2,1,1 ≥≥≥ mnk  be integers and f be a non-
constant meromorphic function. Also, let ( ) ( )∞≡/= ,0zaa  be a small 

function such that ( ) ( ),,, frSarT =  as .∞→r  Suppose that nf  and 

( ( ) )mkf  share a IM and 
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( ) (
( )

) ( ( ) ) ( )( ) ( ( ) ),,11,51,2,4 k
kn

frTo
f

rNmaf
rNmfrNm +λ<+′+  (1) 

or nf  and ( ( ) )mkf  share a CM and 

( ) (
( )

) ( ( ) ) ( )( ) ( ( ) ),,11,21,1,2 k
kn

frTo
f

rNmaf
rNmfrNm +λ<+′+  (2) 

for ,Ir ∈  where I is a set of infinite linear measure and λ  satisfies 

,10 <λ<  then (
( ) ) c

af
af

n

mk
≡

−

−  for some constant { }.0\Cc ∈  

Theorem 2. Let ( ) ( ) ( )2,1,1 ≥≥≥ mnk  be integers and f be a non-

constant meromorphic function. Also, let ( ) ( )∞≡/= ,0zaa  be a small 

function with respect to f. If nf  and ( ( ) )mkf  share a IM and 

( ) ( ) ( ) ( ) ,133,03,04,63 1 nkfffk k −+>δ+Θ+∞Θ+ +   (3) 

or nf  and ( ( ) )mkf  share a CM and 

( ) ( ) ( ) ( ) ,6,0,02,3 1 nkfffk k −+>δ+Θ+∞Θ+ +   (4) 

then ( ( ) ) .mkn ff =  

2. Some Lemmas 

For the proof of our results, we need the following lemmas: 

Lemma 1 ([2], [9]). Let ( )zf  be a non-constant meromorphic function, 
and k be a positive integer, then 

( ( ) ) ( ) ( ) ( )frSfrNkfrN
f

rN kpkp ,,1,1, ++≤ +  

( ) ( ) ( ) ( ).,,1, frSfrNkfrNkp +++≤  

Lemma 2 ([1], [9]). Let ( )zf  be a non-constant meromorphic function, 

and k be a positive integer, then 
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( ( ) ) ( ) ( ) ( ),,,1,1, frSfrNkfrN
f

rN k ++≤  

 (
( )

) ( ) ( ).,1,, frNkfrNf
frN

k
+≤  

Lemma 3 ([4]). Let ( )zf  be a non-constant meromorphic function, 

and n be a positive integer. ( ) ,1
1

1 fafafafP n
n

n
n +++= −

− "  where ia  

are meromorphic functions such that ( ) ( ) ( ),,,2,1,, nifrSarT i …==  

.0≡/na  Then 

( )( ) ( ) ( ).,,, frSfrnTfPrT +=  

3. Proof of the Theorems 

Proof of the Theorem 1. Let ( ) ( ) ( ( ) ) ,, a
fzGa

fzF
mkn

==  then 

( ( ) ) .1,1 a
afGa

afF
mkn −

=−−=−  Since nf  and ( ( ) )mkf  share a 

IM(CM), F and G share 1 IM(CM) except the zeros and poles of ( ).za  

Define 

( ) ( ).1
2

1
2

−
′

−
′
′′

−
−
′

−
′
′′

= G
G

G
G

F
F

F
FH  (5) 

We have the following two cases to investigate: 

Case 1. ,0≡H  integration yields 

,11
1 dG

c
F +

−
=

−
 (6) 

where c and d are constants and .0≠c  Next, we prove .0=d  If ( )frN ,  
( ),, frS≠  then by (6), we get .0=d  And hence, in the following, we can 

suppose that ( ) ( ).,, frSfrN =  From (6), we know that F and G share 1 
CM. We first assume that ,0≠d  then 
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( ) ,1
1

1
1

−
+−

=
− G

dcGd
F  

so 

( ) ( ) ( ) ( ) ( ).,,,,1
1, frSfrSfrNFrNdcGrN =+==
+−

 (7) 

If ,dc ≠  by the second fundamental theorem and (7), we have 

( ) ( ) ( ) ( ) ( )GrSdcGrNGrNGrNGrT ,1
1,1,,, +
+−

++≤  

( ) ( ) ( ) ( ).,,,1, GrSGrTGrSGrN +≤+≤  

So 

( ) ( ) ( ).,1,, GrSGrNGrT +=  

By Lemma 3, that is, 

( ( ) ) ( ( ) ) ( ).,1,1, frS
f

rNmfrT k
k +=  

This is contradiction with conditions (1) and (2). If ,dc =  then =
− 1
1

F  

,1−G
cG  then ( ) .111 cGcF −=−−  By the definitions of F and G, we have 

( ( ) )
( ( ) )

