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Abstract

In this paper, we study the uniqueness theorem of meromorphic functions that
share one small function with their derivatives, and obtain two theorems, which
answer the question posed by Zhang and Lii, and improve and generalize the
related results of Yu, Zhang et al..

1. Introduction and Main Results

In this paper, we use the standard notations and terms in the value
distribution theory (see [5]). For convenience, we give the following

notations and definitions. For any constant a, we denote by

Ny (7, 1 ) the counting function for zeros of f(z)-—a with

f—a

La ), the corresponding

multiplicity no more than k, and by N k)(r, 7
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1
m) be the

counting function for zeros of f(z)—a with multiplicity at least k& and

one for which multiplicity is not counted. Let N(k(r,

N(k(r 1 ) be the corresponding one for which multiplicity is not

counted. Set Nk(r ) N(r )+N 2(r )+ +N(,,(r a)
We define
EN 1
._Nk(’“, f——a)
oule f) =1 = lim = Ty
Obviously, 1 > 0(a, f) = 8(a, f) = 8(a, f) = 0.

In additional, we shall also use the following notations:
Let f(z) and g(z) be two nonconstant meromorphic functions such
that f(z) and g(z) share 1 IM. We denote by N L(r 1 ) the counting

function for 1-point of both f(z) and g(z) about which f(z) has larger

multiplicity than g(z), with multiplicity being not counted, and denote by

Nll(r ) the counting function for common simple 1-point of both

f(z) and g(z), and denote by N(22(r 1 ) the counting function of

those same multiplicity 1-point of both f (z) and g(z) and the multiplicity

is > 2. In the same way, we can define N (r, 1_1 ), Nii(r, gl - ),
and N(22(r ) Especially, if f(z) and g(z) share 1 CM, then
~ 1
N = 0.

(7, g—l) 0

Bruck considered the uniqueness problem of an entire function

sharing one value with its derivative and proved the following theorem:
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Theorem A ([1]). Let f(z) be a non-constant entire function. If f and

f' share the value 1 CM and if N(r, % )= S(r, f). Then };__11 =c for

some constant ¢ € C \ {0}.

Yang [6] and Zhang [8] extended Theorem A and obtained many

excellent theorems.
Theorem B ([6]). Let f(z) be a non-constant meromorphic function

and k be a positive integer. Suppose that f and f(k) share 1 CM and
N N(r. L 1 (k)
ZN(}", f) + N(r9 fr )+ N(T, f(k) ) < (7\‘ + 0(1))T(r7 f )a

for r e I, where I is a set of infinite linear measure and M\ satisfies

f(k)—l
f-1

0 <A <1, then = ¢ for some constant ¢ € C \ {0}.

Yu considered the problem of a meromorphic functions sharing one

small function with its derivative and proved the following theorem:
Theorem C ([7]). Let f be a non-constant meromorphic function and
a(z)(# 0, ©) be a small function with respect to f. If
(1) f and a have no common poles,

@) f-a and f(k) —a share the value 0 CM,

(3) 45(0, f) + 2(8 + k)O(w, f) > 19 + 2k,

then f = f (k), where k is a positive integer.

In the same paper, Yu posed four open questions. Lahiri [2], Liu and
Gu [3], and Zhang [9] studied this questions and obtained a series results,
which answered the open questions. Recently, Zhang and Li [10]
considered the problem of f" and f(k) sharing a small function and

obtained the following results, which are the improvements and

complements of above theorems.
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Theorem D ([10]). Let k(> 1), n(> 1) be integers and f be a non-
constant meromorphic function. Also, let a = a(z)(# 0, ©) be a small
function such that T(r, a) = S(r, f), as r — . Suppose that f" and
f(k) share a IM and

1 3 1 1 (k)

)+ N(r, ——= )+ 2Ny(r, —= ) < (A + o)) (7, f*)),

(f*/a)

4N(r, f)+ 2N(r, KQ FQ
or " and f(k) share a CM and

oN(r, f)+ N(r, — )+ Ny(r, ﬁ ) < (1 + o)T(r, FH)),

(f" /a)
for r e I, where I is a set of infinite linear measure and M\ satisfies
B _ g

"_qa

0 <X <1, then = ¢ for some constant ¢ € C \ {0}.

Theorem E ([10]). Let k(> 1), n(>1) be integers and f be a non-

constant meromorphic function. Also, let a = a(z)(# 0, ©) be a small

function with respect to f. If f™* and f *) share a IM and

(2k + 6)0(c0, f)+ 40(0, f) + 289,10, f) > 2k +12 — n,

or " and f(k) share a CM and

(k +3)®(o0, f)+20(0, f)+ 89,10, f) > k+6—n,

then " = f®).
In the same paper, Zhang and Lii posed the following question: What

will happen if f" and (f(k) )"(m > 2) share a small function? In this

paper, we consider this problem and obtain the following results, which
answered the question.

