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Abstract

We develop a stochastic calculus for the sub-fractional Brownian motion with

index H >% by using the techniques of the Malliavin calculus. We establish

estimates in L?, maximal inequalities for the divergence integral with respect to
sub-fractional Brownian motion. We also study the % variation of the

divergence integral and generalize the result of sub-fractional Brownian motion
for this divergence integral.

1. Introduction

Recently, the long-range dependence property has become an
important aspect of stochastic models in various scientific areas including
hydrology, telecommunication, turbulence, image processing, and finance.
The best known and most widely used process that exhibits the long-
range dependence property is fractional Brownian motion (fBm in short).
The fBm is a suitable generalization of the standard Brownian motion,
but exhibits long-range dependence, self-similarity, and it has stationary
increments. Some surveys and complete literatures could be found in
Biagini et al. [3], Hu [9], Mishura [10], and Nualart [11]. On the other
hand, many authors have proposed to use more general self-similar
Gaussian processes and random fields as stochastic models. Such
applications have raised many interesting theoretical questions about
self-similar Gaussian processes and fields in general. Therefore, some
generalizations of the fBm has been introduced. However, contrast to the
extensive studies on fBm, there has been little systematic investigation
on other self-similar Gaussian processes. The main reason for this is the
complexity of dependence structures for self-similar Gaussian processes,

which do not have stationary increments.

As an extension of Brownian motion, recently, Bojdecki et al. [4]
introduced and studied a rather special class of self-similar Gaussian
processes, which preserves many properties of the fBm. This process

arises from occupation time fluctuations of branching particle systems



THE STOCHASTIC INTEGRAL WITH RESPECT ... 221

with Poisson initial condition. This process is called the sub-fractional
Brownian motion. The so-called sub-fractional Brownian motion (sub-fBm

in short) with index H € (0,1) is a mean zero Gaussian process

SH = (SH t >0} with S{f =0, and the covariance

Cylt, s) = E[SHSH] = s2H | 42H —%[(s+t)2H fe-s22] @)

for all s,¢t > 0. For H = %, SH coincides with the Brownian motion B.

S is neither a semi-martingale nor a Markov process unless H = 1 /2,

so the It6 approach to the construction of a stochastic integral with

respect to sub-fBm is not valid. As a Gaussian process, it is possible to

construct a stochastic calculus of variations with respect to S H (see, for
example, Alés et al. [1]). The sub-fBm has properties analogous to those of
fBm (self-similarity, long-range dependence), and satisfies the following
estimates:

[(2 - 220 ) A1) - 522 < E[(SH - sH ] < [(2 - 22H1)y1](e - s)?H.

(1.2)

Thus, Kolmogorov’s continuity criterion implies that sub-fBm is Hélder

continuous of order y for any y < H. But its increments are not

stationary. Therefore, it seems interesting to study sub-fBm.

Fix t > 0 and set tZ = %, where n 1s a positive integer and & = 0,

1, ..., n. Then, we have the following result for the p variation of S H (see
[14]):
n-1 1
> |sH s —L—>0 if p>— (1.3)
A A H’
k=0 k+1 k
H\p 12 . 1
E |S S | ——>»p. T, if p=—=, (1.4)
tk+1 n—o H H
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n-1
PIE
k=0

where p; = E(|E_,|%), &~ N(0,1).
H

H —SH|pL>oo,ifp<L, (1.5)
tlZ+1 tlZ n—o H

More works for sub-fBm can be found in Bojdecki et al. [5-7], Shen
and Yan [12], Tudor [14-17], and Yan and Shen [18], [19].

The aim of this paper is to develop a stochastic calculus with respect
to the sub-fBm S¥ with index H > % by using the techniques of the

Malliavin calculus. Unlike some previous works (see, for instance, [1]), we

will not use the integral representation of SH as a stochastic integral

with respect to a Wiener process. Instead of this, we will rely on the
intrinsic Malliavin calculus with respect to SH We establish estimates

in LP, maximal inequalities for the indefinite integral with respect to
sub-fBm for H > %, where this indefinite integral is defined as the
divergence integral in the framework of the Malliavin calculus and study
the % variation of the divergence integral, which generalize the result
(1.4) for this divergence integral.

