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Abstract 

We develop a stochastic calculus for the sub-fractional Brownian motion with 

index 2
1>H  by using the techniques of the Malliavin calculus. We establish 

estimates in ,pL  maximal inequalities for the divergence integral with respect to 

sub-fractional Brownian motion. We also study the H
1  variation of the  

divergence integral and generalize the result of sub-fractional Brownian motion 
for this divergence integral. 

1. Introduction 

Recently, the long-range dependence property has become an 
important aspect of stochastic models in various scientific areas including 
hydrology, telecommunication, turbulence, image processing, and finance. 
The best known and most widely used process that exhibits the long-
range dependence property is fractional Brownian motion (fBm in short). 
The fBm is a suitable generalization of the standard Brownian motion, 
but exhibits long-range dependence, self-similarity, and it has stationary 
increments. Some surveys and complete literatures could be found in 
Biagini et al. [3], Hu [9], Mishura [10], and Nualart [11]. On the other 
hand, many authors have proposed to use more general self-similar 
Gaussian processes and random fields as stochastic models. Such 
applications have raised many interesting theoretical questions about 
self-similar Gaussian processes and fields in general. Therefore, some 
generalizations of the fBm has been introduced. However, contrast to the 
extensive studies on fBm, there has been little systematic investigation 
on other self-similar Gaussian processes. The main reason for this is the 
complexity of dependence structures for self-similar Gaussian processes, 
which do not have stationary increments. 

As an extension of Brownian motion, recently, Bojdecki et al. [4] 
introduced and studied a rather special class of self-similar Gaussian 
processes, which preserves many properties of the fBm. This process 
arises from occupation time fluctuations of branching particle systems 
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with Poisson initial condition. This process is called the sub-fractional 
Brownian motion. The so-called sub-fractional Brownian motion (sub-fBm 
in short) with index ( )1,0∈H  is a mean zero Gaussian process 

{ }0, ≥= tSS H
t

H  with ,00 =HS  and the covariance 

( ) [ ] [( ) ],2
1, 2222 HHHHH

s
H
tH sttstsSSEstC −++−+=≡   (1.1) 

for all .0, ≥ts  For HSH ,2
1=  coincides with the Brownian motion B. 

HS  is neither a semi-martingale nor a Markov process unless ,21=H  
so the Itô approach to the construction of a stochastic integral with 
respect to sub-fBm is not valid. As a Gaussian process, it is possible to 

construct a stochastic calculus of variations with respect to HS  (see, for 
example, Alós et al. [1]). The sub-fBm has properties analogous to those of 
fBm (self-similarity, long-range dependence), and satisfies the following 
estimates: 

[( ) ] ( ) ( )[ ] [( ) ] ( ) .122122 2122212 HHH
s

H
t

HH stSSEst −−≤−≤−− −−   

(1.2) 

Thus, Kolmogorov’s continuity criterion implies that sub-fBm is Hölder 
continuous of order γ  for any .H<γ  But its increments are not 
stationary. Therefore, it seems interesting to study sub-fBm. 

Fix 0>t  and set ,: n
kTtn

k =  where n is a positive integer and ,0=k  

.,,1 n…  Then, we have the following result for the p variation of HS  (see 
[14]): 

,1if,0
2

1

1

0
HpSS

n
LpH

t
H
t

n

k
n
k

n
k

> →−
∞→

−

= +
∑   (1.3) 

,1if,1
2

1

1

0
HpTSS

H
n
k

n
k n

LpH
t

H
t

n

k
=ρ →−

∞→

−

= +
∑   (1.4) 
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,1if,
1

1

0
HpSS

n
PpH

t
H
t

n

k
n
k

n
k

<∞ →−
∞→

−

= +
∑   (1.5) 

where ( ) ( ).1,0~,
1

1 NE H
H

ξξ=ρ  

More works for sub-fBm can be found in Bojdecki et al. [5-7], Shen 
and Yan [12], Tudor [14-17], and Yan and Shen [18], [19]. 