Theorem 1. Let k(> 1), n(> 1), m(> 2) be integers and f be a non-

constant meromorphic function. Also, let a = a(z)(# 0, ©) be a small
function such that T(r, a) = S(r, f), as r — . Suppose that f" and
(Ff%Y" share a IM and
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) N ) < G o ), )

(f* [ a)

or f" and (f*)Y" share a CM and

2N, £+ 2 NG,

LN )+ N —— )4 2 Nl —) < (4 o, ), @)

1
r, ——— )+ =N(r, =
m (f" | a) m f(k)

for r e I, where I is a set of infinite linear measure and A satisfies

(k) yn _
0<k<1,then(f)—a
f*-a

= ¢ for some constant ¢ € C \ {0}.

Theorem 2. Let k(> 1), n(> 1), m(> 2) be integers and f be a non-

constant meromorphic function. Also, let a = a(z)(# 0, ©) be a small

function with respect to f. If f* and (f (k) Y" share a IM and

(8k + 6)0(x, f)+40(0, f) + 351,1(0, ) > 3k +13 — n, 3)

or f" and (f*)Y" share a CM and

(k +3)0(o, f)+20(0, f)+ 8,10, f) > k+6-n, 4)
then f = (F®)y".
2. Some Lemmas

For the proof of our results, we need the following lemmas:

Lemma 1 ([2], [9]). Let f(z) be a non-constant meromorphic function,

and k be a positive integer, then

1 1 Fvd
N, (r, W)S Npir(r, ?)+kN(r, f)+S(r, f)

< (p+ R)N(r, % )+ kN(r, f)+ S(r, f).

Lemma 2 ([1], [9]). Let f(z) be a non-constant meromorphic function,

and k be a positive integer, then
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N(r, ﬁ )< N(r, %)+ EN(r, )+ S(r, f),

f(k)

N(r =) < N(r, % )+ kN(r, f).

Lemma 3 ([4]). Let f(z) be a non-constant meromorphic function,

and n be a positive integer. P(f) = a,f™ + ay_1f* " + - + aif, where a;
are meromorphic functions such that T(r, a;)=S(r, f)i=1,2, ..., n),

a, #0. Then

T(r, P(f)) = nT(r, )+ S(r, f).

3. Proof of the Theorems

[ (rMy"
Proof of the Theorem 1. Let F(z)= o G(z) = P then

n_ (k) ym _
Fo1-1 ” ¢ G6-1 :()‘)Ta. Since f" and (f®)" share a
IM(CM), F and G share 1 IM(CM) except the zeros and poles of a(z).
Define
F" 2F' G" 2G'
H=(F-71)(e 1) ®
We have the following two cases to investigate:
Case 1. H = 0, integration yields
=Sy, ®)

F-1 G-1_

where ¢ and d are constants and ¢ # 0. Next, we prove d = 0. If N(r, f)
# S(r, f), then by (6), we get d = 0. And hence, in the following, we can
suppose that N(r, f) = S(r, f). From (6), we know that F and G share 1
CM. We first assume that d # 0, then
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1 dG-1+c/d)

F-1 G-1 ’

SO

1

N(r,G_l—Jrc/d):N(r,F)zﬁ(r,f)+S(r,f):S(r,f). (7

If ¢ # d, by the second fundamental theorem and (7), we have

1

_ — 1, =
T(r, G) < N(r, G)+N(r,5)+N(r, G-1+c/d

)+ S(r, G)

< N(r, % )+ S(r, G) < T(r, G) + S(r, G).
So
T(r, G) = N(r, é )+ S(r, G).
By Lemma 3, that is,

N(r, == )+ S(r, f).

(k)Y =
T(r’ f ) - ’ f(k)

1
m

This is contradiction with conditions (1) and (2). If ¢ = d, then Fl— 7=

G"—?l, then (F ~1-1)G = ~L. By the definitions of F and G, we have

(f(k) )m ~ a2 1

" €Mt -00+1/ca)
So by Lemmas 1 and 3, we have

(k)
(m+n)T(r, f) = mT(r, % )+ S(r, )

< mN(r,%)erkN(’", f)+ S, f)

<mT(r, )+ S(r, ).
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This indicates T(r, f) = S(r, f) since n >1, which is a contradiction.

_ (k) ym _
G-1 c, le., L = c¢. This is just the
F-1 " —a

Hence d =0, so

conclusion of this theorem.

Case 2. H # 0. From (5), it is to see that m(r, H) = S(r, f).