This note is organized as follows. In Section 2, we review the basic
facts on Malliavin calculus that will be used in order to define the
stochastic integral. In Section 3, we show the existence of the symmetric
stochastic integral. The symmetric integral as the limit of symmetric
Riemann sums as those have been done in Chapter 3 of Nualart [11] in

the sense of the Malliavin calculus. We derive maximal L inequalities

for the divergence integral with respect to sub-fBm and prove the %

variation of the divergence integral f 6u5888H on a time interval [0, T'] is

T 1 . .
equal to p 1 -[0 |ug|H ds, where p; is a constant depending on H.
H H



THE STOCHASTIC INTEGRAL WITH RESPECT ... 223

2. Malliavin Calculus for Sub-fBm

Let (SH,t [0, T]) be a sub-fBm with % < H <1, defined on the

complete probability space (Q, F, P). It is possible to construct a
stochastic calculus of variations with respect to the Gaussian process
SH , which will be related to the Malliavin calculus. Some surveys and

complete literatures could be found in Alos et al. [1], Nualart [11]. We
recall here the basic definitions and results of this calculus. The crucial
ingredient is the canonical Hilbert space H (is also said to be reproducing
kernel Hilbert space) associated to the sub-fBm, which is defined as the

closure of the linear space ¢ generated by the indicator functions

{1[0,¢) t € [0, T']} with respect to the scalar product
°2H , 2H _1 2H 2H
<1[O,t], 1[0,5]>H =Cylt,s)=t +s _E[(S+t) +|t—8| ].

The mapping 1j0,5] = Sf can be extended to a linear isometry
between H and the Gaussian space associated with SH . We will denote
the isometry by ¢ — S (). For % < H <1, we denote by S the set of

smooth functionals of the form

where f € Cy(R") and ¢; € H. The Malliavin derivative of a functional

F as above is given by
_ LY H H )
DF = ;_1 ax (ST (1) s ST (9r))es,

and this operator can be extended to the closure D™ P(m > 1) of S with

respect to the norm
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| E 15, = EIFI” + E| DE || + -+ E| D"F |,

where the m-th derivative D™ is defined by iteration.

The divergence operator 6 is the adjoint operator of D. Concretely, a
random variable u € LQ(Q, H) belongs to the domain of the divergence

operator § (in symbol Dom(8)), if
E[(DF, u)y| < o| F || 12(q),
for every F e S. In this case, 5(u) is given by the duality relationship

E(F3(u)) = E(DF, u),,,

for any F e D2, and we have the following integration by parts:

Fd(u) = 8(Fu) + (DF, u)H, 2.1)
for any u e Dom(8), F e D"? such that Fu e L2(Q, H). It follows that
E[3w)’] = E|ul, + E(Du, (Du) )gp

where (Du)" is the adjoint of Du in the Hilbert space H ® H, and

) T oT
lulf = [ ] wsurbns, ridsar, 2.2
where
o*Cy 9H-2 2OH -2
dp (s, r) = F50r (s, r)=H@2H -1)(|]s - 1| ~(s+7) ) =0,

and for ¢ : [0, T> — R, we have

oo = [,y 6 90, Vom0, O )bm (s, o )ddsavas’ <o

[0
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We denote by [H| the subspace of H, which is defined as the set of

measurable function fon [0, 7] with

7By = [ 1N, rdsdr < @9
We can show that the space [H| € ‘H is a Banach space for the norm
|- ||\H\ and
E@G(w)? < E|u ||‘2H‘ + E| Du ||‘2H‘®‘H‘, (2.4)
where

" ¢ "%H‘@‘H‘ = J.[O T]4 |(P(t7 s)”(p(tl7 sl)l(l)H(t’ t,)(I)H(s’ sl)dtdet,dsl < .
We also will use the notation
T
S(u) = j‘ udSH
0

to express the divergence integral of an adapted process u. For the

divergence integral, we have the following convergence:
If {u,} is a sequence of elements in Dom(8) such that u, — u in

I[*(©Q; H), and 8(u,) > G in L*Q), then we have u e Dom(3) and
d(u) = G.

We also have the following estimate:

1
Lemma 2.1. Let H > % and v € LH ([0, T)). Then

19 lpg < Carll v |7 0,7 (2.5)

for some constant Cy > 0.