The aim of this paper is to develop a stochastic calculus with respect 

to the sub-fBm HS  with index 2
1>H  by using the techniques of the 

Malliavin calculus. Unlike some previous works (see, for instance, [1]), we 

will not use the integral representation of HS  as a stochastic integral 
with respect to a Wiener process. Instead of this, we will rely on the 

intrinsic Malliavin calculus with respect to .HS  We establish estimates 

in ,pL  maximal inequalities for the indefinite integral with respect to 

sub-fBm for ,2
1>H  where this indefinite integral is defined as the 

divergence integral in the framework of the Malliavin calculus and study 

the H
1  variation of the divergence integral, which generalize the result 

(1.4) for this divergence integral. 

This note is organized as follows. In Section 2, we review the basic 
facts on Malliavin calculus that will be used in order to define the 
stochastic integral. In Section 3, we show the existence of the symmetric 
stochastic integral. The symmetric integral as the limit of symmetric 
Riemann sums as those have been done in Chapter 3 of Nualart [11] in 

the sense of the Malliavin calculus. We derive maximal pL  inequalities 

for the divergence integral with respect to sub-fBm and prove the H
1  

variation of the divergence integral H
ss Su δ∫

.
0

 on a time interval [ ]T,0  is 

equal to ,
1

1 0
dsu H

H
s

T
∫ρ  where 

H
1ρ  is a constant depending on H. 
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2. Malliavin Calculus for Sub-fBm 

Let ( [ ])TtSH
t ,0, ∈  be a sub-fBm with ,12

1 << H  defined on the 

complete probability space ( ).,, PFΩ  It is possible to construct a 

stochastic calculus of variations with respect to the Gaussian process 

,HS  which will be related to the Malliavin calculus. Some surveys and 

complete literatures could be found in Alòs et al. [1], Nualart [11]. We 
recall here the basic definitions and results of this calculus. The crucial 
ingredient is the canonical Hilbert space H  (is also said to be reproducing 
kernel Hilbert space) associated to the sub-fBm, which is defined as the 
closure of the linear space E generated by the indicator functions 

{ [ ] [ ]}Ttt ,0,1 ,0 ∈  with respect to the scalar product 

[ ] [ ] ( ) [( ) ].2
1,1,1 2222

,0,0
HHHH

Hst sttsststC −++−+≡=H  

The mapping [ ]
H
ss S→,01  can be extended to a linear isometry 

between H  and the Gaussian space associated with .HS  We will denote 

the isometry by ( ).ϕ→ϕ HS  For ,12
1 << H  we denote by S  the set of 

smooth functionals of the form 

( ( ) ( )),,,1 n
HH SSfF ϕϕ= …  

where ( )n
bCf R∞∈  and .H∈ϕi  The Malliavin derivative of a functional 

F as above is given by 

( ( ) ( )) ,,,1
1

in
HH

i

n

i
SSx

fDF ϕϕϕ
∂
∂= ∑

=

…  

and this operator can be extended to the closure ( )1, ≥mpmD  of S  with 

respect to the norm 
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,,
pmppp

pm mFDEDFEFEF ⊗+++≡
HH "  

where the m-th derivative mD  is defined by iteration. 

The divergence operator δ  is the adjoint operator of D. Concretely, a 

random variable ( )H,2 Ω∈ Lu  belongs to the domain of the divergence 

operator δ  (in symbol ( )δDom ), if 

( ),, 2 Ω≤ LFcuDFE H  

for every .S∈F  In this case, ( )uδ  is given by the duality relationship 

( )( ) ,, HuDFEuFE =δ  

for any ,2,1D∈F  and we have the following integration by parts: 