Subcase 2.1. Suppose that /" and (f (k) Y™ share a IM, in this case,

F and G share 1 IM except the zeros and poles of a(z). We have

N(r, F)= N(r, )+ 8(r, f),  N(, G)=N(r, )+ S0, [), (®

and by (5), we have

N(r, H) < N(r, F)+ Ny (r, % )+ Na(r, % )+ N, (r, Fl_ o)

N )+ Mol )+ Mo )+ 56, 1), ©)

where Ny(r, % ) denotes the counting function of the zeros of F’, which

are not the zeros of F and F —1, and Ny(r, %) denotes its reduced

form. In the same way, we can define N(r, L, ) and N(r, % ).
From the definitions of F and G, we get
Ny (r, ﬁ) Nu(r =7 )+ 50, 1), Noa(r, 5 1 )
Niga(r, =— G )+ S0 f). (10)
Np(r, 57— ) < N(r, 77— ) - N(», —)—N(F )

< N(r, % )+ 80, f) < N(r, )+ N(, F)+ S(, ). (1)
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(r, =) = N, ﬁ )+ S0, f)

1
= Nu(r )+N(22(’“ )+ NL(r

+NL('“ )+ S0 1)

—)

249

12)

Let zy be a common simple zero of F —1 and G -1, but a(zy) # 0, .

By calculation, we know that z( is a zero of H, so

Nu(r, =) < N, )+ S(r, f) < T(r, H) + S(r, f)

< N(r, H)+ S(r, f).

From (9), (10), (11), (12), and (13), we have

N(r,

G

=)< N(, F)+ 2N (r, ) + 2NL(r, & 1 )

~ 1 ~ 1 ~ 1
+ No(r, )+ No(r, 5 )+ No(r, 7—7)

+1Vo(r, 7)+ No(r, & L)+ s, 1)

= o 1
< N(r, F)+2N(r,F)+2NL(r, G—l)

+ Na(r )+ Nolr, )+ S0 1),

By the second fundamental theorem, we have

IA

— — 1 — 1 - 1
2N(r, G) + 2N(r, o )+ N(r, 6)+ No(r, 5)

+2NL(r )+ S(r, f)

IA

(13)

T(r, G) < N(r, G)+]V(r )+N(r ) Ny(r, ,)+S(r, G)

2N(r, G)+ 2N(r, % )+ N(r, &)+ 2N(, =)+ S, f).
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By Lemma 1, and noting that N(r, L, ) = Ny(r, L, ), N(r, ;)
G G (f(k))m

= N(r, ﬁ ), and Ny(r, ) = 2N(r, ﬁ) when m > 2, we get

1
(r®ym

1
)

From above inequity and by Lemma 3, we obtain

T(r, G) < 4N(r, f)+ 2N(r, )+ 5N(r, ﬁ )+ S(r, f).

— L )+ 2N, L)+ S0 ),

Ky« AN 2N
T(r, f )SmN(r,f)+mN(r, (fn/a)l e f(k)

which contradicts (1).

Subcase 2.2. Suppose that f” and (f(k) )" share a CM, in this case,

F and G share 1 CM except the zeros and poles of a(z). From (5), we have
N(r, H) < N(r, F)+ Noo(r, = ) + Nio(r, = )+ No(r, -=)
’ —= 3 (2 ’ F (2 ’ G 0 ’ Fr

+ Ny(r, GL )+ S(r, /). (14)

Let zy be a common simple zero of F —1 and G -1, but a(zy) = 0, .

By calculation, we know that z is a zero of H, so

Ny (r, ﬁ ) < N(r, % )+ S(r, f) < N(r, H) + S(r, f). (15)

)+ S(r, f), so

. 1 1
Noting that Ny)(r, 71 ) = Ny(r, o1

1
F—1)

~ 1 1
N(r,m)le)(r,ﬁ)+N(2(r,

Evd 1 1 1
< N(r, F)+ No(r, ?)+ No(r, el )+ Na(r, 71 )

+ Ny(r, % )+ No(r, é )+ S(r, f).
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By the second fundamental theorem, we can get

T(r, G) < N(r, G)+N(r )+N(r ) Ny(r, ,)+S(r, G)

< 9N(r, G) + N(r, = )+ No(r, 1)+N(

,6) )+S(7‘,f)

1

F(
= 1 - 1

= 2N(r, G)+ Nio(r, &)+ N(r, )+ S(, f).

Similarly, we have

1 2
')+R

(") a)

this contradicts (2). Theorem 1 thus completely proved. O

By< 2N 1N N(r L
T(r, f) < mN(r, )+ mN(r N(r, f(k) )+ S(r, f),

Proof of the Theorem 2. The procedure is similar with the proof of
Theorem 1, we define F and G as and (5) as above, and we also

distinguish two cases to discuss:

Case 1. H # 0.