1
This estimate implies the inclusion L# ([0, T']) < [H|. Indeed,
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T T
Loty = anf [ tosllvells =21 - (s + 0?2 Jasa

IA

TeT
an[ [ losllells - Pdsds

1-H

IA

1
v 1 M| er(er "
an [ orttar || ([ el = -2

The second factor in the above expression, up to a multiplicative constant,

it is equal to the

7 1 77 horm of the left sided fractional integral
I gf[ _1| p |. Finally, it is suffices to apply the Hardy-Littlewood inequality

||Ig+f||Lq(O,w) < Chplf "LP(O,OO)’

where 0 <a<1l,1<p<qg<wo satisfyl

-1 o, with the particular
p

values a=2H—1,q=ﬁ,andp=%.

A slight extension of (2.5) implies that
1 1
(lel. 1ol )3 < CEll @ Il o, 7l ¥ I o0, 7)) -

for all ¢ and » in H. Hence, applying twice the inequality yields the
following result: If y belongs to [H| ® |H]|, then

19 lpgepy < Callv "L%([O,T]Z ) (2.6)

For any p > 1, we denote by D? (#H|) denote the subspace of the

Sobolev space DVP(H), whose elements u are such that u e [H| a.s.,
Du e |H| ®|H| a.s., and

Bl u 7, ]+ El| D [Zyg0] < =
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We have the inclusion

D1’2(|H|) c DY2(H) < Dom(5).
We denote by ]L}’Ip , the set of processes u in DV? (#H]|) such that

lwlfy, = Elul’y + E| Du |, < .
jig LH ([0,T]) LH ([0,TF)

From (2.5) and (2.6), we obtain

|l u ”]D)LPQH\) < Cylu "]Llﬁp’

and, as a consequence, the space L}f < Dom(8). By Meyer’s inequalities
(see Nualart [11], for example), if p > 1, a process u € Dl’p(|H|) belongs

to the domain of the divergence in L”(Q), and we have

BB < Ca, p(1 Eu |8y + E| Du g1
Hence, if u € th, we have
E[3w)” < Cp,p(| Eu[”, + E| Du |, )< Cuplul?y
LH ([0,T) LH ([0, 7) "

2.7

3. The Stochastic Integral with Respect

to the Sub-fBm with H > %

In the case of an ordinary Brownian motion, the adapted processes in

L2([0, T]x Q) belong to the domain of the divergence operator, and on

this set, the divergence operator coincides with the It6 stochastic integral.
Actually, the divergence operator coincides with an extension of the It6
stochastic integral introduced by Skorohod [13]. We can ask in which

sense, the divergence operator with respect to a sub-fBm SH can be

interpreted as a stochastic integral. Note that the divergence operator
provides an isometry between the Hilbert space H associated with the
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sub-fBm S¥ and the Gaussian space Hl(SH ), and gives rise to a notion
of stochastic integral in the space of deterministic functions [H| included

in H.

Let us introduce the symmetric integral as the limit of symmetric
Riemann sums as those have been done in Chapter 3 of Nualart [11] in

the framework of the Malliavin calculus. Consider a measurable process

T .
u=1{u,tel0,T]} such that IO lus|dt < a.s.. Let us define the

approximating sequences of processes

& i1
u), = Y Al I uds)y. 4. 1), (3.1)
( )t LZI: n( . s ) (tzth—l]( )
Lo T
where t; =iA, i =1,...,n,and A, = P
Let
n N a1 [l H H
S" = Z;An (LL_ usds)(SH - sI). (3.2)

1=

Definition 3.1. The symmetric integral of a process u with integrable

paths with respect to the sub-fBm is defined as the limit in probability of

the sequence S" as n — o, if it exists. We denote this limit by

IOTut o dSH .

The following theorem gives sufficient conditions for the existence of
the symmetric integral, and provides a representation of the divergence

operator as a stochastic integral.
Theorem 3.1. Let u = {u;, t € [0, t]} be a stochastic process in the

space D1’2(|H|). Suppose also that a.s.