( ) ( ) ,, HuDFFuuF +δ=δ   (2.1) 

for any ( ) 2,1,Dom D∈δ∈ Fu  such that ( ).,2 HΩ∈ LFu  It follows that 

[ ( ) ] ( ) ,,22
HHH ⊗

∗+=δ DuDuEuEuE  

where ( )∗Du  is the adjoint of Du  in the Hilbert space ,HH ⊗  and 

( ) ,,
00

2 dsdrrsuuu Hrs
TT

φ= ∫∫H   (2.2) 

where 

( ) ( ) ( ) ( ( ) ) ,012,, 2222
2

≥+−−−=
∂∂

∂
=φ −− HHH

H rsrsHHrsrs
Crs  

and for [ ] ,,0: 2 R→ϕ T  we have 

[ ]
( ) ( ) ( ) ( ) .,,,,4,0

2 ∞<′′′φ′φ′′ϕϕ=ϕ ∫⊗ sdtdtdsdssttstst HH
THH  
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We denote by H  the subspace of ,H  which is defined as the set of 

measurable function f on [ ]T,0  with 

( ) ( ) ( ) .,:
00

2 ∞<φ= ∫∫ dsdrrsrfsff H
TT

H   (2.3) 

We can show that the space HH ⊂  is a Banach space for the norm 

H⋅  and 

( )( ) ,222
HHH ⊗+≤δ DuEuEuE   (2.4) 

where 

[ ]
( ) ( ) ( ) ( ) .,,,,: 4,0

2 ∞<′′′φ′φ′′ϕϕ=ϕ ∫⊗ sdtdtdsdssttstst HH
THH  

We also will use the notation 

( ) ,
0

H
ss

T
dSuu ∫=δ  

to express the divergence integral of an adapted process u. For the 
divergence integral, we have the following convergence: 

If { }nu  is a sequence of elements in ( )δDom  such that uun →  in 

( ),;2 HΩL  and ( ) Gun →δ  in ( ),2 ΩL  then we have ( )δ∈ Domu  and 

( ) .Gu =δ  

We also have the following estimate: 

Lemma 2.1. Let 2
1>H  and [ ]( ).,0

1
TLv H∈/  Then 

[ ]( ),,0
1

TLH HvCv /≤/ H   (2.5) 

for some constant .0>HC  

This estimate implies the inclusion [ ]( ) .,0
1

H⊂TLH  Indeed, 
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[ ( ) ]dsdttstsvv HH
ts

TT
H

2222
00

2 −− +−−//α=ϕ ∫∫H  

 dsdttsvv H
ts

TT
H

22
00

−−//α≤ ∫∫  

 .

1
22

000

1
1

1
H

H
u

TTH

r
T

H drduurvdrv
H

H

−

−























−/








/α≤

−

∫∫∫  

The second factor in the above expression, up to a multiplicative constant, 

it is equal to the H−1
1  norm of the left sided fractional integral 

.12
0 vI H /−
+  Finally, it is suffices to apply the Hardy-Littlewood inequality 

( ) ( ),,0,,00 ∞∞
α
+ ≤ pq LpHL fCfI  

where ∞<<<<α< qp1,10  satisfy ,11 α−= pq  with the particular 

values .1and,1
1,12 HpHqH =
−

=−=α  

A slight extension of (2.5) implies that 

[ ]( ) [ ]( ) ,, ,0,0
2 11

TLTLH HH vCv /ϕ≤/ϕ H  

for all ϕ  and v/  in .H  Hence, applying twice the inequality yields the 

following result: If v/  belongs to ,HH ⊗  then 

([ ] ).2
1

,0 TLH HvCv /≤/ ⊗HH   (2.6) 

For any ,1>p  we denote by ( )Hp,1D  denote the subspace of the 

Sobolev space ( ),,1 HpD  whose elements u are such that H∈u  a.s., 

HH ⊗∈Du  a.s., and 

[ ] [ ] .∞<+ ⊗
pp DuEuE HHH  
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We have the inclusion 