.
11

12

acffc
a

f
f

nmm

mk

+−
−≡  

So by Lemmas 1 and 3, we have 

( ) ( ) (
( )

) ( )frSf
frmTfrTnm

k
,,, +=+  

 ( ) ( ) ( )frSfrNmkfrmN ,,1, ++≤  

( ) ( ).,, frSfrmT +≤  
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This indicates ( ) ( )frSfrT ,, =  since ,1≥n  which is a contradiction. 

Hence ,0=d  so ,1
1 cF

G ≡
−
−  i.e., ( ( ) ) .c

af
af

n

mk
≡

−

−  This is just the 

conclusion of this theorem. 

Case 2. .0≡/H  From (5), it is to see that ( ) ( ).,, frSHrm =  

Subcase 2.1. Suppose that nf  and ( ( ) )mkf  share a IM, in this case, 

F and G share 1 IM except the zeros and poles of ( ).za  We have 

( ) ( ) ( ) ( ) ( ) ( ),,,,,,,, frSfrNGrNfrSfrNFrN +=+=   (8) 

and by (5), we have 

( ) ( ) ( ( ) ( ( ) ( )1
1,1,1,,, 22 −

+++≤ FrNGrNFrNFrNHrN L  

( ) ( ) ( ) ( ),,1,1,1
1, 00 frSGrNFrNGrNL +

′
+

′
+

−
+  (9) 

where ( )FrN
′

1,0  denotes the counting function of the zeros of ,F ′  which 

are not the zeros of F and ,1−F  and ( )FrN
′

1,0  denotes its reduced 

form. In the same way, we can define ( )GrN
′

1,0  and ( ).1,0 GrN
′

  

From the definitions of F and G, we get 

( ) ( ) ( ) ( ( )1
1,,,1

1,1
1, 221111 −

+
−

=
− FrNfrSGrNFrN  

   ( ( ) ( ).,1
1,22 frSGrN +
−

=  (10) 

( ) ( ) ( ) ( )F
FrNFrNFrNFrNL ′

≤
−

−
−

≤
−

,1
1,1

1,1
1,  

( ) ( ) ( ) ( ) ( ).,,1,,, frSFrNFrNfrSF
FrN ++≤+
′

≤  (11) 
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( ) ( ) ( )frSGrNFrN ,1
1,1, +
−

=   

( ) ( ( ) ( )1
1,1

1,1
1, 2211 −

+
−

+
−

= FrNFrNFrN L  

( ) ( ).,1
1, frSGrNL +
−

+  (12) 

Let 0z  be a common simple zero of 1−F  and ,1−G  but ( ) .,00 ∞≠za  
By calculation, we know that 0z  is a zero of H, so 

( ) ( ) ( ) ( ) ( )frSHrTfrSHrNFrN ,,,1,1
1,11 +≤+≤
−

 

( ) ( ).,, frSHrN +≤  (13) 

From (9), (10), (11), (12), and (13), we have 

( ) ( ) ( ) ( )1
1,21

1,2,1
1,

−
+

−
+≤

− GrNFrNFrNGrN LL  

( ( ) ( ( ) ( ( )1
1,1,1, 2222 −

+++ FrNGrNFrN  

( ) ( ) ( )frSGrNFrN ,1,1, 00 +
′

+
′

+  

( ) ( ) ( )1
1,21,2,
−

+
′

+≤ GrNFrNFrN L  

( ( ) ( ) ( ).,1,1, 02 frSGrNGrN +
′

++  

By the second fundamental theorem, we have 

 ( ) ( ) ( ) ( ) ( ) ( )GrSGrNGrNGrNGrNGrT ,1,1
1,1,,, 0 +

′
−

−
++≤  

( ) ( ) ( ) ( ( )GrNGrNFrNGrN 1,1,1,2,2 2++
′

+≤  

( ) ( )frSGrNL ,1
1,2 +
−

+  

( ) ( ) ( ) ( ) ( ).,1,21,1,2,2 frSGrNGrNFrNGrN +
′

++
′

+≤  
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By Lemma 1, and noting that ( ) ( ) (
( ( ) )

)mkf
rNGrNGrN 1,,1,1, 1 ′

=
′

 

( ( ) ),
1, kf

rN=  and (
( ( ) )

) ( ( ) )kmk f
rN

f
rN 1,21,2 =  when ,2≥m  we get 

( ) ( ) (
( )

) ( ( ) ) ( ).,1,51,2,4, frS
f

rN
af

rNfrNGrT kn
++′+≤  

From above inequity and by Lemma 3, we obtain 

( ( ) ) ( ) (
( )

) ( ( ) ) ( ),,1,51,2,4, frS
f

rNmaf
rNmfrNmfrT kn

k ++′+≤  

which contradicts (1). 