T T
j j Dt | (jt - 272 — (¢ + )22 )dsdt < . 3.3)
0JO
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Then, the symmetric integral exists and we have
T T T

j u o dSH = 5(u)+ By j j Doyt - 52772 — (¢ + 522 2)dsdt, (3.4)
0 0J0

where B = H(2H -1).
Proof. The proof of the theorem will be decomposed into two steps:

Step 1. We claim that
2 2
I ullipy < erllwllpy, (3.5)

for some positive constant ey . In fact, we have that

T eT
I ulliy = Bar [ [ Il | = o7 = 0 0 s

T T
< BHIO JO |u8||ut |fn(s’ t)det’

where
_ & tiv1 ptjs _ _
fuls, ) =02 1(ti,ti+1](S)l(tj,tjﬂ](t)]. : j "o - 0272 _ (5 + 0)27-2)dodo.
i,j:l t; tj
Therefore, in order to show (3.5), it suffices to check that

S|2H72 )2H—2 )

fuls, 1) < ep (|t - ~(t+s

Notice that

t; t;
BHI " I "o - 022 — (o + 022 )dodo = E[(SH - SH)(SH - s
17 tj 1+1 1 j+1 J

Thus, for s, t € (¢, t;,1 |

1 < A2H-2 BE} 1
2H-2 2H-2\ — ~°n 2H-2 2H-2
(It -4 -(t+s)"777) Ay = (2)

fu(s, t)

1 -1
S ——z—5BH,
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where we use the estimates (1.2) and for s € (¢;, t;,1], t € (¢}, tj,1] with
i< j, weget

1
(e = 17—+ 7%

fn(s’ t)

1 1
2BgA% (|t - s*H72 - (¢ + s)?H2)

IA

2H 2H 2H
X[(tj_ti+1) +(tj_ti+1+2An) _2(tj_ti+1+An) ]

1

1 2H 2H 2H
——max[k“" + (k+2)*" - 2(k +1)"" ] .
(k " 2)2H—2 _ (2i)2H_2

28 k>0

Hence (3.5) holds with

eg = max ,
1= gy R e

; )
(k i 2)2H—2 _ (2i)2H—2

[R2H 4 (& + 227 -2k + 1)1 ]

We can find a sequence of step processes uj, such that |u; - u||‘2m - 0,

k — oo. Then

[ =l < " = g g + 5" = gl + g, = g

< (Vey +1)|uy, - u"m\ + |7 uy, -y, ||\H\’
and letting first n — o and then k& — «, we have
. n _
Jim "~ uflyy =0,
a.s., and by dominated convergence theorem, we get

lim Ef|n"u - ulfy,] = 0.

n—oo
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In a similar way, we can show that
n, |12 2
|1Dn"ulj3yeppy < dll Du lipgepy»
for some constant dy > 0, and as a consequence,

. n, 2 _

Hence, n"u — u in the norm of the space D™ (|H)).

Step 2. By (2.1), we have
1t 1 i1 H H
> (| usds)(s) - ST =8(x"u)+ Ay w),
i-1 ti ' '

where

_ tiv1
Au = ZAnlL. (Du, l[ti7ti+l]>7‘(ds'
i=1 v

231

(3.6)

By Step 1, 8(n"«) converge to 8(x) in L2(Q) as n tends to infinity. In

order to end the theorem, it suffices to prove that A, (x) converges almost

surely to
T T
By j j Doy ([t — 2772 — (¢ + )22 2)dsd.
04J0
In fact, we can rewrite
TeT
Ay) =By [ [ Dangls. dsa

where

It _ ti+1 2H-2 H-
£n(6. 0= D N )ON |7 (s = o~ s 4 0P o
i=1 :

By dominated convergence theorem, it suffices to prove that

|2H—2 )ZH—Z ),

gn(s,t)<fu(t-s —(t+s

(3.7
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for some constant fg > 0. If s,¢ € (¢;,¢;,1], then

1

o T o)

_ - _ - 1
< A @H =) (t1 -8+ (5 - )P ] —— S 3
A2 (2t)
< 2 .
(2H - 1)(1 - 22H-2)