( ) ( ) ( ).Dom2,12,1 δ⊂⊂ HH DD  

We denote by ,,1 p
HL  the set of processes u in ( )Hp,1D  such that 

[ ]( ) ([ ] )
.:

2
11,1

,0,0
∞<+= p

TL

p

TL

p

HH
p

H
DuEuEu

L
 

From (2.5) and (2.6), we obtain 

( ) ,,1,1 p
H

p uCu H LD ≤H  

and, as a consequence, the space ( ).Dom2,1 δ⊂HL  By Meyer’s inequalities 

(see Nualart [11], for example), if ,1>p  a process ( )Hpu ,1D∈  belongs 

to the domain of the divergence in ( ),ΩpL  and we have 

( ) ( ).,
pp

pH
p DuEEuCuE HHH ⊗+≤δ  

Hence, if ,,1 p
Hu L∈  we have 

( ) (
[ ]( ) ([ ] )

) .,1
2

11 ,
,0,0

,
p

pH
p

TL

p

TL
pH

p
p

HHH
uCDuEEuCuE

L
≤+≤δ  

(2.7) 

3. The Stochastic Integral with Respect  

to the Sub-fBm with 2
1>H  

In the case of an ordinary Brownian motion, the adapted processes in 
[ ]( )Ω×TL ,02  belong to the domain of the divergence operator, and on 

this set, the divergence operator coincides with the Itô stochastic integral. 
Actually, the divergence operator coincides with an extension of the Itô 
stochastic integral introduced by Skorohod [13]. We can ask in which 
sense, the divergence operator with respect to a sub-fBm HS  can be 
interpreted as a stochastic integral. Note that the divergence operator 
provides an isometry between the Hilbert space H  associated with the 
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sub-fBm HS  and the Gaussian space ( ),1
HSH  and gives rise to a notion 

of stochastic integral in the space of deterministic functions H  included 
in .H  

Let us introduce the symmetric integral as the limit of symmetric 
Riemann sums as those have been done in Chapter 3 of Nualart [11] in 
the framework of the Malliavin calculus. Consider a measurable process 

{ [ ]}Ttuu t ,0, ∈=  such that ∞<∫ dtut
T
0

 a.s.. Let us define the 

approximating sequences of processes 

( ) ( ) ( ]( ),1 1
1

,
1

1
tdsuu ii

i

i
tts

t

t
n

n

i
t

n
+

+

∫∑ −

=

∆=π   (3.1) 

where ,,,1, niiti …=∆=  and .n
T

n =∆  

Let 

( ) ( ).
1

11

1

H
t

H
ts

t

t
n

n

i

n
ii

i

i
SSdsuS −∆=

+

+

∫∑ −

=

  (3.2) 

Definition 3.1. The symmetric integral of a process u with integrable 
paths with respect to the sub-fBm is defined as the limit in probability of 

the sequence nS  as ,∞→n  if it exists. We denote this limit by 

.
0

H
tt

T
dSu D∫  

The following theorem gives sufficient conditions for the existence of 
the symmetric integral, and provides a representation of the divergence 
operator as a stochastic integral. 

Theorem 3.1. Let { [ ]}ttuu t ,0, ∈=  be a stochastic process in the 

space ( ).2,1 HD  Suppose also that a.s. 

( ( ) ) .2222
00

∞<+−− −−∫∫ dsdtststuD HH
ts

TT
  (3.3) 



THE STOCHASTIC INTEGRAL WITH RESPECT … 229

Then, the symmetric integral exists and we have 

( ) ( ( ) ) ,2222
000

dsdtststuDudSu HH
ts

TT
H

H
tt

T −− +−−β+δ= ∫∫∫ D   (3.4) 

where ( ).12 −=β HHH  

Proof. The proof of the theorem will be decomposed into two steps: 