Subcase 2.2. Suppose that nf  and ( ( ) )mkf  share a CM, in this case, 

F and G share 1 CM except the zeros and poles of ( ).za  From (5), we have 

( ) ( ) ( ( ) ( ( ) ( )FrNGrNFrNFrNHrN
′

+++≤ 1,1,1,,, 022  

 ( ) ( ).,1,0 frSGrN +
′

+  (14) 

Let 0z  be a common simple zero of 1−F  and ,1−G  but ( ) .,00 ∞≠za  

By calculation, we know that 0z  is a zero of H, so 

)( ) ( ) ( ) ( ) ( ).,,,1,1
1,1 frSHrNfrSHrNFrN +≤+≤
−

 (15) 

Noting that )( ) )( ) ( ),,1
1,1

1, 11 frSGrNFrN +
−

=
−

 so 

( ) )( ) ( ( )1
1,1

1,1
1, 21 −

+
−

=
− FrNFrNGrN  

 ( ) ( ( ) ( ( ) ( ( )1
1,1,1,, 222 −

+++≤ FrNGrNFrNFrN  

( ) ( ) ( ).,1,1, 00 frSGrNFrN +
′

+
′

+  
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By the second fundamental theorem, we can get 

 ( ) ( ) ( ) ( ) ( ) ( )GrSGrNGrNGrNGrNGrT ,1,1
1,1,,, 0 +

′
−

−
++≤  

( ) ( ) ( ( ) ( ) ( )frSFrNGrNGrNGrN ,1,1,1,,2 2 +
′

+++≤  

( ) ( ( ) ( ) ( ).,1,1,,2 2 frSFrNGrNGrN +
′

++=  

Similarly, we have 

( ( ) ) ( ) (
( )

) ( ( ) ) ( ),,1,21,1,2, frS
f

rNmaf
rNmfrNmfrT kn

k ++′+≤  

this contradicts (2). Theorem 1 thus completely proved.   

Proof of the Theorem 2. The procedure is similar with the proof of 
Theorem 1, we define F and G as and (5) as above, and we also 
distinguish two cases to discuss: 

Case 1. .0≡/H  

Subcase 1.1. Suppose that nf  and ( ( ) )mkf  share a IM, then by the 

second fundamental theorem, we have 

( ) ( ) ( ) ( ) ( ) ( )1
1,1,1,,2,,
−

+++≤+ FrNGrNFrNFrNGrTFrT  

( ) ( ) ( ) ( ).,1,1,1
1, 00 frSGrNFrNGrN +

′
−

′
−

−
+   

(16) 

By the definitions of F and G, we have 

( ) ( ) ( ) ( )GrNFrNGrNFrN L
1,1

1,1
1,1

1, +
−

≤
−

+
−

 

)( ) ( ).,1
1,1 frSFrN +
−

+  (17) 

From (9), (13), (16), and (17), we deduce 
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( ) ( ) ( ) ( )GrNFrNFrNFrT 1,1,,3, 22 ++≤  

 ( ) ( ) ( ).,1
1,1

1,2 frSGrNFrN LL +
−

+
−

+  

Applying (11), Lemmas 3 and 1 to the above inequality, we deduce 

( ) ( ) ( ) ( ( ) ) ( )frS
f

rNfrNfrNfrnT k ,1,31,4,6, +++≤  

( ) ( ) ( ) ( ) ( ),,1,31,4,36 1 frSfrNfrNfrNk k ++++≤ +  

i.e., 

( ) ( ) ( ) ( ) ,313,03,04,36 1 nkfffk k −+≤δ+Θ+∞Θ+ +  

this contradicts (3). 