On the other hand, for s € (4;, tj41], t € (¢, tj41 ] with i < j, we get

gnl(s, 1) 2H-2 - 2H -2
(jt =s*7 7% =@ +s)"77)
<1 qup [(k+1+n)2H T _ (k4 0)2H 1 .
2H -1 kK[%Oi] (k 4 2)2H—2 _ (2i)2H_2
elo,

Hence, (3.7) holds with

1 2H -1 2H -1
= , R+1+AX —(kR+A
fu =g X e 2up Il ) (k+2)"" 7]
re[0,1]
x 1 )
(k n 2)2[‘1—2 _ (2i)2H_2
This completes the proof of the theorem. O

Remark 3.1. Suppose that u = {u,, t € [0, t]} be a stochastic process
in the space DV2(H|) such that condition (3.3) holds. Then, for any ¢ e

[0, T], the process ul ) also belongs to DY2(H|) and satisfies (3.3).

Therefore, by Theorem 3.1, we can define the indefinite integral J.éus °

T
de = _[0 usl[o,t](s) ° de and the following equality holds:
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t t T
j ug o dSH = 8(ulp t])+BHJ. j Dyug(ls - 222 — (s + r)2H2)drds,
0 ’ 0J0

The second summand in this expression is a process with absolutely

continuous paths that can be studied by means of usual methods.

t
Therefore, in order to deduce L” estimates of jous ° dSSH , we can reduce
our analysis to the process S(ul[o,t]). In the following, we will establish

I? maximal estimates for this divergence process. We will make use of

t
the notation IOuSSSf = 8(ulpo,¢))-

Theorem 38.2. Let pH > 1, u = {u;, t € [0, T} be a stochastic process

in ]L%_’Ip . Then we have

t = T T T 1 g
E( sup |j 1,58 |P)s0[j |Eus|pds+EJ. (j |\ Dty [7 ds)PH dr],
te[0,7]J0 0 0o Jo

where the constant C > 0 depends on p, H, T.
t
Proof. Let 1-H <y <1 —%, using the equality c, = I t-0)"
r

(0 — r)""1d6, we have

t t t
[ ussEP =1 [ ul[ @ =n71e sy aryasf
t r
- et j (t - r)*Y(j u(r — s 168 H Ydr|P
0 0
o[ v-1soH p t -vq 7.\
<c, IO|J.OuS(r—s) 8Ss | drx(J.O(t—r) dr)q

t r
-1 H
< cypr‘O|JAO ug(r —s)' 885" |Pdr,

where we use the Hélder’s inequality and the fact y <1 - %
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Hence, by (2.7) and Hoélder’s inequality, taking into account that

1- H <y, we have

b QH Ter AoH
E sup |I ugdSy' |P < e, pEI |J ug(r —s)' 885" |Pdr
te[0,T]40 ’ 0 Jo

T er y-1 1
< Cy,p{J.O (J.O (r-s)m |Eus|Hds)pHdr}
T preT y-1 1 oH
+c%p{EJ.O (IO IO (r — s)H | Dus|H dbds ) dr}

T T T FR——
< C[I |Eug|Pds + EI (J | Du,. |H ds )P dr],
0 0 0

where the constant C > 0 depends on p, H, T. O

In the last, we consider now the notion of p-variation for a continuous
process X = {X,,0<¢ <o}, Fix T >0 and we let ¢; = %, where n is
a positive integer and i = 0, 1, ..., n. Define

n-1

VRX;T) = Y 1%, - X, |,
j=0

where p > 0. The process X is of p-variation on [0, T], if V,(X; T)

converges in L'(Q) as n tends to infinity. We denote by V,(X; T), the

p-variation of X on the interval [0, T'].

It is not difficult to prove the following result (see, for example,
Guerra and Nualart [8]): Let X ={X;}, .o 7] and Y ={Y;},.o 7] be
stochastic processes defined on (Q, F, P) such that EV?(X; T) and

H

EVT(Y; T) are finite. Then
H
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E(V] (X; T)- V2 (Y; T))

= (B[VE (X - v; DD (EVE (X )+ (BVE (v 1)L (3.9)
H T i Vi
By applying (2.7) and (3.8), one can obtain the following lemma