Step 1. We claim that 

,22
HH ueu H

n ≤π   (3.5) 

for some positive constant .He  In fact, we have that 

( ) ( ) ( ( ) )dsdtststuuu HH
t

n
s

nTT
H

n 2222
00

2 −− +−−ππβ=π ∫∫H  

( ) ,,
00

dsdttsfuu nts
TT

H ∫∫β≤  

where 

( ) ( ]( ) ( ]( ) ( ( ) ) .11, 2222
,,

1,

2 11
11 θσθ+σ−θ−σ∆= −−

=

− ∫∫∑ ++

++
ddtstsf HHt

t

t

t
tttt

n

ji
nn

j

j

i

i
jjii

 

Therefore, in order to show (3.5), it suffices to check that 

( ) ( ( ) )., 2222 −− +−−≤ HH
Hn ststetsf  

Notice that 

( ( ) ) [( ) ( )].
11

11 2222 H
t

H
t

H
t

H
t

HHt

t

t

t
H jjii

j

j

i

i
SSSSEdd −−=θσθ+σ−θ−σβ

++

++ −−∫∫  

Thus, for ( ]1,, +∈ ii ttts  

( )
( ( ) ) ( ) 2222

122
2222 2

11,
−−

−−
−− −∆

β∆≤
+−− H

i
H

n
H

H
nHHn

tstst
tsf  

 ,
21
1 1

22
−

−
β

−
≤ HH  
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where we use the estimates (1.2) and for ( ] ( ]11 ,,, ++ ∈∈ jjii ttttts  with 

,ji <  we get 

( )
( ( ) )2222

1,
−− +−− HHn

stst
tsf  

( ( ) )22222
1

2
1

−− +−−∆β
≤ HH

nH stst
 

[( ) ( ) ( ) ]H
nij

H
nij

H
ij tttttt 2

1
2

1
2

1 22 ∆+−−∆+−+−× +++  

[ ( ) ( ) ]
( ) ( )

.
22

1122max2
1

2222
222

0 −−≥ −+
+−++

β
≤ HH

HHH
kH ik

kkk  

Hence (3.5) holds with 

( ,
21
2max2

1
220 −≥ −β

= HkH
He  

[ ( ) ( ) ]
( ) ( )

).
22

1122 2222
222

−− −+
+−++ HH

HHH

ik
kkk  

We can find a sequence of step processes ku  such that ,02 →− Huuk  

.∞→k  Then 

HHHH uuuuuuuu kkk
n

k
nnn −+−π+π−π≤−π  

( ) ,1 HH kk
n

kH uuuue −π+−+≤  

and letting first ∞→n  and then ,∞→k  we have 

,0lim =−π
∞→ Huun

n
 

a.s., and by dominated convergence theorem, we get 

[ ] .0lim 2 =−π
∞→ HuuE n

n
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In a similar way, we can show that 

,22
HHHH ⊗⊗ ≤π DuduD H

n  

for some constant ,0>Hd  and as a consequence, 

[ ] .0lim 2 =−π ⊗∞→ HHDuuDE n
n

 

Hence, uun →π  in the norm of the space ( ).2,1 HD  

Step 2. By (2.1), we have 

( )( ) ( ) ( ),
1

11

1
uAuSSdsu n

nH
t

H
ts

t

t
n

n

i
ii

i

i
+πδ=−∆

+

+

∫∑ −

=

  (3.6) 

where 

[ ] .1, 1
1

,
1

1
dsDuuA ii

i

i
tts

t

t
n

n

i
n H+

+

∫∑ −

=

∆=  

By Step 1, ( )unπδ  converge to ( )uδ  in ( )Ω2L  as n tends to infinity. In 

order to end the theorem, it suffices to prove that ( )uAn  converges almost 
surely to 