Subcase 1.1. Suppose that /" and (f(k) )" share a IM, then by the

second fundamental theorem, we have

T(r, F)+ T(, G) < 2N(r, F)+ N(r, 7 )+ N(r, =)+ N(r, =)

+N(7‘ ) NO(r F/) NO(r? Gr)+S(r f)

(16)

By the definitions of F and G, we have

N(r,ﬁ)+ﬁ(r, )<NL(r )+N(r )

+ Nl)(r )+ S(r, f). 17

From (9), (13), (16), and (17), we deduce
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T(r, F) < 3N(, F)+ Ny(r, &) + Ny(r, é )

+2NL(r )+NL(r )+S(r f).
Applying (11), Lemmas 3 and 1 to the above inequality, we deduce

nT(r, f) < 6N(r, f) + 4N(r, % )+ 3N(r, ﬁ )+ S(r, f)

L)+ SG f),

< (6 +3k)N(r, f)+ 4N(r, = )+ 3N, (r, 7

1
f
le.,

(6 + 3k)O (o, f)+40(0, )+ 38;.1(0, f) <13 + 3k — n,
this contradicts (3).

Subcase 1.2. Suppose that /" and (f(k) )™ share a CM, then by the

second fundamental theorem, we have

)+ NG,

NG, o) = Ny )+ Nl 5 )+ N 5 )

< N(r, H) + Ny(r,

F-1
< N(r, H)+ N(r )+S( f)

< N(r, H)+T(r, G)+ S(r, f). (18)

From (14), (16), (18) above, and the second fundamental theorem, we
have

T(r, F) < 3N(r, F) + No(r, % )+ No(r, é )+ S(r, f).
Similarly, we have

nT(r, f) < 3N(r, f) + 2N(r, % )+ 2N(r, ﬁ )+ S(r, f)
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< (k+3)N(r, f)+2N(r, % )+ Ny (r, % )+ S(r, f),

le.,
(kB +3)0(o, f)+20(0, f)+ 8,10, f) < k+6—n,
this contradicts (4).
Case 2. H = 0. We also have (6). Next, we distinguish two cases
again:
Subcase 2.1. d =0, that is, FF-1= %(G -1). If ¢ #1, we have

G = ¢(F —1)+1. By the second fundamental theorem, we have

T(r, F) < N(r, F)+ N(r, % )+ N(r, ﬁ )+ S(r, F)

+1/

IA

N(r, F)+ N(r, % )+ N(r, é )+ S(r, F),

le.,

IA

nT(r, f) < N(r, f) + N(r, % )+ N(r, ﬁ )+ S(r, )

IA

N(r, f)+ N(r, % )+ Ny (7, % )+ S(r, f),

le.,
O(, f)+ O(0, f) +8441(0, f) <3 -n.
Combining above inequity and the conditions of Theorem 2 yields
(8% + 3)O(c, f)+O(0, f) > 4 + 3k + 3n,
or

(B +2)0(0, f)+0O(0, f) > k+3,

this is impossible with ©(0, f) <1, ©(w, f) < 1. Hence ¢ =1 and " =
(r®ym.
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Subcase 2.2. d = 0. By (6), we have N(r, f) = S(r, f), this imply
O(, f) = 1. On the other hand, by (6), we have

c _ dF-(D+1)
G-1 F-1 ’

SO

1

N(r, Fo@+)/d )= N(r, G) = S(r, f).

If d # -1, by the second fundamental theorem, we have

1

T(. F) < N(r, F)+ N(r, &)+ N(r. Faad

)+ S(r, F)

= N(r, F)+ S(r, f),
le.,

nT(r, f) < N(r, )+ S(r, f) < T(r, f) + S(r, ).

If n> 2, we obtain T(r, f) = S(r, f). This is impossible. If n =1, we
1
f

conditions of Theorem 2, we have §;,,1(0, f) > 1, it is impossible, and we
1
f

6), we have F(G-1-c)=—c, this is, (f®Y(Ff®)" -1 +c)a) =

(f®y
fn

have N(r, =) =T(r, f)+ S(r, f), this implies ©(0, f) = 0. With the

get d = -1, then N(r, % )= S(r, f), ie., N(r, =)= S(r, f), and from

—ca® . So, we have
) f(k) f(k)
(m+n)(r, f) = nT(r,T)+S(r, f) = nN(r,T)+S(r, f)

< n(kN(r, f) + EN(r, % N+ S, f) = S(r, f).

So T(r, f*)) = S(r, f) and T(r & ) = S(r, ). Hence
’ ki ’ f ) .
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10 1) = TG )+ T )50, )

k
= T(r, %) )+ T(r, f#)) + S(r, £) = SCr, f).

This is impossible. Theorem 2 has been completely proved. O
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