L t t
Lemma 3.1. Let u,v eL JHOX, :IOuSSSH Y, =IOUSSSSILI, for

any t € [0, T]. We have

1 1-H 1-H
BV (X T) = VIV D) < Cllu—o |y (L 7, + ol 7, ),
H H‘HH ]LHH

where Cg is a constant depending on H.
1,L ¢ H
By Lemma 3.1, it is easy to see that if u € IL gt X, = IOUSSSS for

any t € [0, T], then

E(VY(X; T)) < Cyllu || (3.9)
H L.
a
Consider the following spaces of random variables:
1,L 1,1 T 1
Dy # :={F e D # : F is bounded and E(j |D;F|Hds) < o}.
0
Let ¢p be the set of bounded step processes u = Z;n 01 [57,541)°
1 1
j ,m—1and 0 =sy <8 <...<s§,

where m € N, F; € ]D)b’ﬁ for j =0, ...
1

= T. It is obvious that ¢ is dense in L ﬁ.

The following theorem study the % variation for the indefinite

t
integral J ug oS H and generalize result (1.4) for the divergence integral
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1,L ¢
Theorem 3.3. Let % <H<landuelyf, X, = IOuSSSfI for any

t € [0, T]. We have, as n tends to infinity,

T
Vi T) > PLI |us|#ds, in LHQ), (3.10)
T HYO

where p, = E(gH), & ~ N0, 1).
H

1L :
, for any u € L ;#, we may find a

[

. . . 1,
Proof. Since ¢7 is dense in L

m _ m-1 -m
sequence u’ = Zj:o Fj l[s;n,sj,,:1 € ¢ such that
Ju - um||L?ﬁ > 0,as m — .
t
Set X" = joug”essf, then we have
EVI(X;T)- PLJ lus[Hds| < BV} (X; T)- V3 (X" T)
H HYO0 H H

T
FEVY (X" T)-p, j |u™ [ ds|
i 7o

T oL 1
+py B[ (Ui~ fu[17)ds].
H 0

By Lemma 3.1, we obtain that, as m tends to infinite,

sup E|VI (X; T) -V (X™; T)| < sup Cylu - umllll,%
n H H n H

1-H 1-H
x(Jul 2y + ™ %, ) > 0.
LgH LgH

1
Applying the mean value theorem to f(x) = |x[H with % <H <1 and

Holder’s inequality, we have that, as m tends to infinite,



THE STOCHASTIC INTEGRAL WITH RESPECT ... 237

T oL 1
po B[ (w17 ~Juy 17 s
H 0

p% r m m|=-1 L
37E|j0 ™ = ug (u [ + g | 777 ) dis|
PL I 1-H 4
< Frlu-a b m Qul 2y w7 ) > 0.
]LI:IH LI’{H

In order to finish the proof, it is enough to show that, for any fixed m,

T
lim B[V (X" 1) lj |u™ 7 ds| = 0.
HYO

n—ow

Without loss of generality, we consider that for n large enough, (sg’, si"

>

1,4+ _
> 8y)€e(0, 8y, ..., ty ). Let F e D, . By the equality 8(Fu) = F3(u)

—(DF, u),,, we have that

ZF'" SH BH.[ J. D" 2H 2 _(s+r)?H2)dsdr
]H/\t s AL

=YY"+ Z"

By the triangular inequality, we have that

T
BV (X" T)—plj' |u™ [ ds|
HYO
T
< B[V (X™; T)- V" (Y™, T)| + E[V" (Y™; T) - plj‘ |u™ (7 ds|
v v v 70

=apy +b.
Applying Lemma 3.1 to a), we have that, as n tends to infinite,

1

m
W =

(E[VE(z™; T)])H[(EV" (x™; 7)) H+(EV (y™ )] 0.
H
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Since {Z;" ||y 7] has bounded variation and hence has zero L variation,

H

and by (3.9), EV" (X™; T') and EV7 (Y™; T') are bounded as n tends to
L 1

H

infinite. Using (1.4), we have that, as n tends to infinite,

by

IA

T
BV (Y™ T)=py [ |ul'[#ds
" HY0

3
N

(sup|F}" @[ENC Y IS

iel™"
J

t J

1
I;I —Sg|H)—pL|s;-'11—sm|]—>0,
i+1 i H

~
Il
(=)

where I;n’n i={i 1] e[}, s7,;)}. This completes the proof. O
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