( ( ) ) .2222
00

dsdtststuD HH
ts

TT
H

−− +−−β ∫∫  

In fact, we can rewrite 

( ) ( ) ,,
00

dsdttsguDuA nts
TT

Hn ∫∫β=  

where 

( ) [ ]( ) ( ( ) ) .1, 22221
,

1

1
1 σσ+−σ−∆= −−−

=
∫∑ +

+
dssttsg HHt

t
ntt

n

i
n

i

i
ii  

By dominated convergence theorem, it suffices to prove that 

( ) ( ( ) ),, 2222 −− +−−≤ HH
Hn ststftsg   (3.7) 
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for some constant .0>Hf  If ( ],,, 1+∈ ii ttts  then 

( )
( ( ) )2222

1,
−− +−− HHn

stst
tsg  

( ) [( ) ( ) ]
( ) 2222

1212
1

11

2
112

−−
−−

+
−−

−∆
−+−−∆≤ H

i
H

n

H
i

H
in

t
tsstH  

( ) ( )
.

2112
2

22 −−−
≤ HH

 

On the other hand, for ( ] ( ]11 ,,, ++ ∈∈ jjii ttttts  with ,ji <  we get 

( )
( ( ) )2222

1,
−− +−− HHn

stst
tsg  

[ ]

[( ) ( ) ]
( ) ( )

.
22

11sup12
1

2222
1212

1,0
,0 −−

−−

∈λ
≥ −+

λ+−λ++
−

≤ HH
HH

K ik
kkH  

Hence, (3.7) holds with 

(
[ ]

[( ) ( ) ]1212

1,0
,022 1sup,

21
2max12

1 −−

∈λ
≥−

λ+−λ++
−−

= HH
KHH kkHf  

( ) ( )
).

22
1

2222 −− −+
× HH ik

 

This completes the proof of the theorem.   

Remark 3.1. Suppose that { [ ]}ttuu t ,0, ∈=  be a stochastic process 

in the space ( )H2,1D  such that condition (3.3) holds. Then, for any ∈t  

[ ],,0 T  the process [ ]tu ,01  also belongs to ( )H2,1D  and satisfies (3.3). 

Therefore, by Theorem 3.1, we can define the indefinite integral Ds
t
u∫0

 

[ ]( ) H
sts

TH
s dSsudS D,00

1∫=  and the following equality holds: 
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( [ ] ) ( ( ) ) .1 2222
00

,0
0

drdsrsrsuDudSu HH
sr

Tt
Ht

H
ss

t −− +−−β+δ= ∫∫∫ D  

The second summand in this expression is a process with absolutely 
continuous paths that can be studied by means of usual methods. 

Therefore, in order to deduce pL  estimates of ,
0

H
ss

t
dSu D∫  we can reduce 

our analysis to the process ( [ ] ).1 ,0 tuδ  In the following, we will establish 

pL  maximal estimates for this divergence process. We will make use of 

the notation ( [ ] ).1: ,00 t
H
ss

t
uSu δ=δ∫  

Theorem 3.2. Let { [ ]}TtuupH t ,0,,1 ∈=>  be a stochastic process 

in .,1 p
HL  Then we have 

(
[ ]

) [ ( ) ],sup
1

0000,0
drdsuDEdsEuCSuE pH

rs
TTp

s
TpH

ss
t

Tt
H∫∫∫∫ +≤δ

∈
 

where the constant 0>C  depends on p, H, T. 

Proof. Let ,111 pH −<γ<−  using the equality ( ) γ−
γ θ−= ∫ tc

t
r

 

( ) ,1 θ−θ −γ dr  we have 

( ( ) ( ) ) pH
s

t

s
s

tpH
ss

t
SdrsrrtucSu δ−−=δ −γγ−−

γ ∫∫∫ 1
0

1
0

 

( ) ( ( ) ) pH
ss

rt
drSsrurtc δ−−= −γγ−−

γ ∫∫ 1
00

1  

( ) ( ( ) )q
p

drrtdrSsruc qtpH
ss

rtp γ−−γ−
γ −×δ−≤ ∫∫∫ 0

1
00

 