Subcase 1.2. Suppose that nf  and ( ( ) )mkf  share a CM, then by the 
second fundamental theorem, we have 

( ) ( ) )( ) ( ( ) ( )1
1,1

1,1
1,1

1,1
1, 21 −

+
−

+
−

=
−

+
− GrNFrNFrNGrNFrN  

( ) ( ( ) ( )1
1,1

1,, 2 −
+

−
+≤ GrNFrNHrN  

( ) ( ) ( )frSGrNHrN ,1
1,, +
−

+≤  

( ) ( ) ( ).,,, frSGrTHrN ++≤  (18) 

From (14), (16), (18) above, and the second fundamental theorem, we 
have 

( ) ( ) ( ) ( ) ( ).,1,1,,3, 22 frSGrNFrNFrNFrT +++≤  

Similarly, we have 

( ) ( ) ( ) ( ( ) ) ( )frS
f

rNfrNfrNfrnT k ,1,21,2,3, +++≤  
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( ) ( ) ( ) ( ) ( ),,1,1,2,3 1 frSfrNfrNfrNk k ++++≤ +  

i.e., 

( ) ( ) ( ) ( ) ,6,0,02,3 1 nkfffk k −+≤δ+Θ+∞Θ+ +  

this contradicts (4). 

Case 2. .0≡H  We also have (6). Next, we distinguish two cases 
again: 

Subcase 2.1. ,0=d  that is, ( ).111 −=− GcF  If ,1≠c  we have 

( ) .11 +−= FcG  By the second fundamental theorem, we have 

( ) ( ) ( ) ( ) ( )FrScFrNFrNFrNFrT ,11
1,1,,, +

−+
++≤  

 ( ) ( ) ( ) ( ),,1,1,, FrSGrNFrNFrN +++≤  

i.e., 

 ( ) ( ) ( ) ( ( ) ) ( )frS
f

rNfrNfrNfrnT k ,1,1,,, +++≤  

( ) ( ) ( ) ( ),,1,1,, 1 frSfrNfrNfrN k +++≤ +  

i.e., 

( ) ( ) ( ) .3,0,0, 1 nfff k −≤δ+Θ+∞Θ +  

Combining above inequity and the conditions of Theorem 2 yields 

( ) ( ) ( ) ,334,0,33 nkffk ++>Θ+∞Θ+  

or  

( ) ( ) ( ) ,3,0,2 +>Θ+∞Θ+ kffk  

this is impossible with ( ) ( ) .1,,1,0 ≤∞Θ≤Θ ff  Hence 1=c  and =nf  

( ( ) ) .mkf  
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Subcase 2.2. .0≠d  By (6), we have ( ) ( ),,, frSfrN =  this imply 
( ) .1, =∞Θ f  On the other hand, by (6), we have 

( ) ,1
1

1 −
+−−=

− F
DdF

G
c  

so 

( ( ) ) ( ) ( ).,,1
1, frSGrNddFrN ==
+−

 

If ,1−≠d  by the second fundamental theorem, we have 

( ) ( ) ( ) ( ( ) ) ( )FrSddFrNFrNFrNFrT ,1
1,1,,, +
+−

++≤  

 ( ) ( ),,, frSFrN +=  

i.e., 

( ) ( ) ( ) ( ) ( ).,,,,, frSfrTfrSfrNfrnT +≤+≤  

If ,2≥n  we obtain ( ) ( ).,, frSfrT =  This is impossible. If ,1=n  we 

have ( ) ( ) ( ),,,1, frSfrTfrN +=  this implies ( ) .0,0 =Θ f  With the 

conditions of Theorem 2, we have ( ) ,1,01 >δ + fk  it is impossible, and we 

get ,1−=d  then ( ) ( ),,1, frSFrN =  i.e., ( ) ( ),,1, frSfrN =  and from 

(6), we have ( ) ,1 ccGF −=−−  this is, ( ( ) ) (( ( ) ) ( ) ) =+− acff mknk 1  

( ( ) ) .2
n

nk

f
fca−  So, we have 

( ) ( ( ) ) (
( )

) ( ) (
( )

) ( )frSf
frnNfrSf

frnTfrTnm
kk

k ,,,,, +=+=+  

( ( ) ( )) ( ) ( ).,,1,, frSfrSfrNkfrNkn =++≤  

So ( ( ) ) ( )frSfrT k ,, =  and (
( )

) ( ).,, frSf
frT

k
=  Hence 
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( ) ( ( ) ) ( ( ) ) ( )frSfrT
f

frTfrT k
k ,,,, ++=  

 (
( )

) ( ( ) ) ( ) ( ).,,,, frSfrSfrTf
frT k

k
=++=  

This is impossible. Theorem 2 has been completely proved.   
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