( ) ,1
00

, drSsruc pH
ss

rt
p δ−≤ −γ

γ ∫∫  

where we use the Hölder’s inequality and the fact .11 p−<γ  
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Hence, by (2.7) and Hölder’s inequality, taking into account that 
,1 γ<− H  we have 

[ ]
( ) drSsruEcSuE pH

ss
rT

p
pH

ss
t

Tt
δ−≤δ −γ

γ
∈ ∫∫∫ 1

00
,

0,0
sup  

( ( ) )








−≤
−γ

∫∫γ drdsEusrc pH
s

rT
p HH

11

00
,  

( ( ) )








θ−+ θγ
−γ

∫∫∫ drdsduDsrEc pH
s

TrT
p HH

11

000
,  

[ ( ) ],
1

000
drdsuDEdsEuC pH

rs
TTp

s
T

H∫∫∫ +≤  

where the constant 0>C  depends on p, H, T.   

In the last, we consider now the notion of p-variation for a continuous 

process { }.0, ∞<≤= tXX t  Fix 0>T  and we let ,n
iTti =  where n is 

a positive integer and .,,1,0 ni …=  Define 

( ) ,:; 1

1

0

p
tt

n

j

n
p jj XXTXV −=

+∑
−

=

 

where .0>p  The process X is of p-variation on [ ],,0 T  if ( )TXV n
p ;  

converges in ( )Ω1L  as n tends to infinity. We denote by ( ),; TXVp  the    

p-variation of X on the interval [ ].,0 T  

It is not difficult to prove the following result (see, for example, 
Guerra and Nualart [8]): Let { } [ ]TttXX ,0∈=  and { } [ ]TttYY ,0∈=  be 

stochastic processes defined on ( )P,, FΩ  such that ( )TXEV n

H
;1  and 

( )TYEV n

H
;1  are finite. Then 
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( ( ) ( ) )TYVTXVE nn

HH
;; 11 −  

( [ ( )]) [( ( )) ( ( )) ].;;;1 11
111

HnHnHn TYEVTXEVTYXVEH HHH

−− +−≤  (3.8) 

By applying (2.7) and (3.8), one can obtain the following lemma: 

Lemma 3.1. Let ,,,,
00

,1 1
H
ss

t
t

H
ss

t
tH SvYSuXvu H δ=δ=∈ ∫∫L  for 

any [ ].,0 Tt ∈  We have 

( ( ) ( ) ) ( ),;;
1

1,1

1

1,1
1,1

11
H

H

H
H

H
H

H
H

H
HHH

vuvuCTYVTXVE H
nn

−−

+−≤−
LL

L  

where HC  is a constant depending on H. 

By Lemma 3.1, it is easy to see that if H
ss

t
tH SuXu H δ=∈ ∫0

,1
,

1
L  for 

any [ ],,0 Tt ∈  then 

( ( ) ) .;
1

1,11
H

H
H

H
uCTXVE H

n

L
≤   (3.9) 

Consider the following spaces of random variables: 

{ ( ) }.andboundedis::
111

0

,1,1
∞<∈= ∫ dsFDEFF HHH s

T
b DD  

Let Tϕ  be the set of bounded step processes [ ),1 1,
1

0 +∑ −
=

= jj ssj
m
j Fu  

where H
bjFm

1,1
, DN ∈∈  for 1,,0 −= mj …  and msss <<<= …100  

.T=  It is obvious that Tϕ  is dense in .
1,1 H

HL  

The following theorem study the H
1  variation for the indefinite 

integral H
ss

t
Su δ∫ 0

 and generalize result (1.4) for the divergence integral. 
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Theorem 3.3. Let 12
1 << H  and H

ss
t

tH SuXu H δ=∈ ∫0
,1

,
1

L  for any 

[ ].,0 Tt ∈  We have, as n tends to infinity, 

( ) ( ),,; 1
0

1
11 Ωρ→ ∫ LindsuTXV H
HH

s
Tn   (3.10) 

where ( ) ( ).1,0~,
1

1 NE H
H

ξξ=ρ  

Proof. Since Tϕ  is dense in ,
1,1 H

HL  for any ,
1,1 H

Hu L∈  we may find a 

sequence [ ) Tss
m
j

m
j

m
m
j

m
j

Fu ϕ∈=
+

∑ −
= 1,

1
0 1  such that 

.as,01,1 ∞→→− muu H
H

m
L  

Set ,
0

H
s

m
s

tm
t SuX δ= ∫  then we have 

( ) ( ) ( )TXVTXVEdsuTXVE mnn
s

Tn

HH
H

HH
;;; 11

1
11 0

−≤ρ− ∫  

( ) dsuTXVE H
HH

m
s

Tmn 1
11 0

; ∫ρ−+  

( ) .
11

1
0

dsuuE HH
H

s
m
s

T
−ρ+ ∫  

By Lemma 3.1, we obtain that, as m tends to infinite, 

( ) ( ) H
HHH

m
H

n
mnn

n
uuCTXVTXVE 1,1

11 sup;;sup L−≤−  

( ) .0
1

1,1

1

1,1
→+×

−−
H

H

H
H

H
H

H
H

muu
LL

 

Applying the mean value theorem to ( ) Hxxf
1

=  with 12
1 << H  and 

Hölder’s inequality, we have that, as m tends to infinite, 
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( )dsuuE HH
H

s
m
s

T 11
1

0
−ρ ∫  

( )dsuuuuEH HHH
s

m
ss

m
s

T 11
0

111
−− +−

ρ
≤ ∫  

( ) .0
1

1,1

1

1,1

1,1
1

→+−
ρ

≤
−−
H

H

H
H

H
H

H
H

H
H

H mm uuuuH
LL
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In order to finish the proof, it is enough to show that, for any fixed m, 

( ) .0;lim
1

11 0
=ρ− ∫∞→

dsuTXVE H
HH

m
s

Tmn
n

 

Without loss of generality, we consider that for n large enough, ( ,, 10
mm ss  

) ( ).,,,0, 0
n
n

nm
m tts …… ∈  Let .

1,1 H
bF D∈  By the equality ( ) ( )uFFu δ=δ  

,, HuDF−  we have that 

( ) [ ( ) ]dsdrrsrsuDSSFX HHm
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H
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H
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m
j

m

j

m
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j
m
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2222
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1

0
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−

=

+−−β−−= ∫∫∑
+ 

 

.: m
t

m
t ZY +=  

By the triangular inequality, we have that 

( ) dsuTXVE H
HH

m
s

Tmn 1
11 0

; ∫ρ−  

( ) ( ) ( ) dsuTYVETYVTXVE H
HHHH

m
s

Tmnmnmn 1
1111 0

;;; ∫ρ−+−≤  

.: m
n

m
n ba +=  

Applying Lemma 3.1 to ,m
na  we have that, as n tends to infinite, 

( [ ( )]) [( ( )) ( ( )) ] .0;;;1 11
111 →+≤ −− HmnHmnHmnm

n TYEVTXEVTZVEHa
HHH
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Since { }[ ]T
m
tZ ,0  has bounded variation and hence has zero H

1  variation, 

and by (3.9), ( )TXEV mn

H
;1  and ( )TYEV mn

H
;1  are bounded as n tends to 

infinite. Using (1.4), we have that, as n tends to infinite, 

( ) dsuTYVEb H
HH

m
s

Tmnm
n

1
11 0

; ∫ρ−=  

 ( ( ) ) [ ( ) ] ,0sup 1

1

0
1

1

1,

1
→−ρ−−ω≤ +

∈
Ω∈ω

−

= +
∑∑ m

j
m
j

H
t

H
t

Ii

m
j

m

j
ssSSEF

H
Hn

i
n
inm

j

H  

where { [ )}.,:: 1
, m

j
m
j

n
i

nm
j sstiI +∈=  This completes the proof.   
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